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Mayer’s theory about the relation between the phase transitions and the singular points has been 
criticized. The matrix method is connected with Mayer’s cluster theory applied to regular solutions. It 
is shown that the following two cases are possible. They are 

i) that the density of atoms is a single analytic function of the active number density, at least, on 
the positive real axis, and the first singularity of this function is an essential singular point and the 
phase transition occurs at this point, 

ii) that the density of atoms may consist of diferent analytic functions of the active number 
density, and the phase transition may occur at the point which is not analytic singular point of the 
function. 

The same is true of continuous aggregate systems such as imperfect gases. In the continuous case 
the partition function may be obtained as the smallest eigenvalue of Fredholm’s integral equation. 


§1. Introduction 


The existing theories, which deal with the systems composed of strongly interacting 
particles, such as imperfect gases, liquids and crystalline solids, are classified into three types, 
except very simple ones. The first of them is the integral equation method developed’ by 
Kirkwood”, Yvon*) and Born and Green”. This method is only approximative, and we 
can place trust in not all of quantitative results of it, since the Kirkwood approximation 
is utilized in this method. The same is true of the customary approximate theories applied 
to crystal statistics, such as Bethe’s theory. The next is the matrix method elaborated by 
Krammers and Wannier’, Montroll", Lassettre and Howe, Onsager” and others. This 
method is strict, but applicable only to the case of crystal statistics. The last one is the 
method of cluster intagrals of Mayer”, which is considered as the most general one. 
This method is, however, not so useful for practical calculations and some of its important 
conclusions have been drawn without complete proof, as pointed out by Katsura and Fujita". 

The purposes of the present paper are to criticize the results of Mayer’s theory about 
the relation between the phase transitions and the singular points, to investigate properties 
of the singularities in detail, and to give the proper statistical interpretation of the phase 
transition. Since the matrix method seems to give more definitive conclusion, we may 
make clear the ambiguous points of Mayer’s theory if we connect the matrix method with 
Mayer’s method of series developments. Since the matrix method is established only for 
the case of crystal statistics, we shall, at first, study the connection between these two 
methods for this case. And an attempt to extend the eigenvalue method to continuous 


aggregate systems will be discussed in the last portion of this paper. 


S. Ono 


i) 


§2. Phase change and singularity 


In this paper we shall consider a single-component system. If we denote by 2(7, 
¢, V) the grand partition function of it as a function of the absolute temperature T, the 
ome 


active number density* 7, and the volume |’, the pressure is written as 
PV=AT In E(7Z, 2, V), (1) 


& being Boltzmann’s constant. And if the classical laws of mechanics are applied to the 
Sys . fea PP ces v, ; ‘ 

system, the grand partition function E( 7,2, lV’) is given by 

7 


CaO Gg thay, (2) 


o 
B (7,2, V) =p 


r= 


i) 


where 2,(7, 7) is the configurational partition function of the system composed of the 
y molecules contained in the volume 7. Here we assume that 7 is expressible as a power 


series in 2 as follows: 
PVE RTV SS 6,0 TV )e. (3) 
S—) 


Then from the above relations, we see that the relation between OG, V) aaa s be, 

(7, V’) is the same as that between the 7’th moment and the s’th Thiele semi-invariant 
>] 

in mathematical statistics'” 


YT DBD regsyar pif ABSOys 1, w@ 


r;!. 


where the sum extends over all sets of 7; such that >} 7;=s. If the potential energy is 
expressible as a sum of that between all pairs, 6,(T, V) given by (4) agrees with Mayer’s 
expression for the s’th cluster integral. This method is applicable also to the case of 
quantum statistics, and will give the result same as that Kahn and Uhlenbeck™ have 
deduced. 

If the volume is finite, and if two molecules cannot approach beyond a certain limit, 
a finite volume can contain only finite number of molecules. So 2,(7, /’) vanishes for 
y larger than a certain value. And the =(7,2, /) is regular for all finite 2 of the com- 
plex plane, since it becomes polynomial in z. And (3) also is regular except at the zeros 
ro OM, 

If the intermolecular force is sufficiently short-ranged, 4,(7,V) for every s is 


asymptotically independent of the volume. And it will approach a certain limiting value 
6,(7), if we let the volume be infinite : 


6,(7T)=lim 6,(7; V). (5) 
Voo 
Mayer considered the series 
P=kT 34 (T)2, (6) 
s=1 


* The parameter, 2, has been referred by Mayer as the fugacity. 
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which may correspond to (3); By means of (6), one may define the function (2) for 
complex values of s. And Mayer” suggested that the singularities of the analytic function 
obtained from (6) by the process of continuation correspond to the values of the fugacity 
characteristic of the phase transitions. But Mayer has neither justified the above conclu- 
sion, nor has spoken of the properties of these singularities. And he has not shown 
which branch of the analytic function may express the true pressure if this function is 


many-valued. 


Katsura and Fujita”? pointed out that the phase transitions correspond to the singulari- 
ties of the function 


polim £7 > b,(L, V2", ics 
7>co s=1 
rather than those of (6). Although Mayer’s theory on the relation between the phase 
transitions and the singularities is not based on any complete proof, it seems not to have 
been proved by Katsura and Fujita that the first singularities of (6) and (7) do differ. 
Green” and Rodriguez’ have shown that the first singularity is not the point of 
condensation but is the point separating super-saturated vapor from liquid, but it may be 
plausible that this result follows from the Kirkwood approximation employed in these 
theories. 


§ 3. The series-development method in crystal statistics 


Let us consider a binary solid solution consisting of two types of atoms, A and 3B, 
of which the total potential energy is represented by the sum of the interactions of each 
atom with its contact neighbors. As shown in Fig. 1, let us divide the system into /x 
mn cells, each containing an A or & atom. Then, we shall denote the interactions 
between an AA-contact, a /44-contact, and an 
ABb-contact by €44, €g%, and .€4,, respectively. 


\ 


Then the configurational partition function of the 


\ 


SaaS 
<2 


system containing 7 A-atoms is of the form* 
QTL, mny=rl > ght X it, a) X 
exp{—AXde/hT}, (8) 


where ¢(7, X;/, mu) is the number of configu- 


AAS 
VA \\ 


rations for which the number of A4-contacts is 


X, and de is given by 


1 
4e=€4;,— - (E44 = xn) : 


* Strictly speaking, the configurational partition function is given by 2,(737, mn) exp[— lr enn 
—r(e4a—enr)}], the form of the grand partition function being independent of this additional factor if the 


active number densities, 24 and 27; are replaced by their respective effective values, 24 and 2p. 
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i same e of atoms are re- 
The arrangements produced by only interchange between Ay ame typ pune. 
garded as the same configuration. Denoting the effective active number densities o an 


2 2 i iti ion in the form 
B atoms by 2, and 2, respectively, we express the grand partition function in 


Gl, ays Zn3 mn) =e2nS(T, 231, mn), (9) 
where 
Be Imn 47 s 
E(7,23;l,mn)=>5 = CLs 5 FOI) 3 (10) 
r=0 #! 
and 
22 af Zp. (11) 


As shown by Lassettre and Howe”, if one interchanges the roles of 4 and #, one obtains 
B(Ti23h, mn) =" 3 (T, 1/2; 1, mn). (12) 
Since (10) is of the same form as (2), we obtain, as in the case of (4), 


ess eae 


2! ri 


lnnb(T 31, mn) =D ir=s](—) (Bred) VT ( 


Then, as with (3), we have the relation 


(tnn)7 In 5 (7, 232, mn) 22 6,(T, f, mn)z*. (14) 
And if we introduce the function defined as 
exp 4( 7, 2; arn) = (BT. 23.2, me) (15) 
we obtain 
X(T, 331, mn) =) UCL: dy wn) S (16) 


for 2 in the circle of convergence. 0,(7;/,7n) is the cluster sum introduced by Fuchs"? 
and Muto” in applying Mayer’s method of clnster integrals to regular solutions. In this 
case the cluster sums for small values of s do not depend on /, m, 2. On the other 
hand, Tanaka and Ogura", Oguchi™ and Wakefield’? calculated 2,(7;/, 2m) for small 
r by the direct counting of complexions. Because 2. and 4, are related each other through 
(13), this method is entirely equivalent to Fuchs and Muto’s one. 


As in the theory of condensation, we may write, corresponding to (16), 


A(T, 2) = 31 (TL) a", (17) 
where 
b,(T) =lim lim 4,(7 ; 2, mn). (18) 


mn->co 1» 


Furthermore, we define the following functions : 


X(T, 75 00, 0) =lim lim X(7, 2 ; 2, mn), (19) 


“mmn-»ca t-» co 
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X(T, 25, mn) =lim X(T, 2 3 2, mn), (20) 
and on 
LZ, S03 mn) =} 6,(T, mn) 2, . (21) 
whee 
b,(T, mn) sul 6,(7 ; ¢, mi). (22) 


Since we may not proceed to the limit term by term, as pointed out by Katsura and 
™, (17) is not necessarily equal to (19). The same is true of (20) and (21). 
According to Mayer’s stand point of view, the active number density at which the 


Fujita 
phase transition occurs is given as the singularity of the function (17). 


§ 4. The matrix method 


The system described in the previous section consists of / layers each composed of 
m xn cells. Let us denote a configuration of the z’th layer by s,;. In the case of solid 
solution, $; corresponds to a distribution of the two types of atoms in the 2’th layer, and 
every S$ assumes 2”*” values. Suppose the 7’th and 7+1’th layers have the distribution 
S$, and S,,, respectively, and we denote the number of contacts of unlike atoms in the 
jth layer by X\S;) and the number of contacts of unlike atoms between the 7’th and 
J+ 1th by X(s;,$;.,;). Then the total number of contacts of unlike atoms is given by 


Z Z 
X=3 X(S) si Pay Day ry eens 
= j= 
Here we assume that the Born von Karman boundary condition is imposed upon the 
system: $;,;=8, And let +(8;) be the number of A atom in the 7’th layer at the 


distribution $s; Then 2(7,2;4, mn) given by (10) may be, according to (7) and (23), 
rewritten in the form 


= Z 
EL Ts z 3 d, mn) =25 » Ee IT K( S85, S541) (24) 
$1 S2 fy, 
where 
K (Sq 5541) =exp [ {7 (8) +7 (S441) } In 2/2— { X(8;) + X(8;41) } de/2kT | 
xexp { —X (8, $541) de/kT}. (25) 
Lassettre and Howe”, and Montroll® have shown that E(T,2;1, mn) is written as 
Bl, 2: t mn) = 34 {A,(T, #3 mn)}4, (26) 
a=1 


where A, (7,2; m)’s are 2”*" roots of the secular equation 
det | K(u, 2) —Ad,,| =0. (27) 
If the largest root is simple, %( 7,2; 00, mm) defined by (15) and (20) becomes 
X(T, 2; 00, mn) = (1/mn) In A* (7, 2; mn), (28) 
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where A*(7, 2%; mn) is the largest of A,(7, 2; mn). 

(27) is a plynomial of degree 2”*" in A. The coefficients of this polynomial are 
polynomials in z, since we can apply a suitable transformation to the matrix produced 
from (25), so that each element becomes a ploynomial in 7. Thus AAT, 2s many, 
A,(T, #3 mn),-+» form an algebraic function or a set of algebraic functions of ¢ according 
as (27) is irreducible or reducible. 

Since the algebraic functions cannot possess essential singular-point, the largest root of 
(27) must be degenerate at the active number density at which the phase transition occurs. 
And according to the theorem due to Frobenius, the largest root is simple and positive 
as far as 2m is finite, because the matrix elements given by (25) are always positive, 
de/kT being assumed to be finite. Thus Montroll® concluded that phase transitions can- 


not occur in the crystals infinite in only one direction. 


§ 5. Singularities and degeneracy of eigenvalues 


Since the coefficient of A”*” in (27) is unity, any analytic function obtained from 
(27) has no pole, except the one at infinity, in the complex plane. Then all the singular 
points of the function A(z) are branch-points. On the other hand, when 2=0, the 
largest root of (27) is obviously simple and is equal to unity. Hence the branch of (2) 
which becomes unity at the origin is expressible as a power series in # about z=0. Let 
A,( 7,2; mn) be the analytic function obtained from this series by the process of continu- 
ation along the positive real axis. For sufficiently small z, 4,(7,%; 7) is evidently equal 
to A*(7,2; mn). And let z* be the nearest singularity of 4,(7, 2%; 77) on the posi- 
tive real axis, 2* being not necessarily finite. If 2* is finite, 4,(7, 2; n) has a branch- 
point at z=2*. And, if A*(7, 2*; mn) =A,(T, 2*; mn), the largest root is no longer 
simple at 2*, in contradiction with Frobenius’ theorem. Then, the lower limit of the 
positive real 2 at which A,(7,23; 7) is smaller than A*(7, 23722) must exist and 
smaller than 2*, and let 2, be the value of this lower limit. This implies that 4,(7, 2 ; 
mut) becomes equal to other branch of the same function or some branch of other analytic 
function at g=2;<2*, and also contradicts with Frobenius’ theorem. Hence neither 2, 
nor s* can be finite, and consequently A*(7, 2; mu)=A,(T,2; mn) for all real ¢ > 0. 
And then we see from (28) that X( 7) 2; co, x) represents a branch of a function 
which has no pole on the whole positive real axis—other branch of this function might 


have singularities on the positive real axis—and equal to (21) for sufficiently small 2, 
Hence we have 


A(T, #3 mn) =lim X(T,23;1, mn), (29) 


if mu is finite. Here (7,2; mn) in the left-hand side should be understood to be the 
analytic function obtained from X%(7, 2; mn) defined within the circle of convergence by 
the process of continuation along the positive real axis. Thus it has been proved that the 
transition from (20) to (21) is correct as far as 7 is finite. 


In the case of the linear chain, the equation (27) reduces to 
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1 
z—A 2exp (— de/kT) = 
aM a tas 2 
zexp(—de/kT) 1—A 


of which the largest root is given by 
atl eel tong. Ce oe) 1 hs ; [1+e+{(1—2)? 442° exp(—2zde/AT)}#] »1(3.0)), - 


If de > 0, A,(7,2%3;1) has no zero and has a pair of branch-points at 
Y 
g=[1—2 exp(—2de/kT) } +27 exp(— de/hT) {1—exp(—2de/AT)} ®. (31) 
Then 4(7,%;1) defined by (22) is regular within the unit circle, and the radius of the 


circle of convergence is unity. 

In the case of the two-phase separation, where de is positive, it is plausible that the 
radius of convergence of the series (21) may be unity as far as mu is finite. And the 
two-phase separation must occur at *=1, if it occurs, as seen from (12). If mx is 
sufficiently large, as in a macroscopic crystal, the change of d#/dz=x/z at y=1 becomes 
so abrupt as experimenter observes a sharp separation into two phases. This implies that 
the one of the singularities on the circumference of the unit circle appears in the immediate 
neighborhood of the point =1 on the positive real axis as 7 increases. 

As mu is increased, this branch-point will approach the real axis without limit. In 
this case, the function, A,(2), obtained as the largest root of (27) and the function A,(z), 
which becomes the next largest root of (27) at s=1 may be such that as shown in Fig. 
2a. Letting zn be infinite, we obtain, from (19) and (29), 

X(T, 2; 00, 0) =lim X(T, 23 mn), (32) 
mn>o 
from which the thermodynamical behavior of the system of infinite extent may be derived. 
For the limiting function the following two cases are possible. 
i) X(7,2; 00, co) consists of a single analytic function, at least, on the whole real 


axis, which has an analytic singularity at s=1, as shown in Fig. 2b. 
ii) y(T,z; 0, ©) consists of two different analytic functions which cross each 


Fig. 2. 


8 S. Ono 


other at ¢=1 as shown in Fig. 2c*. 

In the first case, %(7, 2; 00, 00) is identical with Z(7,2), defined as (17), at 
least, on the positive real axis, since both functions coincides for sufficiently small values 
of 2. Then the first singularity of (17) is same as that of (32) on the positive real 
axis. And the active number density characteristic of the two-phase separation is given as 
the first singularity of X(7,%) defined as (17), agreeing with Mayer’s theory of conden- 
sation. And the singularity of X(T,2) at =1 must be an essential singular point, since 
the first derivative of 4 with respect to * is finite and discontinuous at 7=1. An example 


of such a function is as follows : 
A(2) =2* {exp(—1/z) +1} ~. (33) 


On the other hand, if ii) is the case, Z(7,2; 00, 00) coincides with X(7, 7). on 
the positive real axis only up to y=1. And it is possible that the first singularity of 
(17) and (19) may differ, as pointed out by Katsura and Fujita for the case of continu- 
ous aggregate systems. 

Since the relative concentration, x, is given by 2(d@Z/a'z), the above two cases are 
possible for the density of each component in binary solid solutions as a function of the 


active number density. 


§ 6. The eigenvalue method for continuous aggregate systems 


In usual from, the variables which appear in crystal statistics assume only two discrete 
values. In the case where molecules in each lattice site have a continuum of a possible 
configurations, the partition function per 
molecule may be calculated from one of 
the eigenvalues of the homogeneous 
integral equation instead of that of the 
matrix. Such a method was first applied 
to problems arising in _ statistical 
mechanics of linear chain of molecules 
by Montroll’ and Kubo”. 

In the present paper, we shall 
treat the phase transition in the con- 0 
tinuous aggregate systems, such as con- 


densation, by means of the reduction 


of the problem to an eigenvalue problem Fig. 3. 


of a linear integral equation. This method may be considered as a generalization of the 


method used by van Hove”? in statistical mechanics of one-dimensional systems. 


* These two functions may be different branch of such an analytic function that z=1 is not a branch- 
point. And the reduciblity of the equation (27) plays no essential role in the present theory. 


In this point 
the author is indebted to Mr. K. Ikeda. 
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Let us consider the system in the shape of a rectangular parallelepiped with the volume 
V and the base of the area D. And let us divide this system into / layers, whose thickness is 
0, and denote these layers by 4), 4,,--+,4, as shown in Fig. 3. The grand partition 
function (2) is written as 


EBT, 2) 33 (2/n! ){f---exp pe ah PET in¥. (34) 


where {x} is a set of coordinates of 1 molecules, (/,,{} is the potential energy of 
molecules at the configuration {7}, and {x} is the set of the volume elements of 77 
molecules. In the configurational integral, integrals over the coordinates may be considered 
as a sum of integrals over each of layers 


2 (1,2) hs Bde Wien at £h fector [ators f {7m }exp | — salah 5 
4, 


ee | = 
n,20ng>0 20 Hy! 1g! mt JA, A, RI 


(35) 


in which ja@{7} for ~=0 may be regarded as the simple multiplication by unity. 


aN) 


Suppose that the thickness of each layer, 0, is larger than the maximum range of 
intermolecular forces. Then intermolecular forces do not extend beyond immediately adja- 
cent layers. The potential energy of the system is 


On {n} =* {Uf} +0 {m} } 4 OV rte} (taa})s (36) 
Pe i 


=1 


where 


Vu}, (2te41}) = U {3 +0 (4us}, {iss} ) nh Ol usar} (37) 


U\n,;} is the potential energy of 7, molecules contained in the z’th layer and U({7%;}, 
{7;,,})) is the interaction between the molecules in the z’th layer and the molecules in 
the 7+ 1’th layer. (35) may be rewritten in the form 


5 (D2) =¥1 Sho fatten fang fain 
Z 


y= Ng=0 my 2d Ay Ao 
l=—1 
x (1, ! Ny !) =12,,(m + 7)/? exp|{ =— (7 {2,} + Ulm) /kT } Ht Crs tit )S (38) 
where 
A ({e}s {ear }) = (te! Mens 1)— Vegi + Mead? exp{ —V( {26}, {Meri )/AT}.. (39) 


If one expresses the coordinates of the molecules in 4, by the coordinate system with origin 
at the center of the z’th cell, the values of coordinates assume the same range of the 


values J. Here we introduce the notation 
KOC, eh =D) KOC, CH) KM, th) 4, (40) 


and 


K? (4, (4) =H, ta). (41) 
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From (38), (40), and (41), we have 


aL, 4 2) = oe pa \ j Ke) (Lab, {ri} ) ty ted) aa 


1 =0 1/20 
xexp{—(U {u,} +U {mu} )/hT} adin,} dim} . (42) 


K” (5i\, {p}) resembles the /’th iterated kernel obtained from A( {4}, {v}), but some- 
what different from ordinary iterated kernel in the theory of linear integral equations. It 
may be, however, brought into the ordinary form in the manner to be describled below. 

If the volume of 4 is finite, the number of molecules contained in each layer cannot 
exceed a certain limit, say /V, due to the diameter of imcompressibility of molecules. And 
let us consider the functions, defined in 4, {NM}, P{N—1},---, FP {N—Z£},---,1 
Now we definite the function P({N},7), defined in the domains J and 7, by 


N N 
O({N},c) =I (1—e,(u)) FW} + e2(2)/z} ML (1 e.(4)) LV 


beat +i fe, (u) ft} -(1-¢,(V)) ¥(1) +i {e.(4)/t}, (43) 


where €,(v) is a characteristic function of the domain 7 such that 


1 if wth molecule in 7, 


£,(¢) = (44) 


0 otherwise, 


t being the normalization constant equal to the volume of this domain. If ¥ {nw} i 


symmetric in permutations of molecules, we have 


| 2% {V},7) d{NV} = \e {nu} d\n}. (45) 


Similarly for K({7}, {v}) we obtain 


KAN}, {WY}, 2) = 33ST eeu) (eM Ae.) Ml fe(a)/2} MA e.(w')) 


=0kl=00 
x K((N—4}, {N’—#), (46) 


where {V’} expresses other set of MV molecules than {JV}, a’ being the molecules of 
{V'\. The convention 


KO; 0)=1 
is used, and is é(«)/z} should be regarded as unity for £=0. If (46) is utilized, 
(42), (43) end (44) are respectively expressed in the forms 


KOON}, (IN, 1) = \ zr DCN}, {W", 7) KCN, {NV}, c)d{", (47) 


LEAVES iV}, 7) =K({N}, {WV}, 7), (48) 


and 
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B(T,2)=| KUN), st) OU (AV Aa) QI (49) 


where U({V}, {NV’'},7) is the one defined by the equation like (46), in which 
CAT ly gOtMh exn f(A 4 U ip} yh /2 appears instead of A( {A}, {p}). 

Since KY"? ({V}, {N',7) increases with JZ, and U({N}, {N",7) becomes 
asymptotically independent of {VV}, {/V’}, one obtains, in the limit of increasing /, from (49) 


A(T, 23D) =lim [3 (7, 2) lim [A ({V}, {WI,2) (50) 


in which A(7,2;D) corresponds to A*(7,2; mu) in (29), as seen from (15), (20) 
and (29). 


Now let us consider the power series in A defined by 


Riki {dV bet) = J eigcaie byt {AB ye) eal? (51) 


Te 


the radius of the circle of convergence of this series is 1(7,2; D) given by (50) accord- 
ing to Cauchy and Hadamard’s theorem’. On the other hand, (51) is Neumann’s series 
in the theory of Fredholm’s integral equation. And according to Fredholm’s theorem™’, 
the radius of the circle of convergence of (51) is equal to the eigenvalues with the minimum 
absolute value of the equation. This eigenvalue is given as the root with minimum absolute 


value of the equation 
D(A) =0, (52) 
where D(A) is 


D(a) =—al KN}, Wh 2) A} 


*) “AN Oi Nie one (53) 


bye At ii |KCUM}, {V},7) KUN}, {V2 
2 JJau5| KCN}, (V},7) KUL, {V"%,7) 


A set of the roots of (52) may be represented by an analytic function or a set of analytic 
functions of *, as in the case of the set of roots of (27). The phase transition in 
continuous aggregate system may corresponds to the degeneracy of the smallest root of (52). 
And this root, 1*(7,2;D), may be expressed in the power series in 7. And one sees 
from (1), (50), and (51) that the pressure is given by 


p/éT=lim In A* (7, 2; D)/0D. (54) 
D-+»co 


And for sufficiently small values of z (54) may agree with (6). Hence the same dis- 
cussion as in the case of crystal statistics is applied to the continuous case. And Mayer's 
theory is correct if the value of the active number density for which the smallest root of 
(52) degenerates is the analytic singular point of the function 1*( 7,2; 2), and other- 
wise the first singularity of (6) may differ from that of (7), as stated in the objection 
proposed by Katsura and Fujita. 

The above theory is somewhat like Mayer’s simplified caricature of phase transition”, 


iA 


S. Ono 


ae : 
though in Mayer’s treatment the value of the active number density characteristic of phas 


transition appeats as the smallest eigenvalue of the integral equation. 


1) 
2) 
3) 


4) 
5) 
6) 
7) 
8) 


9) 
10) 
11) 
12) 
13) 
14) 
15) 
16) 


17) 
18) 
19) 
20) 
21) 
22) 
23) 


The author is indebted to Mr. Keitaro Nonaka for the financial aid. 
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The negative 4 meson decay from the bound state around the nucleus has been worked out. 
The characteristic differences of the energy spectra of decay electrons and the decay life time of 
hegative “4 meson in comparison with those of positive “4 meson have been pointed out for a num- 
ber of mass values of neutral particle 4,0, 20m, 40m and several forms of couplings of the decay 
process. The possibilities to observe such characteristics of negative 4 meson have been discussed 


briefly. 
§ 1, Introduction 


As is well-known both experimentally and theoretically, the behaviour of slow negative 
f4 meson in matter has been described as consisting of two steps: one in which the negative 
f4 meson is captured in the Bohr orbit with the radius of order of 107%cm after losing 
its energy mainly through the ionization loss; second, a step in which the spontaneous 
and induced decays of “4 meson take place in competitive manner, the latter of which is 
induced by the typically nuclear interactions with the nearby nucleons. The present paper 
will be primarily concerned with the detailed description of one in the second step, i.e., 
the spontaneous decay of negative 4 meson. According to Fermi and Teller’, the average 
time required to slow a s# meson from the relativistic 10° volts to 2000 ev. is estimated 
to be about 10~° to 107" second in condensed matter, or 10° times as long in air, while 
that needed for the 4 meson to jump down into the Bohr orbit of the lowest state from 
the mentioned energy of 2000 ev. to be about 107” to 10~™ second in condensed matter 
or 10‘ times as long in normal air, in which the various kinds of processes, i.e., the ioniza- 


2) 


tion loss, the Auger transition and the radiative one take place.” These times for 
the overall processes of stopping of negative #2 mesons in matter is remarkably short com- 
pared with the spontaneous life time of about 2-107" second, so that the ultimate disap- 
pearance of negative /s meson is governed by the balance between the spontaneous and induced 
decays” both from the lowest quantized state around the nucleus. On the other hand, 
the spontaneous decay of positive /2 meson may be considered to take place from its free 
state of practically zero velocity after losing its energy mainly through the ionization loss in 
matter. 

According to the theoretical investigation of Tiomno and Wheeler”, the energy spectrum 
of electrons from #2 meson decay on the basis of three particles disintegration hypothesis 
seems to be in qualitative agreement with the present experimental evidences of Steinberger,” 
Leighton, Anderson, Seriff” and Sagane.” Since Tiomno and Wheeler have worked out 
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the decay process from ss meson at rest, their results may be considered to ms approximately 
valid for positive /¢ meson in view of the stopping mechanism of #4 meson in matter men- 
tioned above. In the present paper the similar decay process of negative #2 meson from 
the K-orbit around the nucleus has been worked out theoretically on the purely pheno- 
menological grounds similar to the case of Tiomno and Wheeler, thus being independent 
of deeper question of meson theory, and the characteristic differences between energy 
spectra of decay-electrons and positrons have been pointed out. The possibility to observe 
such differences in the electron energy spectra will not be hopeless in view of the remarkably 
large intensity of artificially produced mesons now available in the laboratories. The effect 
upon spontaneous decay life time of the binding around the nucleus has been discussed 
by using our numerical results. 

In the course of preparing our manuscript of the present paper, it has come to our 
attention that Porter and Primakoff? have worked theoretically the similar problem of 
negative /s meson decay from the Bohr orbit by the use of the charge retention and asym- 
metrical charge processes, the emitted neutral particle #, being assumed to be neutrino. 
Their results about the energy spectra of electrons are quite similar to ours although, in 
our case, the mass of one of the neutral particles has been assumed not to be zero 
in order to obtain some knowledge of the effect on the mentioned energy spectra and life 
time of the mass value of a neutral particle, with the expectation that the detailed analysis 
of the energy spectra of electrons from s meson decay will lead to the possible determina- 


tion of the mass of the neutral particle on a similar way to the case of the (9 decay 
process, 


§ 2. Hamiltonian for the coupling 


According to Tiomno and Wheeler,” it has been supposed here to consider 2 meson 
decay as a three particle process of the type 


fo >fytret+e, (1) 


where #”, f%, € and » represent a negative “ meson, a neutral particle, an electron and a 
neutrino respectively. In treating the decay process we shall consider the - and Mo 
meson both to have spin=1/2. In the mathematical formulation of /4 meson decay, as 
of the 9 decay, it is convenient to adopt a description in which the process appears as 
the disappearance of two particles and the reappearance of two other particles. We, there- 
fore, may represent the process (1) in the form f+» (neutrino in the negative energy 
state)->4,+¢, thus the fundamental positive energy particles being considered as the enti- 
ties 4” and @; which situation is essentially required for the reasonable description of the 


bound state of #” meson in our case. 


The perturbation Hamiltonians responsible for the mentioned decay process are written, 
in a similar way to that of Tiomno and Wheeler, as 


M,=£ Bub (tati t+ they) 6 Ce +1) ‘| (scalar coupling) (2) 
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Ff,=g,(1 ups) Qtatct tHe) O(4y—*,) , (vector coupling) (3) 
He=3""" 9(Buo a Bro, +B etn Brtr) 
F gts ge Sc gle Ra (ery , (tensor coupling) (4) 
Ho 37g ae (G10, Yarn) (Tute+th tz): 
0 (x. n—x ¢,); (pseudo-vector coupling) (5) 
Flos = Syst a+ Prt °) (Ct rtn+ tie?) * 
0 (+ oe! F (pseudo-scalar coupling) (6) 


where the subscripts 7 and / refer to the particles ~~, 4, and ¢, v respectively. The 
operators 7, and c; change an electron into a neutrino, and conversely. Similarly the 
operators t,, and cj, produce the changes >, and p> in the case! of meson decay. 
wand denote the usual Dirac operators, out of which may be built up ¢,=740,4, and 
7° =tu,4,4,. The quantities g will be called the coupling constants, having the dimension 


of erg. cm’, and the factor 37" 


is introduced in the tensor and pseudo-vector cases in 
order to give the same value to the coupling constant of ordinary (-decay theory in all the 
four cases. According to Wheeler, g in ¢ decay becomes of the order of about 10°” 
erg. cm’. 


§ 3. Transition probabilities 


For the case of #4* meson decay from a free state, the final states in the transition 
will be restricted in accordance with both conservation laws of energies and momenta of 
the concerned particles, while, for the 4 meson decay from a bound state under considera- 
tion,* by the energy conservation law alone since the recoil of a nucleus, around which p- 
meson is bound, may be allowed to be neglected on account of its large mass. 


The conservation of energy in our case requires 
Big= Let Pigt Eth, (7) 


where Z,, H,, E, and £, denote the energies of a bound /“~ meson, an electron, a neutrino 
and a neutral particle respectively. 
The transition probability /? may be written, according to the general theory of quantum 


mechanics, as 
pa *®_ SHG ietE B-B, 8) 


in which (2|/7|f) represents a transition matrix element corresponding to (2)~(6), Px a 
state density of the final states, S7|(2|H/|/)|° the square of the matrix element for the 
transition, averaged over the spin of the original meson and summed. over all directions 
of spin of the three products of decay, and the remaining quantities have the usual meanings. 


The transition matrix element is given by 
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AS) = Sore pp, dra dr (9) 
Here ¢,, ¢, and ¢, represent Dirac’s wave functions” of a free neutral particle, a free 
neutrino and a free electron respectively. The effect of a nuclear charge on the emitted 
electron may be neglected on account of the extremely large kinetic energy (10~50 Mev) 
in comparison with that of § decay electron. _ denotes Dirac wave function of a negative 
pe meson in the K-orbit around the nucleus, namely,’ 


if(r) cos @ —if(r) sin Oe~** 
nt f(r) sin Ge%* 1 af (s) cos @ 
hae pei = 10 
en ar erie) OO an 0 ; as 
0 — Li ty 


corresponding to each of two spin states of ~ meson respectively. (7) and f (r) are 


the radial wave functions of large and small components respectively, the explicit forms of 
which are written as 


cas ima ayerlr, gN=— apace ste) (11) 


ee A= po [h. (12) 
eZ expresses a nuclear charge, 4 a fine structure constant, #¢ a mass of negative /4 meson, 


c¢ light velocity, % Planck’s constant divided by 27 and /’(1) Gamma function of +. 
When we put 


Te SGML EDs (13) 


it follows, after some process of computations, 


had 86 fry hehe | {ae Ml or4 EO) 266-0 Be ypteh, 
ely =0 Li Ly 
(14,1) 
| Ree lee Loe (4 4 CPAs) 4p Peto) 2 Geb») oxy 
Vs = EE. EE, E.E, 
bch.) _“(hecp,) , ¢ 8p, ‘p CR: pa) OU Do: 2) (b- 
+2 [ ( 4 = ‘i vy e A “Pe rg I> 
E, E, LLL, we 
ie C(p,-py) C(Py-Pr) _ CPP») 
+ 2+ 1+ v 0 € oO 
CO ee 


| — 1 &r fo e(p. ; p.) et a ) 5 ys A b 
i= | 5 Lacy = 0" Pe A pp 2 ay 2 c( pe hk) 
5 Palate Aare amc rape ala mea 


EDO) phnll Po- B), ice fea ee 
ee JE 2. 1 ON HA 


DN CC ph) (po-P,) +2(p,b) (PoP) & i 
eee eek, (14,3) 


Interaction of Meson with Matter, IT AN, 


° 


Foe ok bal fo Toe fay (14,4) 


Ww |e 


Ts =Sis/&s Ls bo — Lo) (14,5) 


> = = 
where ~,, ~, and ~, denote the momenta of an electron, a neutrino and a neutral particle 
respectively. 4) is the mass of neutral particle and |’ the normalization volume. Further, 


we have 

ik —=p,—py— fos (15) 

ei ae | i (AA — 00s ky je" ar, (16) 

G= Aer es gin hrs dry (17) 

A=(2)°/B 4 474, 1+) /P(2e+1). (18) 

For the case of (u7Z)°((1, we get readily 

Fr V25A-24(4Z) /(B +R)’, (16)! 

Gr v 20d: (2a)?/k(F +2)? C7: 


As seen in (16), (17), (16)’ and (17)’ /” becomes smaller than G due to a-factor 
¢Z involved in /, on account of which /*-terms contained in I ((14,1)~(14,5)) are 
allowed to be dropped compared with G*-and /’G-terms in our computations. 

In order to obtain the probability per second of a negative 4 decay process in which 
the electron emerges in the energy interval F, to £,4a@/, we have to carry out the in- 
tegrations over Pp and p of (8) after substituting (14,1)~(14,5), (16)/~(17)’ into 
(8). In such manipulation we have made use of the following change of variables ; 


“=p,—Poy f=p,, (18) 
which leads to 
ap eg Wp , 9 2 
a al Ae = yg” du a8 de, d2, dL p aps 19 
ey Ge ans | i ae 
W=(L,—E,)/¢, By=W—E,/c, Z4= cs'9, . (20) 


Here d2,, 72, and d2, represent the solid angles of a, B and p respectively. The in- 
tegration over 7 of 0-function in (8) is equivalent to putting 8, for @in the integrand 
of (8).- 

After some process of manipulation, we get finally, for the mentioned transition pro- 
bability P, 


pee NSA) ae 5 8 WE at 
era Ss 


(gs; = S89 Sw 8w Spy 8 psd Ti =f, ty Bae) 
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= te (22,1) 
f= y Taaet as ies re)» 


a 
To=t. 2a ae “Se FG) (22,2) 
pe? 
1 il 
h=—(h, e@t—s Sure)s (22,3) 
3 Ue 
=< : (22,4) 
Ip= (Sn, ¢2 a3 ——f pw, ra) ? ’ 
33 pc 
1 1 
frs= = Ges Pap — = PS re)» (2259) 
2 We 


where f;,q2 ot fi,nq tepresents each of the contributions from G*- or FG-term respectively. 


The general form of the integrals involved in /; (2 and /; pq becomes 


~ Pes Dar Po > : W=, 1 29> 
e Up, 19,f Pe Pw Po) i, 18), 12, = By Af as o- YP o9Pe)> 
[aie dp, do. E Pa De he = {da dO 5dOy = ay Wage OOP 
(23) 
N=n, BR =hk. (23)’ 
For carrying through the evaluation of (23), we have manipulated first {7Q,--+-+ 


with a polar axis along the direction of d, then {@2, with a polar axis parallel to pe and 
finally {7/Q,---+-- . After some process of the elementary but rather tedious computations, 
we obtain finally 


1 
ry 0) i aL 2 ms =o f 72 99 

fi, @=2 (2n)'d{( WH poc)> 5 —S3) + 4E { (e+ W)((E' -2WES— (Wp?) ls') - 

. (p2+ 47) a Crs a) Wee— ( W?—- pyc?) €,") = (ee us D Wero— (W?— pc?) C0) | 

[Gt 2G (W232 )O8) (PEAY) + QE 42 EP — (I= VER) 

— G+ 21V¢8—(W?—weyeey IH, (24,1) 
Ve G2 =f,, G2 (44> na Los ‘ (24,2) 
J,42=Sps, G2 SPY G22 , (24,3) 


tov, @=,42( o> — Fo)» (24,4) 
j.@= Gare +f p32) / 2-F life ea, (24,5) 


hao=2(20)S}| We? + (W?— pec?) /2-€,'— 93/2 — WE2+ = { (pot ary ee 4 ne 


e€ 


a) 


W. = 9 2 9 9 9 2 9 2 
7 Gee W bs — (We hoe) Es) (pe +2") + ys + 2W ES — (W?— pyc?) 1) 
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=@2 +2 Woe —(W? — pyc")€,') | i, (24,6) 
1 
Sre= 2 (az) Wee — ( W— Uy c)/2 EP 4 ns [2 —7ns— : { (Fe +2W€;' 


— (W?— p20?) 637) (p22 +4) + (ne +2 Wes—( W°— p70? Ex) — (EF +2We?s 


il 
2f 


e 


4 W*(( 2+ MP) C8 — C5 + ot 


— CW Wee NEE) +1 DEF IP ER + ge EES + 
SALW — p'®) (pe + a?) — CoP +8) = CW? pre?) pe +a Neg — Cs + §5') 
FWP th es fo +75) : (WW? pepe + 4" Eg —F 9! + 9s) + (PE+A) ns! 
—4o + 83) —W((p2 +4) Eb — Fe + ng) + : (Wp?) (per? )E 3 — Fe! + 4s) 

ee = (2 422\n3 —9i + 6) —3W*( - Ore - (pet 2) OFRER( pova?y? Os) 
43W(W2= pec) tee = (P2432) O24 - (po +i") D2) — ; (W2— pec)’. 
(JO) PEI) Od PEERY) + GE 5 +3 WNEe 

— : (2W*(32" + 2°) — (p+ 4")") Es — ; Woy + ; W (peti? —W*+ eves 

FA = W(3( pe +47)? — 2 W P= pe?) pe’ + 34°) )E 5° — (W?— pyc’) ((2p.? + 24” 

WE pyc) 9 — Cy) + - : (We peer) §3(pe+4?y?— (W pic?) (p+ 34") SEs! 


g 


i =o “99 9 9 99\—9 3 
$2 GW? f2p2—2i 7b o+ 3 We g—> Wi? + 2pe—3W? + 3yre ES — —E 
4 ; 4 16 


1 
£64 ; 


-=@ W?—2p2e—pe—i)§,— ap l3 abt a*)*— 46 W?— pic?) (pe + 34") +3(W? 
e2yyery | ne Soyppice atk gpiypyee | W2 + 3/82)n +29 — Be gee Dy? 
— foo) 3 Fs ee Bg e "ER Saas vi 


o 99 9 9 1 72 Apes 2 TAD 2 1 iy 2 17( : 
—faiei H( Wee Bae be +4 Ns —— (W? = pe’) Ber ACs =. Wer —W de 


: j/2\ 26 2 ed ie 2 aye DR ty at 
+H )CP + WM p24 4) + afi aCe = Wit weet (Pere) (p: 
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i 5/0\ = 2 1 1 2 2 9 2 Ss 
ae ES7 V/* + Dee = Wes W( p+ VE 5 — z Ho: + e (2p6'+ De— Ot aed ns 


5 Wn oe am) bile (25,1) 
J acrG =f,, ra peers (7532) 
a re=—/Sps, PG +f, FG) (25,0) 
Te RG Ge FG ay eres) ci Pee FG? (25,4) 
tan ro=\irG ( —>— |), (25,5) 


fare PPS qe FD ESE) UE) eae 


Be NP) Ea ps So W(po+ Ae + (Pe + HM W2—pec)és: 
ae + 24)n.' — Wr, f+ (Wath mg iE -= 8: Wes 


9 9 9 ib 
a = W*— pyc’) Fe + 5 2 


~p2((W? = pie )e— 9) — 2 WE) 


—2p2 Wee} : (25,6) 
Here the quantities of €,”, qn”, Cn”, On” and @,,” are expressed by 
give! (Wy BOTs rn yee, (26,1) 
mJ) —ev (W+ea)™ 
pre (be Se rai eeyeta, (26,2) 


ae a (W+ eu)” 


bef ta 


=_-— fT, (4) du, (26,3) 


mJ) —ex (W+eu)™ 

ik il (OB 
Ae “ fT, du, 26,4 

Wm Soy) (W+ eu)” (u)u ad. ( ) 
on— { 1 EST eee (26,5) 

mJ —eu (W+eu)” ar 

= (W*— pyc? —a’)/2, (26,6) 

Hf, =1/1-2up,((p-—4)? +4"). (26,7) 


(26,1) ~ (26,5) are easily shown to be reduced to the following two types of integrals. 
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VPI pete 
aa =| a” /|(p.— 4)? +4?|"+ du, (2751) 
—V P= pee 
VW pict 


Pr=\ e/(W+eu)™| (p.- 4) AP]. 


(27,2) 
—V WV = pee 
Namely, it follows 


a= Sed + peePn') /40pe, 


En = (2W Jn +4 Wye Pal — foie Pu) [16 p es | 
Ene {i + 3(W + pee?) + 3 par (4 WP 2c?) Py — OW pyc P n | ie 
ar Ra Le /48if ] 
le Cn? + foc Fee W? °c" Pr) /4inpe, \ 
We={2WR+AW eT +2 Wic(2W? + RE)Py'— Wp P,2} /16np., | (28,2) 
Me= {Soe +3 (W?2+ py?) Jn + 396 (4W? + pyc?) In + py (12 " 7 


+15 W722 + pict) Pi —2Wye(3 W? + peo) Pa + Wc’ Pr’} [48 Pes 
(i= {(W*—p,'c)/ W*. Ja + pyc?/W?- Pr /Atpes 
com (2(W?—pB2)/ WJ —2((W 2 pty — W/W 


4 A 


B= {Jy} 2 te —pit/W?. P2y/r6np., | 2%?) 
Cn = Se + 3(W?*-pe)’/ W*-Jat+ 3c (4 WW 13 Wee + pric!) | 
(1/W Pd 2c (3 W*— ppc?) /W*- Po + pie? /W Pe} /4820py | 


Dd={(W2= peer) [W?-Jut— pee Ws Ja’ + pe / We Pall [4B 
D,o= | (— 2p (2W?— 3 psc) ( W*-Ju'— Ape We pee) (W Ju? 
+ (W?2— pie) /W* Ja? +2pge |W" Pe — pil /WS+P, } /16np., (28,4) 
O,8= {—(W?— pie W 2 2phie®) [WJ + (W2— poe" Tr® 
+ (W284 (W?— pee) AL W*— 2p,°))/ W*- Pq —(2 WE — (19 W" 
— 4 pn202)(W? — pigtc?)) [W? Pro + pie! W* Pri} /480ibs 
Ob (SE + Ue? E+ W pic? Jy + Wipesie?Pat) / Arp 


(28,5) 


Furthermore, /” and P” can be reduced, by the recurrence formula (see Appendix), 
to 


ova Bee cant! 2H SW Lae a 
1? —(W?— pyc") + pe 


On expressing the energies and momenta involved in f of (21) by the units of mc* 
and mc respectively, we find, for the required transition probability, 


2 .\6 e = 
P=- es ) ( ae ) = RF, aE, (30) 
hic zh /-367* 


where the dimensionless factor 7, has the similar form to that of f;, except for the replace- 
ment of E, by E,=£,/mc? and m-==electron mass. 
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$4, Energy spectrum of decay electrons 


In order to obtain the energy spectra of electrons from jt decay, we have numerically 
evaluated (30) for several values of the mass of neutral particle assumed to be /y=9} 
2022, 407 and for several forms of coupling in which Z=26 (Fe) and p=210m have 
been adopted. The results are described on the left hand side of Fig. 1~5, while, on 
the right hand side of it, the results of Tiomno and Wheeler, valid for positron from pe 
decay, are reproduced, for comparison, corresponding to the same values of the various kinds 
of quantities involved. The units of the ordinates in the figures are 1/367°- (17 / hy)? 
ge /mch (poZy? (1= jt/1=210) and those of the abscissa E,=E,/mc. In Fig. 6 the 
corresponding energy spectra for 4=200m and /4j=20 have been described in order to 
give some indications regarding the effect of the mass value of /¢~ meson upon the spectra. 

It will be clearly seen that the electron energy spectra have the enhanced tailing part 
of relatively small number of electrons near the upper end in comparison with the positron 
spectra with a relatively large number of positrons near the sharp cutoff. The mentioned 
difference between both energy spectra could perhaps be observed experimentally by making 
use of the large intensity of artificially produced mesons in the laboratory if the relatively 
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Fig. 5. 
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light element were used as a #2 meson absorber to avoid the induced decay of ~ meson 


by the nearby nucleus. The influences of the mass of a y, particle upon the energy 


spectra are observed in the figures, being different for the different couplings. 


It will be 


extremely desirable, through the accurate measurements of ¢* energy spectra, to decide whe- 
ther the 4, particle is really a neutrino or another neutral particle still unknown, since we 
> 


at present, have no information about the neutral counterpart to the “* meson, correspond- 
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ing to a neutral 7 meson (7°) with respect to the z+ meson. 


§5. Life time of negative » meson 


The theoretical values of the spontaneous decay life times (c, and t,) of negative 
and positive /4 meson have been obtained, for a given set of masses and any given form 
of couplings, by evaluating graphically the area under the curves shown in the diagrams. 
The values of 7,/zt, thus obtained do not depend upon the value of the coupling constants 
g, the results of which are described in the accompanying table. 


Table I 
Lo=—40m 4 =20m Lo=0 
| To tT F aM T) ‘ ia | i a ne | CT e 
T/Tp . 5 \ / 2 | 4 = thn | we | 4 
x Wie P (107 ®sec) (10= 8sec)| 7 oe (10-8 sec) 10~ ®sec) tnlts (10~®sec)(10~ © sec) 

| | ie } | 
Scalar Poss 7 ey O15 | 2, 1 Z8y "| ° 0.185 1.34 2.9, 0.19, 
Pseudo-scalar (goutsys 3.53 235 STS eas i0, 0.20, 1.34 2.9, 0.19, 

| | 
Vector 1.4, 3s Pas wr OOl, Nee 13.4 ioe oe 0.19, 1.34 3.05 0.19, 
Pseudovector | 14, 3.15 | 0.20; | 1.2, M28, | 018, | “135-30: | 0.19 
Tensor 13g | 3.09 | 0.205 | 1.35 2. Ores. 0.195 1.8: 2:9, || 0:49; 


—— reer aeeeeneeneeeeeeatieeeneeneeeentieneenneeneennnninnnil ean naa - 2 


tp=2.220 024 sec (Bell-Hincks), Z7=19.40( 42), 2=10. 


The total decay life time (c_) of a negative “ meson, allowing for both spontaneous 


and induced decays, is given by the expression’ of Wheeler 


t~=T/ (1+ (Zy,/Z)"): (31) 


where Z, represents the atomic number of that idealized nucleus which is able to compete 
for the induced decay of #~ meson on equal terms with the process of spontaneous decay, 
and becomes of about 7,=10. 7Z,,, denotes the effective nuclear charge evaluated nume- 
rically by Wheeler’ and takes the values of 19.40 (Fe), 7.56 (O), 5.78(C) and 3.925 
(Be) respectively. 

Since the appreciable decay processes of a positive /4 meson are not conceivable beside 


the spontaneous one,’ we have 


- 


Ca — Cie (32) 


The recent measurement of Bell and Hincks't has given for the life time of the yin 
fiesenl ts becomes of ( 2.22°4-0.02)*10" sec”, which value has been used to obtain 7, 
from the theoretical values of r,/z, in the table. Finally the values of 7_ in Table I 
have keen obtained by the use of (31). 


+ The possible modes of decay processes, different from the spontaneous one, of #4 meson in matter have 
been discussed theoretically by Muto and Sebe, according to which the cross sections of all possible decay pro. 
cesses become negligibly small in comparison with that of a spontaneous decay. The results of the discussion 


will shortly appear in the later issue of the journal. 
+t The previous values of tp are 2.15-+-0.07p sec (Nerson & Rossi), 2.11=+0.10y sec (Ticho), 2.33=£0.15 


psec (Conversi & Piccioni) and 2.0940.3 y sec (Alvares). 
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As seen from Table I, the life times of the spontaneous decay process of // meson 


become certainly larger compared with that of 2* meson for iron, the differences between 


both life times being actually outside of the experimental errors. Since, however, the atomic 
number. of iron is sufficiently large) so, that no .spontaneotis decay is recorded experi 
it will be hopeless to measure 7, directly for iron. For the direct measurements 


mentally, 
therefore, it is required to adopt a suitable absorber of 


of cz, and electron energy spectra, 


lighter elements, for example, £e and B. 


For the relatively heavy elements, 1.e., iron, it is highly desirable for the measurement 


of c_, expected theoretically to be different from t,, to be carried out in order to clarify 
the detailed behaviours of both 2 meson decay process in matter. Finally it should be 


remarked that the careful examination of (30) reveals that the spontaneous life time of 


negative /£ meson (zn) is roughly proportional to we: 
The present work has been supported by the Scientific Research Expenditure of the 


Education Ministry. 
Appendix 
(Recurrence formula of /7 and //7') 
Po=el (Mt +M,-) /2i? + P/2N"}, 
Piel (Mit +My) (42243 UM" + M-)/81!' + 3P/8x5, 
Pi=1/2(2 424") ‘log My /My* +e/(? +4") -(R'+1P), 


P= 1/2(F +24") -{(M, —-™,"*) +ef(M,* + MM") /4? + el (2? + 34?) P/X? (0? +2") 
+ 2eRY/(L4A") $1/(L24A) slog /Me" | 


Piz= (M- — M,* +41P)43P2} /4(P 42), 
P2= {—[W( My — MeV Wp c-Met + My) pore + LPs! — SP} /E+A), 
P= {-[W(M- —M,*)— eV Wee (Mt + My) ere + 40P — 3 Po} [0 +%"), 
P= {—[(2W?— pie)” — Mt) —2e WV We? (Mat + Mr) \/ 2p! + 42P5? 
=3F {44% 
PS={—((2W*— pee) Mi, — IM) —2e WY W*— pee (MM) 2 
) + 3p 2 2 Py a, 
Je =f.|P2|— Wy —M,*) /2; 
Js =pe|P3|— (My —M,*)/4, 
Ts =— (Ws foo) = Me) 2 pe tk Ves 
Mg =1/(V Wwe p42), 
Me = (VW pyc? + p)/((V Weg +p.) +2"), 
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My = (M,*)*, Ms = (VW? pyc? +p.) - MS, 
PHi/i tan {2d VW? pie? / UP + po — W* + °c) }, 
R'=log {(W+ VV ?— pic’) /(W — VW? pec), 


t=W +), corresponding to e-=1 and —1 respectively. 


1) 


2) 


3) 
4) 
5) 
6) 
7) 
8) 
9) 
10) 
11) 
12) 
13) 
14) 
15) 
16) 
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In order to construct the singularity free classical electrodynamics, Bopp!) proposed to generalize the 
field equation and Peierls-McManus”) attempted the extension of the interaction. In this paper, we 
investigate first the interrelations between these two theories from the quantum-theoretical point of view. 
Then two special types of the non-local interaction between electromagnetic field and an electron are 
proposed, with which the problem of the self-charge as well as the electron self-energy can be treated 
satisfactorily. 


§1. Introduction 


To avoid the divergence difficulties of the quantum field theory, various investigations 
have been made by modifying or generalizing the conventional formalism. Most of them 
put their hands to this problem from a classical point of view. Among them the work 
of Bopp” should be noted. This author studied especially the following generalization of 
the electromagnetic theory : 


o(o--)4,@)=—-= 4,8) 


and showed that it leads to a classical theory which is singularity free and goes over into 
the conventional theory for distances >/2-'. After him many investigations, containing the 
quantum-theoretical ones, have been done along this line from various points of view. In 
particular, Pais-Uhlenbeck’s investigation” was most exhaustive, and by this investigation, 
defects of the Bopp-type theory as well as its merits were clarified. On the other hand, 
Peierlss-McManus” investigated this problem along another line. Namely, by taking 


al acoes a!) Ay (a’) (dix) (a* 2"), 


they assumed the interaction between electromagnetic and electron fields to be non-local, 


and then examined the electromagnetic theory of local fields within the frame of classical 
mechanics. 


These two theories start from different standpoints and it seems that, at first sight, 


they have no mutual connection with each other. But, as will be shown in the following 


* This note is the revision of the report read before the meeting of the Physical Society held in January 
1950, at Osaka University. 
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paragraphs, Bopp’s formalism of generalized field and Peierls-McManus’ formalism of. non-. 
local interaction (to be designated hereafter as FGF and FNI respectively) have close con- 
nections. Although the investigation of the interrelation between these two theories is the 
chief purpose of this paper, the study of FNI will be done quantum-theoretically in various 
types of 7(x, x’). After these investigations, we shall propose two special types of FNI, 
with which the problem of the self-charge as well as that of the electron self-energy can 
be dealt satisfactorily. 

As the recent investigations show,” in some sorts of interactions (e.g. the direct 
interaction between four spinor particles) we are obliged to introduce infinite number of 
counter interactions having successively higher derivatives of field variables when we attempt 
to remove the divergences by means of the renormalization method; the renormalized 
interactions thus obtained are non-local. Consequently, the present work may also have a 
role of the preparation for future investigations of such non-localized interactions as in the 
renormalization procedure. 


§ 2. Formalism of the non-local interaction (FNI) 


In FNI, we investigate the interacting system of electrons and electromagnetic field 


by taking the following Lagrangian : 


Tr 9 Z G ap 4 . 
La) [Ag @)Y (4'2) EBA) GPa tH) He) + charge conjs}(d'2) 
i mail jax) ge 2”) Ay (2) (ax) (@t2'). 0) 
g 
The structure of this interaction is graphically represented in Fig. 1. 
$ wa The Lagrangian is invariant under the following gauge transformation : 


pas é (x,#') A, (4) A, (4)— 9,4 (4), LJA(+) =0, 


$(x)>$() exp| — na, « ) AC) (ax!) (2) 


Fig. 1 


The equation for the electromagnetic field derived from the Lagrangian (1) is 
C1Ay (x)= —* [nes a Von) @'2'), @) 
oe 
and the general solution of eq. (3) has the form 
Aga) = Ayo 0) + 2 (Demat) 2) EDL, (4) 
is 


where A? is the general solution of the homogeneous equation associated with (3). If 


m is the Lorentz invariant scalar function and representable as 


nal, 2") = ll Cal a aaa ©) 
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we can write 
’ 


/) WP verte 1 4 2 x 2 ath(x—z!l 
[B@=#")(a'2") i ee =a P| k)- F(R) (Bete 


sae wk)G(E th(e— 2!) = gy AP (6) 
Gay gh eles 


and accordingly 
Og (4-2!) =—7 (4, 2’). (7) 


Besides the requirement (5), we must impose upon 7 the normalization condition : 
jal) (dix)=1, accordingly /(0)=1. (8) 


In FGF, the same function (1) as (6) also appears in A,(%) as the propagation func- 


tion which represents the attached potential. Consequently, our investigations of interrelations 
between ENI and FGE will be made mainly by comparing the properties of -function. 
As is seen in the above representation, 7(4) changes the propagation function /)(1) 


into g(t), while, defining 
\n@s 2") a) (= Ha"), (9) 


it can also be interpreted as modifying the charge-current density 7, (2')(7,(4") is, so to 
speak, the effective extended charge-current density ). 
The equation for the electron field derived from the Lagrangian (1) is 


(Put 1) Hx) = Ge/he) ra9() [na 2”) Ana") ("a"), (10) 


of which the general solution has the form 


h(x) = oy epic) js (x—2!) 7,02 A, (2!) (a4), (11) 


where 
Aya!) = {yg la', 2") Ag(2")(di2"”) qv’) 


and #° is the wave function for free electron. Here, one can easily see from the expres- 
sions (11) and (11’) that the extension function 7(#’, «’”) cannot modify the propagation 
function S(«—x!) of the electron field contrary to the case of the electromagnetic field 
represeted by (4) and (6). 

The S-matrix in this case can be obtained by the method of Yang-Feldman” or of 
Kallén.” — (Koba” has also obtained the generalized S-matrix from the different standpoint.) 
By using this S-matrix, we can compute the observable quantities for any process. We 
must, here, call our attension to the fact that the S-matrix does not become the infinite- 


simal transformation function unless the extension function n(%,+') can be represented 
formally as 


9(4, 2 )=F(—L) Oa’). (12) 
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In the case that (12) holds, the theory of the non-local interaction is reduced to that of 


the local interaction which contains higher derivatives of field variables, And, in order to 
be able to write as (12), F(%,°) must be analytic within the interval —co </,2<+c; 
namely /(%,°) must be such a function as can be expanded by power series of #,” and 
cannot have any pole within the interval — co AO 40K 

Next, in order to compare with FGF, we shall conveniently take the viewpoint that 
D (4) is replaced by ¢ (+), and shall classify &(2) into two types: (i) Oscillation type, 
(ii) Decay type. 

(i) Oscillation type : 

We call such g(1) the oscillation type one that has following characteristics: (a) it 
is regular on the light-cone, (b) /*(Z*) has finite or infinite poles and be decomposed. into 
partial fraction. The case of finite poles corresponds to the rational function /(£°); i.e. 


F(P)=N(#)/M(E) =3) E,/(2 +02), deg. (NW) < deg. (I), 
j=l 
€,=M(—7) /[daM(R) dk) |o- = V(—w,)/M'(—a,), 


= — Wj- 


(13) 


where M and JV are rational function of 4” and —w,’s are the roots of M(4’) =0, namely 
MR) = 11+ /w/). 


Besides the poles of /(/°) given by (13) G(Z*) has another pole 1//°, because G(/”) 
is connected with /(4*) by the definition (6). Therefore, in order to obtain the regularized 
(2%) on the light-cone the number of poles of /(%°) must be odd. The case of infinite 
poles corresponds to the transcendental function /’(%”) which satisfies the condition (8). 

In both cases, assuming that /(£°) has no multiple root, the characteristics of this 


type is represented by the following expression of /(4°) (or G(£’)): 
F(A) =1/f(2), FU) =HA+ koe), 
t=1 
G(P)=1V/ PAP )= dF / (E+ o7), 
0 


j= 


(14) 


where 
é,=1, wm=0; §=—1/o/7f'(—w?), =I, 2-2) 
and 
> F405'=0, (a0, 152i) 2 (15) 
an 


Then, as each term of the expansion of G(4”) corresponds to the usual J (x, w;)-function 
in the coordinate space, g(x) consists of the superposition of A(x, w,;)-functions which 
have singularities on the light-cone. However, ¢ itself is regular on the light-cone, because 
the singularities of 4’s are canceled each other by means of the condition (15). More- 
over, g vanishes in the space-like region in accordance with the properties of 4-function 


and can be decomposed into 
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g()= ; { Sea %) +£aav(X)}, (16) 


which assures existence of the law of causality. 
When G(2”) is given by (14), the charge distribution and the static potential of 


the electron located at the origin are given respectively by 


eo(7)=— ~ Srey w; exp(—a,r) |/7, (17) 
47m i= 
and 
cb(r) =e [14 S15; exp(—«;7) |/r. (18) 


t= 


Both these rwo quantities are singularity free at the origin owing to (15). And (17) 
shows that the charge distribution of the electron has the three dimensional extension 
notwithstanding the extension function 7(1) vanishes in the space-like region. 

We can avoid, in the oscillation type, the difficulty of the “ energy-indefiniteness ”” 
which appears in FGF, because the free boson field contains only photon. There appears, 
however, a new difficulty’) that the electron gets energy while emitting photons and this 


corresponds to the energy-indefiniteness of FGF. If we interprete, in accordance with the 


fact represented in (17), that the domain where ¢ (1) does not vanish, excluding the 


light-cone, corresponds to the extension of the electron, the electron has the infinite extension. 


@ of this type gives the same convergent effect on the self-energy of the electron as 
the corresponding type of FGF (formalism of the formal mixture of various mesons with 
the photon) owing to the automatic regularization condition (15) of Pauli-Villars”. In- 
deed, the self-energy integral in the S-matrix, which is not the infinitesimal transformation 
function, is given by (see Fig. 2) 


e 25\ 4 iy p—k) — to} | FRY] ye 5 
ts dp) (4 \ dik E Ue, Pot | 
Z \ P) PCD) e) Tu Pore ie | (Pp) 


Here we must use the partial fraction expansion and the condition (15) 

to the factor /°7(2°)/2? without factorizing each /(4°). This type is ‘4 

powerless, however, to treat the problem of the” vacuum polarization, 

because the propagation function S(1) cannot be modified by 7 (1). Fig. 2 
(ii) Decay type: 


7 fa 
FUR) 


We call such g(x) the decay type one that is regular on the light-cone (condition 
(a)) and approaches rapidly to zero according as |1,°| becomes larger and larger (condi- 
tion (b)). The condition (a) secures the finiteness of the electron self-energy. In order 
to satisfy the requirement (b), at least G(£*) cannot have any pole. 

By means of the condition (b), we can avoid the difficulty mentioned as for the 
oscillation type and the extension of the electron does become finite in this type. Of 
cource, the difficulty of energy-indefiniteness does not occur. 
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& of this type does not vanish in 


general in the space-like region and cannot be 
separated into 4 and 


Saay- Consequently the law of causality is broken in the region 
where @ survives except on the light-cone. 


The contents of the theory of this type are equivalent to that of FGF” 
following equation for the electromagnetic field 


having the 


| OF (DA) =—* (2), 


(19) 
( OuA, (x) =0, 


provided that the form of f in (19) is the same as the corresponding one of FNI which 


is obtained by putting /*(4°) =1/f (4°) in (5). Among these equivalent types the fol- 
lowing should be noted : 


F(#) =1/f(—#) =exp(— #24). (20) 


The S-matrix in this type has the infinitesimal transformation character because of 
(12). The electron self-energy becomes finite so long as the suitable /(Z°) is taken. In 
this type, however, we need not make use of the partial fraction expansion and the con- 
dition (15), as /(£*) has no pole. As to the problem of the vacuum polarization, this 
type is powerless in the same way as the oscillation type. 

In FGF, the exponential type (20) has been proposed to be the most promising one 
after the thorough investigations by Pais-Uhlenbeck. In FNI, thete exists no superiority 
or inferiority between the exponential type (in general, the decay type of (ii)) and the 
other type (the oscillation type of (i)) so far as the problem of convergence is concerned, 
but physically the decay type seems to be superior to any other one. 


§ 3. Formalism of the generalized field (FGF) 


In the previous section we discussed the relations between FNI and FGF to some 
extent, though our discussion was mainly concerned with the former. In this section, we 
shall investigate the mutual connections between them in more detail. 

In FGF, we can take in general the equation of the electromagnetic field interacting 


with the electron as follows : 
i! / “d if ye 4 
) = ——=|\y(7, £0) dew), 
Of (4) =—4* fo 4G ah 
OA, (x) =0. 
In the following we shall take, however, the point electron by putting 7(4#, 2’) =08(4, 2°) 


in (21). This restriction is not essential to FGF, but is introduced only for convenience, 
in order to illustrate clearly the relations between FINI and FGF, The solution of the 


eq. (21) becomes ; 
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Ay (2) =A,° (x) a 2 \eG—2’) 7. (2) (d' z) ? 
' (22) 
‘a 1 Bal ya zg 1 ihe 
ee) le Cpr ae 

Therefore, concerning the propagation problem of radiations from the source, there exist 
the same circumstances as in» FNI. In FGF, however, the most important point lies in 
the fact that the free electromagnetic field is generally different from the usual Maxwell’s 
one —A,,° is the general solution of the equation Lf (0) A,=0— and it consists of 
the mixture of meson fields of vatious masses. So that, the free boson field of FGF differs 
very much from that of FNI. 

We can classify FGF into two types (i) and (ii) in accordance with 1/f(—4A”) in 
(22) has poles or no pole, and shall compare them with the corresponding types in FNI. 

(i) The case that 1/f(—4") has poles: 

The propagation character of radiations from the source in this type is identical with 
that in oscillation type of FNI. But, there is a wide difference concerning the free boson 
field. That is, although the free boson field for the oscillation type of FNI is the Max- 
well field, the one for this type of FGF deviates largely from the Maxwell field. (We 
notice here the fact that the difficulty of energy-indefiniteness of this type cannot be avoided 
even if we take 1/f(—/*) having infinite number of poles—mixture of infinite number 
of various meson fields containing the negative energy one. ) 

The S-matrix for this type has the infinitesimal transformation chatacter contrary to 
that for the oscillation type of FINI. 

We shall not go into further discussion on the relations between them, since we can 
easily see them by comparing the results investigated in (i) of § 2 with the already known 
facts on this type. 

(ii) The case that 1/f(—4#°) has no pole: 

The propagation character of radiations in this type is identical with that in the decay 
type of FNI. And, as the free boson field satisfies the usual Maxwell equation, the general 
solution A, (1) of this type is entirely equivalent to that of the decay type of FNI. 
This equivalency for the boson field holds even if the equations for the electron field in 
both types differ from each other. 

If we retain the usual form for the electron field and start from the Lagrangian desity 


L@)= == (0,4, (x) )(O) (0,44) ) -% (O(2) (7u9ut Mo) (x) + charge conj.} 
* = (1) A, (); (23) 


the electron self-energy integral in the S-matrix, which has the infinitesimal transformation 
character, is given by 


ll TNC BY Gr! {ir ( p—k) — py} 1 
d bh  p)\(a* k a Fias 1 


|e. ‘ 
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On the other hand, the corresponding integral in the decay type of FNI becomes 

oe - Dal ga ele a . 

4 UPA at [7 LO a, sp OP) 

CP—AY phe BP (— B) 

we 1 /. Tt (—#) =F 2(2). Notwithstanding the forms of the electromagnetic potential 
A, (*) .in both types are the same, that of S-matrices differ. Namely, as easily seen from 
the above two integrals, the propagation function of internal photons in the S-matrices for 
FGF and FNI are given by 1/%°/(—/2) and 1 /k° f°(—k*) respectively in the momentum 
space. 


In the vacuum polarization integral for the type (23) coincides completely with the 
traditional one. But, in the decay type of FNI, it is given by 


(+) {ca '2) A, (2) AA) E22) fen) cs Dice 7, AAP) = bol, | 


a Uy 


9 9 / 9 
Bt pe (ep) +H 
Therefore both types are incompetent as to the problem of the vacuum polarizatien. 


As the most generalized form of this case, we can take the following Lagrangian 


density by assuming that both 1//(—%) and 1//(—/*) have no pole : 
Mey 5 r 
L(4#)= — e (0A, (+) )/(O) (0,Au(4+)) — . (4) 79.4 Mo) 2(F) (4) 
+ charge conj.} + z Suhel wee (24) 
2 


Then we can obtain not only the finite self-energy of the electron but also the finite self-charge. 
The type of non-local interaction, which has the same effect as this concerning the problem 


of electron self-energy and of vacuum polarization, will be shown in the next section. 


§ 4. Other types of FNI 


In the previous two sections, we studied some types of FNI which was closely con- 
nected with FGF. In this section, restricting 7(7) within a scalar function we shall 
propose the other types of FNI which will be useful for the problem of the vacuum 
polarization as well as the self-energy of the electron. ‘The characteristics of these types of 
FNI will be found in that the non-locality of interaction will be taken into account for 
the electron field. 

Starting from the Lagrangian 


A Dae oO Be a Sp (25) 
where Z,, and 1 are the parts for the conventional electron field and electromagnetic field 
respectively and Z/ is the interaction part, we can obtain two types (A) and (B) in 


accordance with the forms of Z’ in (25) as will be seen in what follows. 


(A) The type which has the following interaction part : 
Laie JB nCo' arreAelady le HOVE eV ENE A). C8) 
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The structure of this interaction 1s graphically represented in Fig. 93: The field equations 
derived from (25) and (26) are: 


Ay (x) = ie) | Hon, x)rpn (a, x") P(e") (a4 x’) (dt x"), (27a) 
and 
(FuOu + Ho) f(x) = (te /he) Nace 2!) tp Ap (2!) na, 2) $0) (Gt 2’) (GZ? 2”). 
(27b) 


As is seen by comparing Fig. 3 with Fig. 1, the physical significance of the interaction of 
type (26) may be fond in that the non-locality of interaction is taken into account for 
material field, while, in Peierls) McManus’ theory (Fig. 1) rather the non-locality of photon 
field was considered. 

Next, we shall refer to some characters of the S-matrix for this type of interaction. 
Namely, we shall observe how the influences of 7 will be presented in the development of 
the S-matrix by constructing, for example, two integrals of the electron self-energy and the 
vacuum polarization. The electron self-energy integral in the S-matrix will be given to 
the first order as follows (see Fig. 4a): 


soa yw awa ib ik) + FF? p—k) {a7 ( p—k) — bo} aoe h Pe 
“Aa FAHD {Cat [7A IO th 7 MOF) 


(28a) 


In the problem of the vacuum polarization, we shall have the following integral to the 
first order (see Fig. 4b): 


(-)j (d* 2) Ay) A,(2) | (a p) oT F (0) trp toh , PRP) ire—p)— toh 7]. 


9 9 BB = 3 
p+ He (Ep) +16 
(28b) 
Ry bef. oe ? y, 
>r yer i mee 
i ¥ Qn (€ oD Wd A, 
ep h—p) eae ee 
sac i FUP JE oe 
F(?p) A ~ 7 (% x0) 
/ kh a 
Fig. 4a Fig. 4b Fig. 5 


From these two integrals, we can easily see that 7 modifies the propagation function of 
the internal electron field ((77p—py)/( p+) is modified into /°( ») (7p—m)/( LP" 
+/4;) in the momentum space). And the external electron field is also changed from 
J(p) into $(~) FY). 

The above two integrals converge so long as the suitable form of F(/) (suitable 


form of 7(1)) is taken. It seems to us that the decay type 7 is desirable from the 
physical point of view, , te 
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We can translate the theory of this interaction into the theory of the non-local 
field, which is formed by a non-local electron and a local electromagnetic field and has the 
same S-matrix as the former. 


(B) We may take another type of the non-local interaction by giving Z’ in (25) 
as follows : 


Baie \\\| BC Im, 2) ram es 29") ny 20") Ag 2") (da) (dt at). 
Ce OM Ge MO (29) 
The structure of this interaction is graphically represented in Fig. 5. The field equations 
derived from (25) and (29) are: 


ta] as (+) ee iel An (x, x") p (x') tn (x', x!) um (x, al!) ; ) 
h(x!) (a4 x!) (a4 x!) (a4 x!""), (30a) 


and (70s + fy) $ (2%) = (te/hc) Ngee 27pm (x, 2") h(a!) « 
nya! 2") Ay 2!" (a 2!)(d8 2") (ah 2), (30b) 


where 7,, for the electron field need not bé equal to 7, for the electromagnetic field. 
The electron self-energy integral and the vacuum polarization integral in the S-matrix 


will be given to the first order by 


é 4 dS ayy, Fn P—*) er (b—4) — nh, F(A) i 
Ge NE PF aD) BAY (| rp PO teh EO ED), 
(31a) 


and 


(<)f@)4,. 4H O| Wp) Sy 


| FP) aPp—fht ry 1a oy sls) — fo} 7| : (31b) 
P+ hy (£—p)? + by : 
respectively, where /,,() and /;(/) are Fourier transforms of 7,,(%) and 4,(%). From 
these two integrals, we can easily see that 7,, and 4, modify the propagation function of 
the internal electron field and the internal photon field respectively. Namely, (txp— py) 
/(£+/%") for the electron field is changed into F.2(p) (rp—by) /( 2+ ho) and 1/2 
for the photon field is changed into /;’(”) / k?, Moreover, the external electron field and 
the photon field are also modified into P(p)f,n(p) and A,(%)F,(2) respectively. The 
above two integrals, (31a) and (31b), will converge when the suitable forms of /,,(/) 
and F,(£) (ie. 7m (*) and n,(7)) are taken. 
We can translate the theory of this interaction into the theory of the non-local field, 


which is formed by a non-local electron and a non-local electromagnetic field. Also, this 
(24) when in the former a decay type of 7, 


type has some connections with the type 
and of 7, are taken. 
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It must be noted that, in both cases. (A) and (B), the effects of convergence factor 
7 occur also in the integrals concerning real processes in the .S-matrix. This and some 
other problems concerning the non-local theory stated in this section are left in future. 

We wish to express our sincere thanks to Prof. Y. Mimura and Prof. K. Sakuma 
for their kind interest in this work, and also to Mr. T. Yamauchi (Kyasha University, 
Fukuoka) for his valuable advices for the work of § 2. 
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Note added in proof: 

After completion of this manuscript, we have seen the paper of J. Rayski (Phil. Mag. 42 (1951), 1289) 
on the theory of nonlocal interaction. Our opinion differs from him on the problem of the electron self-energy. 
The difference has been clarified recently by T. Ouchi, and his work will be soon published in this journal. 

One of the present authors has recently obtained a theory of the nonlocal field in which the .S-matrix 
has the similar behaviour to that of §4 in this paper. The outline of that work is reported in this issue. 


However it contains clumsy and incorrect parts. The corrected full report will be published in the later issue 
of this journal. 
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On the Angular Distribution of D+D Nuclear Reaction Products* 
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The anisotropy coefficients of the angular distribution of D+ D-->H+T reaction products, /(@) =4 
(1+ B cos? @+C cost), are reproduced theoretically by the W.K.B.—method with taking up to incident 
D-—wave and spin-orbit coupling into account in the line of E. J. Konopinski and E. Teller in the higher 
energy range up to 3.5 Mey. 


§ 1. Introduction 


In most nuclear transformation problems, especially in the low energy region of incident 
particles, products particles distribution is generally spherically symmetric in C. M. system. 
This general rule had been demonstrated experimentally by e.g. H. Neuert” in 


Li’+H'— (Be®) +2 He‘,  Li®+.D*-> (Be*) 3H" +Li’ 


reactions, where He’ and H’ are the product particles as mentioned above. While opposite 


facts also exist in 


B" + H'— (C™) ->Be*+ He’, (H. Neuert'’) 
D? + D?->(He') +H'+T’, (A. E. Kempton et al.”) 
—n'+ He’ (S. Kikuchi et al.”) 
(Bombarding energy ,: 100-200 kev.) (H. Neuert’) 


reactions, where the products H', n' angular distribution in C. M. system are of equatorial 
we ie . . . s > 
plane symmetry having minimum at 90° direction, namely ‘‘ not isotropic. 
These facts. show that only S-wave contribution is not sufficient to explain the 


reactions. 
Theoretical considerations of these phenomena have been as follows : 


(i) L. Schiff? : D+D reactions 


Considering 7=-0 waves without spin changes, thus transition characters are 
PCE NG) 88 (DD, iF ete. 
in which higher effects of / = 2 are neglected and gets angular distribution formula by the 


modified Born—approximation method 


* Read at the annual Tokyo meeting of the Physical Society of Japan, Apr. 28, 1949, and published 
in part in the Physical Review, 76 (1949), 981. 
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[(@)=A(1+B cos’G) : B~ 0.03, 
while experiment (H. Neuert”) gives 
1(0)=A(+0.7 cos’0), 
accordingly theoretical 3 is too small to match the experiment. 


(ii) R. D. Myers” 
Using the Breit-Wignet’s resonance formula in (i) B''+H'->Be>+ He’, gets 


I(@) ~1+3cos’é. 


This is rather larger than experiment (Neuert’) where 1.8 instead of 3. And in (ii) 
D?+D°—H!'+He’, considering the excited state of compound nucleus He 1s 7, toe 


T(A) ~1+cos’4. 


This agrees rather well with the experimental coef. 0.7 (Neuert”). Still more good is 
that according to E. Feenberg’s calculation”, *P,-state of He’ lies near its dissociation 
energy and may react without difficulty. 


But opposite opinion also exist, that is, if we take *P,—state as the excited state, then 
[(0) =13+21 cos’, 


this is far away in agreement, while there is no reason to abandon */,-state. Also it is 
a defect to use the resonance formula in spite of the fact that the existence of resonance 
in D+D reaction is doubtful (see 3). 

Thereafter experiments have advanced especially in D+4+D reactions e.g. D(d, p)T’ 
reaction, 

R. D. Huntoon” (1940), H. P. Manning et al.” (1940), £&, : 90~250 kev, 


E. Bretcher et al.” (1948) 20~ 80 », 

A. Graves’ (1946) 150~300 », 
D(d, 2) He’ reaction, 

W. E. Bennet’? (1946) 0.1~3 Mev. 


and established 
7(@)=A(1+4cos'@) in C.MLS. (1) 
where anisotropy coefficient 4 is an increasing function of energy, while in older days it 
is regarded as a constant. 
This energy dependence of the 4(/:) is treated theoretically first by E. J. Konopinski 
and E. Teller (1948) following after the E. Bretcher et al.’s experiment. They taking 


up to the incident /—waves and spin-orbit coupling in reaction into account, and used the 
W. K. B. approximation. 


But according to the recent experiment of J. M. Blair et al.’ an alternative formula 
[(@) =A(1 +B cos’6 + C cos‘) a) 


holds in the higher energy region of 1~3.5 Mev. as shown in Table I., where the calcu- 
lation of E. J. Konopinski and E. Teller does not seem to be sufficient. 
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14 | 
Thus the present author™ has taken up to the D—waves and spin-orbit coupling in 


their line of calculation, and reproduced the cos'@ distribution theoretically. 


Teble I. Coefficients of angular distribution in D-+D reaction 


§ 2. Characters of transitions and nuclear penetrabilities 


Generally, nuclear reactions are ruled by the following selection rules, (i) conservation 
law (charge numbers, mass numbers, energy and momentum), (ii) angular momentum 
conservation, (iii) parity conservation, (iv) resultant spin conservation if spin-orbit coupling 
is weak. Now, two deuterons collide and the total numbers of elementary particles 
involved are even, thus the total spins are integer, that is, 0 (singlet), 1 (triplet), 2 
(quintet). And according to the discussion of Konopinski and Teller we have the 
following possible transitions : 


(i) Spin conservation cases 


Da Sy heh, Dap), PFS FE scenass «3 ) 
(ii) Spin-orbit coupling cases 
Poe eS ol o> ply hig, Dg od) x, PL) pty aed ten na (4) 


for which the author calculate the differential cross section of this reaction. 
Here, also, we abondon resonance formula and accept the W. K. B. method or the 


cise, + 19 . . 15) 
nuclear penetrabilities ?,=|e—C7|, where C;, is given by H. A. Bethe, 


Cec) 3 ( : Placing )- Vy+1—4x 
2 


£ 2 Va V1+4xy 
Vy (Vy + Vy 41—4) 
Jf i+2 4 Liane ate La Se ad SAUL oy 
gtd 028 V1+40y 
Men ne oe el |) 
where GS mpm rs = R ee) 


=1/2.053 at £,=410 kev. , 

y =Il+1)/8" 

x =W/B= (relative K. E.) / (barrier height) 
= E,/2B=E,/410 kev. 
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Using the values 


then, 
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2p= M,=2M,=3.32-10°"'g, 


R=7-10-" cm, 


e=4.77-107-" esu., 


A=1.04-10-” erg sec., 


Wp=0, Y= 4.106, Po=12.3, Je=24.60. 


Calculated penetrabilities are in Table II. 


Table II. Nuclear penetrabilities 
x Po es Py F's V Py Fs VP, Ps 
0.1 0.0141 0.00024 10-5-0.8 | | 10-4-1.062 
7 1099 .00257 10—5-1.57 | 10=$:1-315. 
e} 2565 -00802 TAS 4.276 
4 4176 .01655 10-4-2.03 9.107 
2) -9693 .02828 4.10 10-2-1.1527 
6 -7039 -04221 9.35 2.563 
v7, -7982 .056 10-8 - 1.63 3.607 
8 9054 .071 2.79 5.030 
+) -9685 .0962 4.33 6.479 
1.0 i .1176 0.007 0.00004 0.07348 0.0022 
ile) 2239) .015 .0003 -124 -0084 
Z, 53/2) .027 .0006 .165 .0155 
Pr) 519 .042 .0015 215) -0279 
3 652 .066 .0029 .258 .0427 
3.9 EP? .095 .0045 -309 0589 
4 871 Olle ve .0075 -364 .0809 
4.5 aepil a) All .0122 -414 1077 
5 996 Ail5) .0166 .464 1286 
DD al -264 -0227 314 1507 
6 215 -0300 61 132 
6.5 369 .0382 .607 .1954 
7 425 -0479 .652 .2188 
7.5 -480 .0608 -693 .2466 
8 So .0750 .734 -2739 
8.5 .600 .0900 JID -3000 
9 652 Bees. .807 3248 
9.5 -706 -1248 -841 3433 
10 758 -1440 861 3495 


According to the line of Konopinski and Teller, we get the following formula for 


§ 3. Differential cross sections 


the differential cross section : 


(i) Spin-conservation case 
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do=|>) 40)? 9) V,\?dw (6) 
where 9,= 74°(2/+1)P,, P,=/-th wave penetrability. 
i= spin state weight factor, i.e. 1/9, 3/9, 5/9 for singlet, triplet and quintet 
states, 
| |°= intrinsic (without barrier) nuclear reaction probability which can’t be calculated 


explicitly at this stage, but regarded as adjustable parameters to be determined 
in future progress, 
Y;)= normalized spherical harmonics. 
Hence, 
dla =| v4)" ogy! + | al? —2— cost + | eal? gg, —2— 1 (9 cos! —6 cos? +1) 
4m 4n haa i 


s 7 2@ 
TAGs G4 22——— = eee (25 ne 30 cos 449) 
4n- 4 


é 


co 


—— re A eT 20 2 
+2 |u,-4,| “0,65 OU teres V21 = => cos 0 —3 ) cost 


1 
47 


— —— Af 5 Z 
—2| a,-u,| “a0. V 20k =e (3 cos*@—1) cos y, (7) 


where cosf, cosy are phase factors of complex multiplications. Substituting the definitions 


of o,, g; and arranging in the order of cos"4, 


— dw 2 1 2 25, 9 5 ————— 
oar Tk {3 | a] Sig ey rhe ec Maree RAP ee cos 7| 
9 LISNG, 9 147 9 Stes 
+ 3 a7, —=—| «P34+ — | @)?P,-Ps + ree | u-45| “Py Po cos} cos @ 
36 4 9 
+ = | re | ag|?+P3- Ps +35 | a-45| planeta cos} cos'0 | (8) 
where P,/ is the outgoing /—wave penetrability. Further, this becomes 
dw 24 9 4 
pee mk° A’ {1+ B cos 0+ Ccos' 6} (Ee) 
7 


where the meanings of A, & and C ate clear and the definite functions of a's and phase 


angles. 

But, this spin-conservation case can’t explain the experiments. This is from the 
invincible rapidly diverging contribution of ~/?, term in C, because of lacking of competing 
P, term. So we should like to consider next the spin-orbit coupling case. 


(ii) Spin-orbit coupling case 


do= | As Cin, ° Oye ” ey" - Vimn| aw (10) 
1/2 1/2 5 1 \2 
we (2) 4% Yo+(-4) {3 Pee ae 2 —) Opry Y,;, 4} 


1/2 2 
+( 22.) ears Vel : Crt) 
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This can also be arranged as previous, but rather tediously, so only the results are given 


here, 
— 4 | 7x2,4"(1+ B cos?O+C cos! 8), (12) 
47 
where A=ni2(P, A, +P, A, + Py Ast V Py Pz Age) =A, 
CPT RID BUA AMES (13) 


A C=F, Ci HEIC, 
and, eae 


A= —— = ll? + | ay, _1|°) + — > |Gerl” cae (|ay4° -Upy| + |, 1 -Apy|) COS]; 


+ |aa9-42, -2| eos, 


Pog ° Co9 


Ao : {le l?-+S— (|e, 2|?7+ |, “eS v6 ( 
36 2 


WAGh 
Ay=— \- |G *Agq| COs Y + 5 (|4o° *Uy9| + |a° Dg, -2|) cost, 


385 


ipa 
8 


A'B,=3 | |asol?— > (lanl?+ |, =i?) 


Wa 


as |“, -1°4rr|) cos 


(l41° pr 


U2, -9|°) 


9 9 9 i 9 
A'B y=? | — |agl*+ (tl? [4 -al°) > (eal? 


Uno * Ey9| + |Yoy* Fg 2,1) cosch, 


86 
aS ae ats) 


ABy= {9° cos ¥—, CS (tt + |: Uo, -s])cosé|, 


AC = 2 {2 |¢pr|?— V35 (441° pel + |, -1°4rrl) cosy}, 


AC, = <2 {laa = 2( |e]? 


*+ |d2, -af” Lo — (|@s, o|° + |42, -21*) 
~ 46, (|deq*tse| + |oy* 42, ~21) cost. 


These coefficients are also the definite functions of @,,’s and phase angles. Hence, the 
differential cross section can be regarded as an expansion by nuclear penetrabilities which 
have been in Table II. 


§ 4. The anisotropy coefficients 


We should like to search the most: suitable values of A, & and C by the least square 
method, since at this stage we can’t get full knowledge to calculate them a priori, but of 
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Table III. 
A=RR( Py) Ap+P; Ay + Px Agt+V Py Po Ago) =2h2.4/ 


(Mo) - (est #» oe Ps UEP, (Pade Gk b.) 
1 2.44 1.296 Lai os 0.042 0.205 | 3.086 W4 He 4 
15 3.66 | 0.865 1 | 0.805 | 0.105 0.325 | 5.202 4.5 49 
2 4.88 0.650 al 0.988 0.205 0.45 | 7.538 4.8 5.6 
2.5 6.10 0.520 1 1 0.325 0.57. —-10.00 5.2 5.7 
3 7.32 0.432 1 1 0.465 0.675 | 12,96 5.7 6.2 
3.5 854 | 0371 Pyle 0.605 | 0.75 Mages | 6.0 6.25 

on ea Pn cae cre a 


(i) Ap=1.344, 4,;=1.846, 42=21.08, Ap.=0 (in 10-4) 


Ey, (Mev) Pp Ap | PA P, Ag | HaCaT areal) 
1 1.344 0.9415 0.8009 | 3.086 4.0 
1.5 :: 1.486 2213 5.043 44 
2 . 1.827 4.321 | 7.492 4.8 
2.5 . 1 846 6.805 | 10.04 5.2 
3 ” ” 9.801 | 12.99 56 
3.5 ¥ » 12.75 | 15.94 5.9 


(ii) 4 =0.849, 4,=1.312, 4.=17.86, 4o.=4.400 (in 10-3) 


E,, (Mev) | PoAo P, A; PA, VP) Py AA A’ (Cal) A (Cal.) 

il 0.849 0.6563 0.6786 | 0.902 3.086 4.0 

45 » 1.0567 1.875 1.421 5202) 4,5 

2 ” 1.297 3.661 1.980 7.787 | 5.1 

25 ” 1.313 5.804 2.508 10.473 5.4 

3 ” ” 8.304 2.970 13.43 5.8 

By5) ” ” 10.80 3.410 16.37 6.1 
ee eee ee | 


Table IV. 
A! B= P1By+ Po BotV Pols Boss 


2 B,=5.119, By=—144.8, Bo,=27.93 (in 10-5) 


E, 2 vie | PA, | PoBs |v PPyfn| AB | B Cal.) 
es) H} Hes Garter. | (in 10-3) (in 10-3) 
1 0.7 FN. p eelGOsehn 2559) l=, 6.082 | 945.726 2.240 | 0.72 
15 —0.6 0 3121 | 4.121 | —15.205| 9.022 | — 2062| —04 
2 1.6 en 212.061 |. 5.058 | —29.687_|,, .12:569-4 |\@—12.059 |: 1.6 
2.5 =25 Ee Ul 35.000 | 5119 J, 47.065.) 15.921 9) —26.023| —=26 
3 2315 39s ies 42.976 : _67339| 18.854 | —43369| —3.3 
3.5 a3 8 aeF le |e 60.594 r _87.614| 21.648 | —60.459| —3.8 
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Table V. 
Bi Gus Pie, Beton 
Cy=—4.833, Cy=197.2 (in 10-4) 
 ——— 
Ey Exp. C AIC PCy |e Cy VASE (Gal) Mee" ( 
(Mev) | HI! He (in 10 *) 
1 1.9 1.6 5.864 —2.416 8.281 5.865 | 1.9 
3 | 3.5 3.2 13.005 —3.890 | 20.388 | 16.497 | 3.3 
| 
2 | 4.8 | 4.4 36.184 —4.775 | 40.419 | 35.685 | 4.7 
DS 5.8 5.3 58.000 — 4.833 64.080 | 59.147 | 5.9 
3 6.7 6.4 86.851 »3 914684 6:85 eh 6.7 
3.5 7.6 LD) 129.862 ” 119.878 | 115.045 | 72. 
oe Ee 8 ene 


course we must check whether they can reproduce the earlier data too and are self-consistent 
or not. They are listed in Table III, IV, V and the results are compared with the earlier 
data also using B+C values for 7’ and neutron in Figs. 1 and 2. 

Thete are two best fit sets of A’s (i) and (ii) as shown in Table III, of which 
(ji) seems to give better fit for B+C in the lower energy region as shown in Fig. 3 
(where meaningless negative part of C are cut off). While with (i), 4 values are rather 
smaller than the earlier experimental data, and 4 values make rather steeper peak than 
(aim ees Fig,” 2). 

So, we choose the set (ii) of A, B and C. 

Next, we must check whether they are self-consistent or not. For this, inversely 


solved v,,,’s are given as follows ; 


7 

6 

b) 

4 

3 

2 

1 

A) 

=} 

2 © ('),+(/72) Blairit3) 

+ ( A71)(7. 8,9, 10) 
~G egy earlier data 


? 05 10 15. Bhisty 
Et(Mev) 


Fig. 1, 
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Poles Ae, Manning() 
XR. D. Huntoon(” 
©. Bretcher(?) 


6) 01 0.2 0,5 O6 


03 O4 
E, (Mev) 


Fig: 2. 


0.5 1.0 15 2.0 25 30 aks 
E,(Mev.) 


Fig. 3. 
|a,\?==7.64-10-*, 
0.74-1073 <| aol? and (|41°4px| + fey Upp) 340510), 
Oe Clea la, -i1°).< 0,86-105, 
426.107" <|G9|"<1, 


Ao 
| y+ Ao9| cos ¥=27.8-10~", 

0 <(|uts|°+ |4o, -2|2) <1 depending on leeal*, 
|u| + ([42, 2] + |42, -2l) cos§ =29.6-10~%, 
872-107? <(|o9 * Ho9| + |Y29° 42, -21) Cos, 
10.2-107? < (|an|? + |%, -1|°) < 36.5-10™%, 

Oe |epe} <0.071-10 * 


Especially, the last shows that the cos’@ term can be neglected. And all these values give 


“the correct signs and the reasonable order of magnitudes, 
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§ 5. Discussions 


We should like to say from the above analysis that 
(i) spin-orbit coupling effect is necessary, 
(ii) the D-wave contribution and its interference terms are very important, which 


seems to have interesting relation to the rather large admixture of J)—state in the deuteron 
problem, 

(iii) the vanishing of the calculated C at 0.3 Mev corresponds just to Blair et 
al.’s experimental expect that it happens between 0.5~1.0 Mev, 

(iv) these |d,|"s may be servicable to the current theoretical calculation in the 
future. 

At the end the author wishes to thank Prof. K. Umeda for his advice and encourage- 
ment. 
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G. Hunter and H. Richards, Z;, 0.49~3.69 Mev. Phys. Rev. 76 (1949), 1445. 


K. W. Erickson, J. L. Fowler and E. J. Strovall, Jr., D(d, 2) He at 10.3 Mev. Phys. Rev. 76 (1949), 
1141. 


H. A: Leiter, F. A. Rodgers and P. G. Kruger, Phys. Rev. 78 (1950), 663 at 10 Mevy.. 
Theoretical : 


F. M. Beiduk, J. R Pruett, and E, J. Konopinski, Phys. Rev. 77 (1950), 622, 628. 
But, very few theoretical and experimental researches especially above 5 Mev. region, 
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Some Remarks on the Photo-disintegration of Deuteron, I 


Yukio NAGAHARA™ and Jun FUJIMURA 
Institute of Theoretical Physics, Nagoya U uiver sity 
(Received June 10, 1952) 


The photodisintegration process of deuteron is investigated by extrapolating from the low energy 
side, and the contribution of mesons is also discussed. The singularity of exchange magnetic moments 
gives some posibility explaining the experiments. 


Recent experiments” on this subjects in high energy region have indicated that 
there exists a considerable disagreement between the obtained results and the theoretical 
analysis up to present. That is, the obtained experimental result of total cross section 
has a slowly decreasing tendency near the incident ;-ray energy E,~100 Mev and becomes 
almost constant above 140 Mev, contradicting with the rapid drop of the theoretical 


curve”, 


In this note, we shall point out that the 7-meson’s effect in nuclear field plays 
an important role in the high energy photo-reactions and it gives also a possibility to 


reconcile the above mentioned inconsistency. 


$1. Extrapolation from the low energy side 


For this subjects, Bethe and Peierls’) have proposed an anticipating work formerly : 
and after the war, with the advantage of phenomenological treatment of nuclear force in 
low energy*region, Bethe” and Bethe & Longmire” have treated it dexterously, which was 
succeeded by Schiff” and Marchall-Guth? extending to high energies (~140 Mev). 

In high energies, however, one cannot treat the electro-magnetic interaction as sum 
of the each multipole terms, because the expansion becomes meaningless at /,~100 Mev : 
in other words, it is favourable to treat it without expansion, or we must at least take 
into account the higher pole effects. At first, we investigate the contribution of each 
terms, such as, electric dipole (*/’), intrinsic magnetic dipole (1S), electric quadrupole 
(‘D), and magnetic quadrupole (triplet), extrapolating to high energies. (Fig. 1) 

As is well known, the obtained result is seriously dependent on the behaviour of 
wave functions of initial and final states near the origin, which becomes more remarkable 
with the increase of the energy. We have tentatively used as the wave functions of 
deuteron ground state the solution of Hulthen Type potential g=(e*%—e7"") die fm 

Electric dipole: In usual, the odd potentials have been Betas to npr 
and consequently the (*/) state to be free. But, the effective potential |’, in /-state 


t This work was reported at the Tokyo Meeting of the Physical Society of Japan, April 1, 1952. 
tt Now at the Tokyo Institute of Technology, Ookayama, Tokyo. 


50 Y. Nagahara and J. Fujimura 


may vanishe only by the cancellation between */%, and 'V,, as far as indicated from the 
analysis of scattering process.” On the other hand, in the electric dipole transition only 
°V7, plays a role and so we may obtain the knowledges about 'l,, and *I’, seen! bis 
the elaborate analysis of the electric dipole transition. The experimental data” which 
indicates the disagreement with the theory even in low energies (~20 Mev), — og 
indicate the nonvanishing "V,, force. Some analysises are now in progress on this point 
and will appear later. But here, in Fig. 1, curve (A), P-state has been assumed to be free. 

Magnetic dipole: As the nuclear force effects seriously in this case, phase shifts and 
behaviour of the wave function near the origin play a remarkable role even in high energies. 
Shape independent formula of phase shift is only valid in the energy less than 10 Mev, 
and is not correct in high energy region even when the higher terms are taken into accounts. 

Being used the square-well potential of Christian and Hart,” which gives the reasonable 
phase of the /V-P scattering in high energies, the phase shift is calculated. But, for 
convenience of calculation, we have extrapolated the outside solution to the inside of 
potential, where the correction at the origin has been made by a factor 7. Wave function 
of final state is, then, ¢,=(1—e7%)sin(4r+0). . For the value of factor 7, 
7=3/r,(=1.28 x 10*%cm~") “has been used, which was obtained from the low energy 
scattering data. This expression is not sufficiently accurate in high energies, and have a 
tendency to increase the total cross section. However, as we have taken the finite range 
solution in ground state, the change of 7 does not effect to the cross section considerably, 
though it is not so small that can be neglected. 

Contribution of the Ground *D states ; In the case of -capture by deuteron, it seems 
that the interference term of S and /) states of deuteron ‘has a comparatively dominant 
effect : however, in our case, its effects are almost negligible for the total cross section 
(about 3% at 17,~150 Mev, taking the D-state probability 0.066). For this point, we 
consider, some more detailed research should be done. 

Thus comparing the contributions of electric dipole (curve A in Fig. 1) and quadru- 
pole (curve B) with magnetic dipole (curve C) and quadrupole (curve D), one may 
easily understand that the contribution of magnetic higher poles may be more dominant 
in high energies, while in electric transition the dipole term only has an important role, 
indicating the incorrectness of the expansion. At the energy larger than 200 Mev, the 
contribution of magnetic poles are in the same order with the electric dipole, and not 
negligible. ; 

However, its contribution only increases the total cross section as a factor 1.5 at most 
(4,~150 Mev), and is not enough to illustrate the experimental results. 

We have also investigated from high energy side, comparing with the extrapolation 
from the low energy side. The detail will be discussed in the following papers. 


§ 2. Contribution of mesons and other effects 


At a glance of the experimental data, one may notice that the anomaly occurs at 


energy about 140 Mev—meson rest mass. Accordingly, it is very likely to consider that 
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the ‘meson plays an important role in this process. The effects are; (i) real meson 
production by 7-ray, and succeeding capture by the deuteron and (ii) the interaction between 
tay and virtual meson current. Other processes, such as (iii) inelastic meson production, 
(iv) real meson production and disintegration of other deuteron by it, are excluded by 
experiment which have ascertained the continuance of the proton energy spectrum and_ its 
sudden cut at the maximum. 

(i) For this process, one can expect the sharp arising of cross section above threshold 
by 7-7 interaction, and have been investigated by Aizu, Kinosita and Miyazawa‘? ; but 
considering the small density of nuclear matter in deuteron, the probability of this capture 
Process by its parent deuteron may be very small. Moreover, it may not explain the 
anomaly at F,~100 Mev. 

(ii) We have calculated as an example the dipole transitions by exchange magnetic 
moment. As is well known, the present meson theory is perfectly powerless in the des- 
cription of virtual mesons and so we should take as the exchange magnetic operator that 
is obtained by phenomenological treatment.'? But in the expression, there is so much 
arbitrariness concerning to radial dependency, we feel it difficult to make use of this 
practically, and have replaced it by one that is proposed from the meson theoretical 


calculation in the lowest order (P.S. theory).™ 
Wie ie, 4x)t 7 fan yisj2i ) (cx ce), (Oxo a 


—((6® xo) -9)n(1 + xr ye (Pee (7? x r™) Vo}, 
where 
oe 1/3 (oP ) REF P+ So Fr 427° 736 [zr (1) 


This form is consistent with experimental results in the static case such as Heese 
moments of *H, “He, etc., and not so inreliable. The curve (E) in Fig. 1 shows this 
contribution, where we take /°/47=20 in (I). Of course, we cannot conclude from 
this that the virtual mesons have decidedly dominant role, but we may say, at least, there 
is some possibilities explaining the experiments. But in this results, we ae BERG 
here, that, the 7-dependency of exchange magnetic operator has ae seriously, and its 
singularity has given the possibility explaining the experiments, in other word, we can 
presume that z-mesons may be assembled near the nucleons very closely, ’ 

We should express our cordial thanks to the constant advice of Prof. Sakata, a 
this work is much obliged to the stimulating disscussions with Mr. S. Ogawa, Mr. E. 


Yamada and Mr. H. Simazu. ‘iol fd pa 
This work has been done under the auspices of the Yukawa Yomiuri Fellowship. 
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The S Matrix Method in Pion Reactions 
Tadao NAKANO and Kazuhiko NISHYIMA 
Department of Physics, Osaka City University 
(Received May 6, 1952) 


A new method which is convenient for the phenomenological analysis to explore the mutual 
correlations among various pion reactions is presented based on the S matrix formalism. 

We first study the general properties of the S matrix as it is necessary for practical purposes. 

Next, utilizing the results we discuss the intimate correlations between the photo-meson _pro- 
duction and pion-nucleon scattering. 

The results seem to be promising in that it can correctly give the ratio: 

o(n*p)/o(x=p) =3, (at 130 Mev) 

which can never be deduced from the Jowest order perturbation theory. 

Finally, we apply this method to the qualitative investigation of another process, i.e. the elastic 
nucleon-nucleon scattering at extremely high energies, from which we can conclude that the scattered 
nucleons will be concentrated in the forward and backward directions in the centre of mass system. 


§ 1. Introduction and summary 


From the recent studies on pions, it has already been known that the lowest order 
perturbation theory cannot even qualitatively predict the correct behaviour of the artificially 
produced pions. Hence it is a serious problem to consider which kind of method we 
should rely upon. 

In quantum electrodynamics, we have achieved such a remarkable success that allows 
us consistently to describe the electromagnetic phenomena in terms of the Hamiltonian 
representing the interaction between electron-positron and electromagnetic fields. 

On the other hand, a number of pionic phenomena can hardly be explained in terms 
of the field theory of mesons. 

Although it is suspected that higher order corrections might overcome such a dis- 
honourable situation, yet at present one cannot find a unique Hamiltonian from which one 
can calculate the matrix elements of all pionic processes with confidence. 

Under such circumstances that the present Hamiltonian formalism is not so powerful 
once applied to pionic phenomena, it is quite probable that the correct theory of pions 
might be beyond the frame of the Hamiltonian formalism. Thus we shall bear on the 
S matrix formalism?” rather than the questionable Hamiltonian formalism, since the 
former has wider applicability and is more convenient in describing pionic phenomena than 
the latter. But since 


assume that all conditions satisfied by the 
of the special form of the Hamiltonian will hold also in the future theory of S matrix. 


we have as yet no concrete ‘means to construct S matrix, we may 
S matrix in quantum field theory independently 
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One of such conditions is the unitarity of S: 
SSS ais 


where S* is the Hermitian conjugate of .S. 

In section 2, we shall show the special importance of this condition in studying the 
mutual correlations among various pion reactions. Other conditions such as the invariances 
of S under Lorentz and gauge transformations are also important. The essence of the 
content of section 3 consists in these invariance conditions. 

In the unitarity condition of S, both S and S* appear and the relation between S 
and S* comes into our question. Hence, in section 4, the procedure to derive S* from 
S is investigated in detail. 

With these preliminaries, we directly apply the S matrix formalism to the investiga- 
tion of the mutual correlations among various pion reactions. As an example, a simultaneous 
integral equation connecting the most important two pionic processes, 1.¢. the photo-meson 
production and pion-nucleon scattering, is derived in section 5. From this equation we 
can calculate the matrix element for the latter provided that those for the former processes 
are already known. For this purpose, the following properties of pions are necessary to 
know. 

(1) the transformation properties of pions 

It has already been established from the recent experiments on artificial pions that 
pions are pseudoscalar.” 

(2) the charge dependence of the pion-nucleon interaction 

We assume the most promising and simplest symmetrical theory for the time being. 
It has long been known that the charge independence of nuclear forces which seems plausible 
at low energies can be achieved both on the basis of the symmetrical theory and the pure 
neutral theory and their combinations. However, the symmentrical theory seems superior 
to other theories such as the pure neutral theory in various processes, though there is yet 
no definite proof in favour of or against the symmetrical theory. 


Perhaps the most promising clue will be gained by the investigation of the process” 
y¥+d—-d+7, 


since the result predicted from the symmetrical theory shows a marked contrast, to the 
pure neutral theory, and the recent experimental data seem to show the evidences in favour 
of the symmetrical theory. 

(3) the possibility of the partial wave expansion 

It must be emphasized that the forces between a pion and a nucleon are of the short 
range type. This fact guarantees the possibility of treating low energy pionic phenomena 
by means of the partial wave expansion or synonymously the expansion in energies. 

Accordingly we can make use of “the shape independent approximation in meson 
theory” similar to the phenomenological theory of nuclear forces. As for this point, we 
shall discuss in section 6. 


Regrettably the S matrix method is still impossible to determine the matrix element 
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of a single process, although it is quite powerful in exploring the mutual correlations among 
pionic phenomena. Because of this inevitable reason, we must more ot less depend on the 
Hamiltonian formalism, and we shall employ the matrix elements of the photo-meson pro- 


duction derived from a rather phenomenological Hamiltonian, about which we shall discuss 
in section 7. 


In section 8, adopting the matrix elements for the photo-meson production mentioned 
above to the integral equations, we get those for the pion-nucleon scattering. The result 
shows a good agreement with the experimental data, especially we obtained the ratio: 


a(x*p)/a(m p)=3, (at 130 Mev) 


which can never be deduced from the lowest order perturbation theory. Thus we may say 
that the phenomenological approach in the field theory is fairly promising at the present 
stage. 

Finally in section 9, we apply this method to nucleon-nucleon collisions at extremely 
high energies. If the total cross-section of the nucleon-nucleon collisions at extremely high 
energies is nearly equal to the geometrical cross-section, the angular distribution of the elastic 
nucleon-nucleon scattering can be deduced, namely the scattered nucleons will be concentrated 


in the forward and backward directions in the centre of mass system. 


§ 2. Unitarity of S matrix 


One of the most important properties of S matrix is its unitarity which guarantees 
the conservation of probability. 
Defining the transition matrix R with 


DTK, (27) 
the unitarity of S matrix’ is expressed by 

R+R*+R*R=R+4+KR*+RR*=0. (222) 
Now we shall consider the matrix elements of (2) corresponding to the process : 
y+N—>N+2  (N:nucleon). (2.3) 

Omitting the symbol /V for simplicity, we have 
(x|R+R*\7) + IRA) Rr) + Al) GIR) (2.4) 

qpveeeee (higher order terms in e?/hc) =0. 


We cannot apply the perturbation method to the meson-nucleon aniteractions, but can utilize 
the fine structure constant ¢°/47hc=1/“137”. 
Physically speaking, the 7-ray can be regarded as a test Bony to uavestigate the nature ‘ 
the pion-nucleon interaction, since the photon has so weak interactions with gine fields 
that the perturbation theory holds and its disturbances to other fields can safely be discarded. 

Thus picking up only the lowest order terms in the fine structure constant we have 


from (4) 


the power series expansion in terms of 
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(|R+R*|7) + (2|R[z) (a|R* 7) =0- (2.5) 


This integral equation enables us to derive the matrix elements for pion-nucleon scattering, 
provided that those for the photo-meson production are aes ee 

In completely the same way as (4) or (5), we can derive various se oe 
vatious pion reactions, but we shall give only one more example. The ae relation 
applied to nucleon-nucleon collisions at energies a little above the threshold of meson 


production gives 
(2N|R+R*|\2N) + (2N|Rl[2V) (2N|R*|2N) 
+ (2N|R|2N, 2) (7,2N|R*|2V)=0. (2.6) 


From this relation, it is easily understood that the total cross-section of pion production 
can be derived if the matrix elements of (elastic) nucleon-nucleon scattering are known 
CRS 

In the present phenomenological theory of nuclear forces, however, we are obliged to 
make use of real potentials even at high energies, so that the unitarity relation is satisfied 


by the matrix elements of the elastic scattering only. 
(2N|R+R*|2N) + (2N|R|2N) (2N|R*|2N) =0. (257) 
(phenomenological ) 


Namely, the contribution from the real meson production is inevitably neglected. 


At 340 Mev. we know experimental cross-sections : 


reaction total cross-section 
p+p-pt+e yd OF emi? 
pPtprontpra ~2 x10TF-an 


It is true that the cross-section of the inelastic collision, i.e. the real meson production is 
very small compared to the elastic one, but the effect of virtual meson production would 
convert the nature of the elastic scattering as damping. (See $9) One can see from the 


above examples that the S matrix method would be an important clue to explore the 
correlations among pion reactions. 


§3. General forms of the transition matrices 


In this section, we shall derive such possible forms of matrix elements of R on the 


basis of the Lorentz and gauge invariances that are convenient for the phenomenological 
analyses of pions. 


The Dirac equation is given in the momentum representation as 
(7p +M)$(p) =$(p) (7p+M) =0, (3-1) 
whete current notations are employed. 


The following algebraic relations for the 7 matrices are “often used throughout this 
work. | 
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For any four vectors @ and 4, 


(7a) (76) =2 (ab) — (76) (Fa), (3.2) 
and 
Tp (1a) = 2 — (72) 7,5 
Where ==1, 2, 3, 4. 
Making use of (2), the matrix elements of any pion reaction can be reduced to a 
linear combination of some convenient fundamental forms with simple y-dependences.” 


We shall illustrate the fundamental forms by two examples, the photo-meson production 
and pion-nucleon scattering. 


(a) photo-meson production 


From the requirements of Lorentz and gauge invariances, we have, as the only possible 
form of the matrix elements of the photo-meson production, 


Rr) ~$ PPh 6 )YD AAR (9), (3.3) 


where /?,, is an antisymmetric tensor and can be reduced to the linear combination of the 
following four fundamental forms : 


elute Teli on TAM Ls il)» (3.4) 
PoGrlv Tle)» To(Tuly Tru): 
We can obtain /,, by summing up these expressions mutiplied by certain scalar c-numbers 


It must be noticed that terms appearing in (4) are deduced only for the pseudoscalar 
theory. 


(b) pion-nucleon scattering ' 2 


Assuming the symmetrical theory for 7 (pion) 


pions, the charge dependence of the ma- 


trix elements of pion-nucleon scattering is .. 
, ~ & (phot 
written as / (photon) / 


VA 
P(F) (Orrm + 70,4) $ (1) 412( 47) Ou (9%) Fig. 1 | Fig. 2. 


where ty —=[Tz, ty ]/22, and the charge dummy indices 7 and M run from 1 to 3. Next 
the 7-dependences of Q and 7 are reduced to 


Q= O'(LFg) + Q" (L459) (7) ) 
(g=4% 9% 9)* (3.6) 
De T'(1,F49;) of T” @F,a;) (Qr)- 


just as in the case of photo-meson production. 
Inserting the above reduced forms into the equation (2.5), we obtain a simutaneous 


integral equation for Q and 7. 


* Notice rhe relation: $(/) (gir) ¥(2) =4( (1) oY). 
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§4. Derivation of the conjugate matrix R* from R 


Since the expression of the unitarity condition of S involves both R and #*, it ts 
necessary to seek for the procedure to derive Rt from R. This problem itself is interes- 
ting in connection with the principle of detailed balancing. 

As readily be seen from the expression 

(a|R*|6) = (| RI a)*, (* : complex conjugate) (4.1) 
we have to derive matrix element of the inverse process a—>0 from that of da. Hence 
we shall investigate the procedure to derive (6|R\a) from (a|A|d). Later on, we shall 
see that the pseudoscalar character of the pion plays an important role in this problem. 

First we shall study how to derive the matrix element of the inverse process A from 


the matrix element of a process A based on the Feynman theory. 


ig Let the diagrams corresponding to the 

pi 2 ot process A be Gy Gyr, then the 

sum of contributions from their inverse 

G Cue diagrams Cee G,, , constitute the ma- 
y trix element of the inverse process A. 

% % iy 1 Namely, the diagrams for the processes 

Fig. 3. Fig. 4. A and A have one-to-one correspondence. 
diagram G and its in verse diagram © Thus our problem is reduced to a 


more simplified one how to get a general procedure (common to all diagrams) in order to 
derive c(G) from c(G), where c(G) means the contribution from a diagram G to RN 
matrix. The diagram G is obtained from G by reversing the sense of future and past 
(See fig. 3 and 4). 

The contribution of the diagram G to S matrix is given by 


c(G) =Al (Bx) o> j (dry) tat "145 ( p,) O,Sr (4,— 4») QO," ‘Onl (fp) e*Pitn 


—lg fx, 1g 3% on Tepccee 
de "dgie ™, (4.2) 


xe 
where the first line in the integrand corresponds to an open Fermion polygon, and it also 
stands for other open Fermion polygons if they exist. On the other hand, we need not 
know the explicit representation of the Boson lines as they are undirected and common to 
both c(G) and c(G). A is a numerical factor. 

In the meson part, Hermitian ¢,, 4. and 7, tT, should be used instead of ¢, ¢* and 
z, T* and summation with regard to the charge dummy indices should be performed. As 
for the closed Fermion lines, they can be treated as if undirected, for only the sum of 
contributions from both directions comes into our question. 


The contribution of the diagram GB given by 
> —ip; a i 
c(G) ==. | (dx) ae j (dx y)e . b (P:) Ooo OS 7(%o— 43) b( Dy) ee 


Ag? 2giXm = 1G! 5X1 7g x 
x6 Bae O(a) B(gner (4-3) 
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where the dotted line represents the undirected part common to both c(G) and c(G). 


We shall decompose the coupling matrix Q into the direct product of a Dirac matrix 0 
and an isotopic matrix 7°: 


GS Ol. (4-4) 


T is an Hermitian isotopic matrix such as 1, 7,, To, ca) Tp» as mentioned before. 


The problem is how to get (3) from (2). 


First we shall apply the following two transformations : 
T) PIA GDIOSG $A) (C7 (A))”. (charge conjugation) (4-5) 
BQO? (4) 2 BO (Gp) PB ()- 


where (+), (—) signs correspond to the positive and negative frequency parts respectively 


and have been omitted so far in c(G) and c(G). 


(Ir) Pi — Pi Py PP Fs OF OT (4-6) 
Now let c(G) be changed to ¢’(G@) by these transformations, then making use of 


the formula 


1G Sea) O,-On)°C A On---0,Solay— ma) Or TE TT, 1 (427) 
we see 
w or = to eee 15 ip xy 
c'(G) = Aj (a@x,)-°- j (dxy)e ge P (Li :) me : OTS 74-41) OTP (py) e : 
—tgiXm —19 4! Xp! , ag px 
xe "ge "gle (4-8) 


The Boson part in c/(G) agrees completely with that in “Gs 
The only difference is that O,=On7, (in ¢(G ;)) is replaced by O, 7% (in c'(G)), 
where U=CO’C~! and is given in the following table.” 


We shall compare c’(G) with c( G) for some special but important cases. 
(a) quantum electrodynamics 
In this case, we can discard the isotopic matrix 7, and the only difference is 


Tabel of O 
7 a 9, ' | Ps | Pu | V 4 | a | PUT) 
O iL % (5Te a Oy | T5F ey 
O 1 | 1 teres | —rme | oy | remy 
Parity bs CS | odd 
mee 
0-0. (4-9) 


* g and ¢ are treated as c-numbers, i.e. commutative but not anticommutative with each other. C is 


Schwinger’s charge conjugation matrix. 
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In quantum electrodynamics, O is 7, (odd), so we have 
OGY =(—1)*c(G). (N: the order of the process) 
The factor (—1)* is related only to the parity of the process, i.e. even or odd, and 


this property is common to all diagrams. Namely 


c!(G) =c(G) (even order process) 
z (4-10) 
c'(G)=—c(G). (odd order process) 


These relations completely settle the solution of our problem in the case of quantum 


electrodynamics. 

(b) symmetrical meson theory” 

In this case, the situation is not so simple as in the former case because of the 
appearance of isotopic matrices. Yet there is some interting feature. Namely, quite analogous 


to the charge conjugation matrix C for the Dirac matrices : 
Cy,C=— (4-11) 
we can define an isotopic matrix c by 
Cte ty (Leas2,3) (4-12) 


For the conventional representation of the isotopic matrices, 1,¢, 
ee ome allt Tiana 
aes \1 0/2, 2 Od) eye 


C=T. (1-13) 


we may choose ¢ as 


Thus applying the charge conjugation c in the isotopic space just like the transformation 


(1) in the ordinary space, we have 


(IIL) OTA LOTD 6T =e ce) (1-14) 
Here we have only to apply c( )c7! to the isotopic parts lying between (f,) and (fy). 
Let c'(G) be thus changed to c’’(G) by the transformation (III), then we have 

c'(G)=(—1)* c(G) if O is even, 
a (4-15) 
Ca G) = OG) *if © is odd. 
where V(mod. 2), the order of the process, is common to all diagrams as before. (We 


do not consider the non-linear interactions between nucleon and meson fields.) 


In the case of the pseudoscalar meson theory, we can obtain c(G) by a unified proce- 
dure since both pseudoscalar and pseudovector couplings are even, while in the scalar meson 
theory, we cannot treat both scalar and vector couplings at the same time since they are 
of different parities. 

In view of this difference, we may say that. the pseudoscalar theory is a specially 
convenient case. 
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(c) photo-meson production 
What is necessay for our later purpose is the matrix element of the inverse process 


of the photo-meson production. 


We shall give the procedure for only linear terms in the coupling constant ¢, but the 
result can also be applied to higher order terms. 

The discussion is slightly complicated in this case, because now we have three coexis- 
ting fields, nucleonic, mesonic and electromagnetic. 

The essential relations in this case are 


ren ill, - of ere = et 
c => c 


fy = eatny Sa — hy Ty STS (4-16) 


Adopting these relations properly, we are able to get c(G). For simplicity, we shall assume 
the symmetrical theory. (This assumption is not necessarily required and the procedure to 
be shown is also valid for the pure neutral theory.) 

The interaction Lagrangian of pseudoscalar meson, nucleon, and radiation fields is 


given by 


Lint = — YG 1h by, HAcGT pi Apt cAy (Gy os — 2 bo) — : °A,?(b; + b') }( ps) only 
ar Ban 


Vn 


£5 ad g 

1S Oy 7071p -—_ + 2d rsrult ite lb: Abs} (gv) added. (4.17) 
x ne 

(Natural units 4=c=1 are employed.) 


To this we may add the following Pauli term if necessary : 


(Oy y(Aptp + Ant wy) PF 
First we shall study the case of pseudoscalar coupling only, and then prove that the proce- 
dure obtained is also valid for the case of pseudovector coupling. In the former case, the 
photon is absorbed only by the meson or nucleon current, while in the latter case it can 
also be absorbed ‘by*another mechanism through a contact interaction among nucleon, meson, 


and radiation fields... 


xe 
N * 
K < 
. . 
. Be Oe 


ve naa BL 
Fig. 5 Fig. 6. Fig. 7. 


nucleon current meson current contact interaction 


The difference of transformation properties in charge space between meson and nucleon 
fields brings about .a positive to negative ratio not equal to unity in the photo-meson pro- 
duction and fp/fty-=—1 in the anomalous magnetic moments of the proton and neutron. 
(i) absorption of a photon by the nucleon current » 
In c’/(G), there appears O-T” corresponding to O-/' in 6(G.), 
When a photon is absorbed by the nucleon current, there is only ong valto? coupling, 
ie. odd 7, as O, and in other parts there are only pseudoscalar coupling, i.e. even 75. 


Thus on the whole, the factor (—1)" arises from the Dirac part since there is only 


one odd coupling. 
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5 ° . a ° Cane 
On the other hand, we see that c.’s in 7’s changes sign in ¢ (G) in a manner in 


dicated in (16). Hence, we see 
dC rncdiim) = (=A) eG); (4-18) 
where JV, is the number of 7,’s in c(G). 


If we call the pions corresponding to the wave functions ¢,, 6. and 4,, as “1 a 
and ‘3’ pions respectively, virtual “2 ”’ pions are always accompanied with Ty's and con- 
tracted in pairs, so that VV, may be interpreted as the number of “2” pions produced. 

The discussion developed above about the interaction Dz pry~-A, can also be applied 
to the Pauli term do,,(azt-+4nty) Y°Fyy, for oy, as well as 7, is odd. 


(ii) absorption of a photon by the meson current 


ig Nat 
> 


The expression of the meson current is given by 


4, Ob2 — 00, m) 

"OX y OF. ‘ 
In this case, all O's are even since no odd matrix exists, so that the factor (—1) does 
notearises fromithis Dirac part, but from the isotopic part. For when a photon is absorbed 
by the meson current, there is always a difference of 1 between the numbers of z./s and 4¢,’s, 
so if NV, stands for the number of produced ‘‘ 2” mesons as in the case (i), c'(G) due 


to the meson current can be written as 


(Gh. een eo (4-19) 


Since (18) and (19) are of the same form, the general expression for the case of pseu- 


doscalar coupling is given by 
Ft GY (= 1)e(@)s (4-20) 


where /V, is the number of produced “ 2” mesons. 

Next we shall apply this rule to the case with both pseudoscalar and pseudovector 
couplings. 

The discussions about nucleon and meson currents are completely the same with the 
pseudoscalar coupling case since both pseudoscalar and pseudovector couplings are even. So 
we shall only be concerned with the contact interaction. The coupling matrix 7;7,(Pv) 
is even and there is no sign change in the Dirac part, while in the isotopic part, the 
numbers of c,’s and 4,’s differ by 1, because 


[tit p]b,=2(t,—719) : (4 : 21) 


We thus see the same situation as in the case of the meson current, and the formula (20) 
is still valid. 

That the pseudoscalar and pseudovector couplings have the same parity is very fortunate. 
This proof can also be applied to other cases such as the pure neutral theory. 

It must be noted that we have to transform ¢, and ¢, into d and ¢* for practical 
purposes, which we shall write down for the sake of complteness. 


The S Matrix Method in Pion Reactions 63 


= (1/2) (ei), t= (1/2) (F420), 
b= (1/V2)6.—-is), $= (C/V 2) G4i4), (4-22) 
=(1/¥2) (81 8"), $= (1/28) 6-8"). 


Comparing (20) and (22), we see that the factor (—1)*? is obtained by changing the 
sign of ¢,, leaving 6, and 4, unchanged. In other words, the factor is achieved by the 


following transformation : 
(IIT) d—9*, od*—>¢d. (charge conjugation) (4-23) 
If we denote the expression obtained from c(G) by applying (I), (II) and ae asc (G); 


we have in the case of the photo-meson production 


c"'(G) =—c(G). (4-24) 
With the above procedure, we shall calculate A* from XK for the case of photo-meson 
production. 


The submatrix corresponding to the photo-meson production can be written as 
4 —, = - 
(z|Rip) ~ZD 60 (FP) PLP) AAO), (4-25) 
Saad 


where the coefficients b’s are scalar cnumbers, being functions of scalar products of J,F,k 
and g, and consequently invariant under the transformation (IL). P’s are given by (3.4). 
To apply the transformations (I) and (II) to (25), we have only to replace the 


P’s as 


Ps e,P*, (4-26) 

where 
Sihst, ee) 4-27 
oh i (s=2,3,4) 2) 

Hence 
(7|R|= Bigs 1 6b) ) Pid (LT) Ay 2)h8(9)> (4-28) 


in which the role of creation and destruction operators should be interpreted in the opposite 
manner to (25). 


Next, from the relation 
(x|R*\7) =(7|212)*, 


we finally obtain 
(aR |p) ~Stesn ba GE) Pai DA, ESQ), (4.29) 
s=1 ‘ 


where 


s=4 : 
aa tee sai de? 
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§ 5. Integral equations 


In this section, we shall discuss the integral equations connecting the matrix element 
of the photo-meson production and that of pion-nucleon scattering. 
: a 10) 
The elementary photo-meson processes which are experimentally observed are 
i) 
on oh fag ge Ae Se! 
7+ pout. 


Corresponding to the above two processes, we have 


(2°2|R+R*|pr) + | R|pa") (a'0|R*| Ay) 


+ (a p|R|nx*) (x*n|R* |pr) =0, (5-1) 
(nt n|R4R*| pr) + (Hn Rpt!) (2° p|R Pr) 
+ (a*n|Rina*) (x*n|R|p7)=0. (5-2) 


which are the concrete expressions of (2-5). 

According to the symmetrical theory, the amplitudes of pion-nucleon scattering can be 
expressed as the linear combinations of two independent quantities Q and 7, so that the 
above two equations are necessary and sufficient to determine the matrix elements of all 
modes of pion-nuclen scattering. 


We shall rewrite 4, and d, by 6 and $*, namely 
(Orrm t+ 70,5) $b, 
= Ol77,(d6*—$*6) +2 2 (cd*—7*4) b,—7 v 2d, (7d* —7*4) ] 
+ T'[49* + 6*4+ 9.5]. (5-3) 


Then we have only to insert this relation into (1) and (2). 


Next, we employ the following normalizations of the wave functions, 


heal 2 ve 


aq ARES) ti0e, 
Tua so (ge 


1°) appre) wera, (5-4) 


er (27) 
Je ‘ BoMem, 


which are convenient for covariant calculations. 


JO(2) = 


Bee 


Then we have 
<$(9)6 (9!) > .=9,9(9—-9'), 


<$(2)$(p') > o=(—itr +) p06 (p—p’). 


We shall write the transition matrices of the photo-meson production as follows : 


(5-5) 
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: dqy..dF- di -dk 
(7 pl Rl pr) =| y= cele cand Cie 0 et Sel 
Jo ia i Ro 
x (6.6; (9) HP) Putte (L) A, (2) 2], (5-6) 


(n*nl Ri pr) = [28 EE ag FI =8) 
Oe es Wn Fe BaF 


x [Dad* (Q) PE) Puied D) An (2) 4} (5-7) 


Similarly, the transition matrices of the pion-nucleon scattering are 


dY; ae al ag; of ( ° 
a0, ON ME 5 (9,4 F— 14) 
(94) 0 Fy Io (9:)o ; 
x bg) P(E YLT" + 1" (gir) eof LZ) bo (9) » 
(n*n|R\pat) = | ds oR | ar aq; 
(9s)o Fy Ly (G)o 


x * (9) PF) Gv 2 \[O' + O" (gr) eb) O59), 


(a'p|R\pa") =| 


O(g,+F—I—4q;) 


gy -dEY GL dd im 
a dc a 7 
(9)o L, Qi (ao 


x bola) oF) Ev 2)LO' +O" Gr) *b9(a), 
aq, dF di da: ie 
(nn|Rinaty = {dr OE ATU (9, + F—T—-g)) 
Uinta Lg mBeeomda..ekeuana 
x 6(Q) PPI + 29a) 40’ —10" (gir) Fa D8(q)- (5-8) 
Inserting the above expressions into (1) and (2), and remembering (5), we reach finally 


to the integral equations in question. 
Next, we must eliminate wave functions such as ¢, ¢ and A. But notice that the 


relation 


Gop=o 
does not necessarily require 
O=0, 
Instead, we have 
A(F) OA(L) =0 (5*9) 
from 
I(P)OP(T) =0, 
where 


A(p) =—ipy +M. (5.10) 


Similarly we cannot conclude 
Ow=0 


sa Sy netie oui 3. Gace) AGO: (5-11) 
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In this case, we utilize the result that the S matrix integrated in a covariant manner is 


. . . . . . . 11) 
equivalent to that integrated after eliminating the longitudinal waves. 


Namely, we ex- 
press the electromagnetic potential by the operators which destruct photons with two in- 
dependent polarizations, and put each coefficient equal to zero. 
Then, choosing the direction of A as z-axis, we can rewrite (11) as follows : 
(O,).+ (O.)y=0,  (O1)y— (95). = 9, (5-12) 
where 
O.= (03054019) » O,= (0902 20) « 
The integrals arising in the matrix multiplications can be reduced to solid angle integra- 
tions. 
Taking the energy-momentum four vectors in the matrix elements as in fig. 8, we have 
, ‘ 
|= ‘ OE §(g + F!—F—9)-= aaa j220) wer (5-13) 
qo ra atl 


Fig. 8. 


hae ad 
——»_ < 4 


sn! + WI EY 


7+ 
photo-meson pion-nucleon 
production scattering 


(Centre of mass system) 
We obtain as the final integral equations, after taking traces to eliminate Dirac matrices 


w14. (9,2) + €.7,0% (9,6) iy 


+18) (a0, | Sueand? 017 (Gd) Bint 1" (9.9 Cin} 
Jo+ te 


aR (@ v2) Dees (9h) { o, (9.9') Bay a Q" (99') Cu, } fo, 


Dla. (9.4) + €.9.0% (9,4) |My’ 
\q| 


“ mene | Shen V2) BE (4/4) {O' (99') Bi + O" (9,9) Cys} 
0 0 


+ des (9k) { (7" (9,9") —70' (Q.9')) Bus (5-14) 
+ (7"(9,9') -70" (9,9')) Cys } jo. 


where the equality sign (==) means that the equality holds if ,,, By, and ©, in (14) 
are substituted for in the same way as (12) was obtained from (11). The coefficients a 
and 6 are the functions of angles, and 2,3, By and ©, are given by 
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1,5= SMP) PEDAL) 
BSS SAP) AE) PSD A (5-15) 
C= SATA) QAP) PEL DAD), 
where ‘J? is an arbitrary Dirac’ matrix. 


The equations (14) are simultaneous Fredholm’s integral equations of the first kind. 
We shall separate these equations. : 


In the symmetrical theory there are following relations’” 
V2 (A°p|Ri px) + (xt n|R| pa!) = V2 (a*p|Ri pr), 
V2 (2 p|R|nx*) + (atn|R|nn*) = (x*p|Ri pa), (5-16) 
apart from isotopic operators. 

Combining (1), (2), and (16), we get 

V2 (a p|R+R*| pr) + (t*n|R+ R*|p7) 

+ (a*p|R|pz*)[ V2 (2°p|R* py) + (*n|R*| pr) =0. (5-17) 
This is an integral equation for (7*f|R|pz*) only, so we can first solve this separated. 
equation (17). 

It is interesting that the matrix element of pion-nucleon scattering first obtained from 
those of photo-meson production is relevant to the process 7*+/—>f+7", ie. the state 
with charge 2. 

We have studied the case of symmetrical theory so far, but we had better discuss 
here the case of pure neutral theory. 

In this case there appear more than two independent amplitudes, and therefore we 
need informations about 

ytu-nt+e, ~tu—-p4+T, 
in addition to the processes 
~¥+p>pt+@, +pontn. 
The complete. integral equations are 
(z°p|R+ R*|py) + (2’p|R|p2") (z"p|R* Ay) 
+ (aip| Rian) (a*n|R* | py) =0, 
(t*n|R+R*| py) + (t*n|R|p2") a" p|R*|p7) 
+ (t*n|R\nn*) (a*n|R*|py) =0, 
(x°n|R+R* | ny) + (2'n|R| nn") (a°n|R*\ny) 
+ (a"'n|R|pa-) (z-p|R* |nyz) =0, 
(x7~p|R+ R* | ny) + (a -p| Raa") (a'n|R* x7) 
+ (a p|Rlpr-) (x p|R*|ny) =0. 
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All the integral equations obtained from (2.5) are given above. Since the matrix elements 
of inverse processes can be derived from those of original processes by the procedure given 


in section 4, only independent ones are 
Dpsnariy adage = 
(b) m+ 7—>n +71" 
(c) m*+nu—>nu+7" 
(d) ty hha Pk ay 
(e) m+ p—on+7* 
(f) T+ up + 7 
The charge dependence of the interaction in the pure neutral theory is given by 
H~f(cb* +7*b) +fo(1-%)- 
This interaction is invariant under the substitutions 
GLO Tet. 
The transformation t7~t* is achieved by 


hii ne oR) bay eel 
Ge — ie ay Dig Cos iCgia— ie 


Since 2 is invariant under this transformation 


Niece IKCS Rees. Re=k;- 


Namely only three of the six transition matrices of (@),+++:*: ,(f) are independent, and 
the four integral equations given above are enough. In this case, however, we can obtain 


no information on the processes 7*+/ and 7 +7. 


§ 6. Partial wave expansion 


In order to solve integral equations, it is convenient to expand 7 and Q in Legendre 
polynomials, 


T(cos 0) apaye Prcose), (ei) 
‘= 


The values of the maximum /’s come into question for the purpose of numerical integra- 
tion, so that we shall roughly evaluate them. 

(a) pion-nucleon scattering 

The interaction between a pion and a nucleon is of short range, if the Coulomb 


forces are discarded. 


Let the impact parameter in pion-nucleon collision be 4, then the condition that the 
collision takes place is given by 
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b<r;. (force range) (6-2) 


The value of 7; is strongly energy dependent for the pseudoscalar pion, but we may regard 
it as constant in the order of magnitude theory. As the most probable value of 7,, we 
choose the Compton wave length of pion, i.e. 


r,~h/ pe, (6-3) 
P r, then the conditions for collision is 
b6Sh/ pe, 
P k 
= with the corresponding angular momentum 
Fig. 9. Fig. 10. lh=pbTplh/ pe). 


Thus the angular momenta which contribute to the scattering are restricted to 
LS p/pe. (6:4) 


The correspondence between and pion angular momentum is tabulated in the following 


table. (#: meson kinetic energy) 


st ee 
= aan * (b) photo-meson production 


In the pion-nucleon scattering, even a low 


| 300 440 “het 
edd | energy incident pion can be scattered, while 


F (in Mev)| 60 
Le ee ae 
in the photo-meson production only a photon with energy higher than the threshold can 
create a pion. So our discussion must be somewhat altered. 


The condition that an incident photon with momentum £ can cteate a pion is given 
by 
he Ue. (6-5) 


Assuming the same force range with the former case, we have 


ee Eon = fh. (6-6) 


plc por 


Thus P waves as well as .S waves can appear at low energies slightly above the threshold. 


: : y 
This fact is surely guaranteed by experiments on 7—7 process. 
In the above consideration, a photon is treated as though a scalar particle, but it will 


be enough for such a rough discussion. 
As can readily be seen from the above examples, the partial waves that contribute to 


the process in question are strongly dependent upon the special features of the process. 


In pion-nucleon and nucleon-nucleon scatterings, both the initial and final state can 


be in low energy region, so that only S waves contribute mainly at low energies. 
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§7. Remarks on the phote-meson production 


The photo-meson production will be one of the most fundamental reactions among 
various pionic elementary processes. 

In this section, we shall discuss this process from the field theoretical viewpoint.” 

In the pseudoscalar meson theory, it is well known that the convergence of the per- 
turbation will not be good, but in practice, it is prohibitingly difficult to compute higher 
order contributions. So some device to take account of the higher order effects has to be 
performed in a more of less phenomenological manner. 

Recently Minami calculated the matrix elements of 7—7" upto the order ef, and then 
introduced a Pauli-type interaction phenomenologically in order to estimate the effects of 
orders higher than ef.* 

It has already been emphasized that in order to account for the large cross-section of 
y—7 process the anomalous magnetic moment of a nucleon will play an important role, 
but since the lowest order (ef?) calculation of anomalous magnetic moment is unsatisfactory 
we are compelled to introduce this effect in a very complicated way as Minami did. 

The Pauli-type interaction can express the effects of the static magnetic moment, but 


not the non-static effects. Accordingly he calculated the radiative corrections to the Pauli- 
type interaction. 


Thus the orders of the whole expression are 


Spire pf+ep'y f's a7 5d) 


where cy’,f is the static anomalous magnetic moment expressing the static effects, and 
ep! pf* is expressing the non-static effects. 


The results show a fairly good agreement with experimental data, so that we shall 
employ his matrix elements in the integral equations (5-14). 


In practical’ calculations, the following point should be noticed: in the equation 
(7|R+R* 
the lowest order in the second term is 
(Px (N=, 
therefore the orders that survive in the first term ate only 
f+ eppf”. | (7-2) 


If there were only terms of order ef*, our approximation in the 


et |r) =0, 


calculation of (2|R|z) 
would no more be better than the calculation in the lowest order, but since we are assuming 
that the cy,'f* term expresses phenomenologically the effects of orders higher than ef*, our 
approximation will presumably be better than the lowest order calculation. 


§ 8. Pion-nucleon scattering 


RS ; : ; 
\ssuming the matrix elements of 7—7 processes discussed in the previous section, we 


shall solve the integral equations for the pion-nucleon scattering. Since the matrix elements 
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of 7—7 processes are given numerically, we must perform numerical integration. For this 
purpose, the method of partial wave expansion is useful. j 


As the integral equations concerned are very complicated, we shall illustrate the method 
by a much simplified example. 


The equations in question are Fredholm’s integral equations of the first kind and the 
integration variables are the solid angles. 


The simplest equation with the above property is 
| f (cos <ab) (cos < be) d2,=g (cos <ac), (8-1) 


where f and g are known functions, and / an unknown function. In order to solve the 


above equation, expansions in Legendre polynomials are convenient. 
(cos) =>) fi P,(cosf), 
4 (coo8) = Sle, P,(cosd), | (8:2) 
F (cos) = 1 F,P,(cost). 


Choosing the direction of € as the z-axis, we write the polar coordinates of @ and 6 as 


a:0,; 0; 6:0, 9 . (3-3) 
a (6,,9) Then we have 
b (8, &) cos <ab=cosf cosf,+sin@ sin, cosg, 
afr cos <bc=cosJ, (8-4) 
Fig. a ae cos <a@cC=cosi,, 


Next from the addition theorem of Legendre polynomials, we have 


Lf PS ! 
P,(cos <ab) =P, (cos) P,(cos4,) + 2>)- 2 a P"(cosO) P7" (cosO,)cosmy, (8:5) 
m=) UW)! 


then substituting this relation into (1), we get from the orthogonality of spherical harmonics 


Polen tke 8 
4n ff, 
SE coe Ses SE-B (cos). (8-6) 
by 40 be 


The most serious problem is the convergence of this series, but we assume that it is guaran- 
teed by physical requirements such as the possibility of partial wave expansions discussed 
in section 6. The equations (5.14) are much more complicated, but the method is essen- 


tially the same with the above simplified example. 


; : rm a ae) 
Next we shall combine the results with M@ller’s formula for the collision cross-sections. 


72 T. Nakano and K. Nishijima 
Suppose that the transition matrix for the pion-nucleon scattering. is given by 


(aKa) =| f rT ro AE ABS G41 Fa EY OPO), 8-7) 
Dido \Gro Nees A0 


then refering to the normalizations in section 5, the total cross-section is given by 


= ag; ; dF (0, pPSEE ») |u(/) Ou(T) t# (8 -8) 
8 (CAY a; 


with the replacement 
le (F) Ou(D) [25S AD) OME) QO). (8-9) 


Let the differential solid angle representing the direction of g, be 22, then the differential 


cross-section becomes as 


Moy gle lal. Lesh T)O*A(F)O), (in the centre of mass system) (8-10 
ia ET Aa PAL, (7°) Q), (in the ce ys ( ) 


where B= WV lal,— Goll —lai x 1’. (8-11) 


So the formula (10) is also rewritten as 


do 47° iL ao 
FA as igg tH NOTACE) O). 8-12 
a (F.4d)? 2 2D ( ( ) (Ze, ) ( ) 


The matrix O is tabulated in the following. 


Table of O 
where 
Reaction mode | O 
Tete =p Tes T +20 alice (97) ,O= or On), 
n+ p—>p-+n- T-i0 (qr) *=— (97). 
m-+p>n+7° wo FO 


The total cross-sections can be computed more easily. 


Combining Méller’s formula (8) with the following unitarity conditions : 
(z*p|R+R*|pa*) + (z*p| Ri pa*) (a*p|R*|p2*) =0, 
(a-p|R+R*|pa-) + (a-p|R|p7-) Hp|R*| pa) 

+ (a p|R| nx!) (an|R* | pa) =0, (8-13) 
we have for the total cross-section 


47” 


ata Ny elt SSHAT)(O4 0) sath (8-14) 


where 4=0 means to put the vector @, equal to q;. Inserting the results obtained by 
solving the integral equations, we have the total cross-sections of the pion-nucleon 
scattering, 1.e. 
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a(a*tp)=105 mé 

Gin a ahaa | at about 130 Mev (1ab.) (8:15) 
To our regret numerical errors in 7 and Q are as large as about 10~20%, so that we 
cannot calculate differential cross-sections from (8), since (8) is quadratic in Z and Q. 
(But it must be emphasized that the relations (13) are satisfied by our solution within 
numerical error.) The results, however, bear the following important feature. Its order 


of magnitude is in good agreement with experiments, especially the ratio 


=r = 
a(a*p) /a(2-p) ~3 (8-16) 
is consistent with the recent experimental data” even if the numerical errors are taken into 
account. Remember that this ratio cannot be deduced from the lowest order perturbation 


theoretical calculations based on the pseudoscalar meson theory with both pseudoscalar and 


pseudovector couplings. 

From this result we may conclude : 

Although the effects of higher orders can hardly be estimated in the standard manner, 
we can still take account of these effects consistently for various pion reactions provided 
that suitable interactions such as the Pauli term are phenomenologically added. 

Another method to describe various pion reactions in a unified manner may be to 


assume the existence of nucleon isobars and study its effects in pion reactions” 


§ 9. Elastic nucleon-nucleon collisions at extremely high energies 


In previous sections, our interests are limited only to pion reactions at low energies. 
In contrast to previous sections, we shall now briefly touch upon the problem of nucleon- 
nucleon collisions at extremely high energies where partial wave analysis is not available. 

In this section we shall discuss the correlation between excitation functions and angular 
distributions of elastic nucleon-nucleon collisions based on the unitary character of S matrix. 

Our assumptions in this section are the followings. 

(1) There exists a divergencefree S matrix. 

It is not necessary that this S matrix is constructed from the renormalizable field 
theory. 

(II) The asympiotic wave functions of particles can be expanded in plane waves. 

The latter assumption is valid only when forces in question are of the short range 
character, so that Coulomb forces cannot be included. 


The fundamental formulas are 
R+R*+RR*=0, (unitarity ) (9-1) 
and Mfller’s formula. 


In nucleon-nucleon collisions at extremely high energies, the multiple production of 
pions can take place, and possibly also the pair creation of nucleons. 


Thus, at extremely high energies we get from (1) 
“QW R+R*|2N) = (2NR[2M) (20 R20) 
+ (2M /R|2N, 2) Gt, 2N|R*|2V) + oo : (9-2) 
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From now on we consider the problem in the centre of mass system. Then the total 
energy of this system is twice the energy of the incident nucleon. At extremely high 
energies, 


a= VP +IP~p(=|p)), 


so we can measure the order of magnitudes of all energies, momenta by the unit 7. 


Now let the transition matrix for the elastic nucleon-nucleon collision be 


. dp, ap, dp, ap; » ’ \F ne ny 
2N|R|2N) =\—SbL. Sor. Et. SE 3 ppt pf Di BL) PD) PP) 
eee CRC eet al peat 


T (bp y's bo Pf! PD) 9A). (9-3) 


Then total ctoss-section of the elastic collision is given by 


_ 42 (aps APs 0 4 4 9! 9,9!) + (Sp) 2 (SP) WADA) 
a ath: iD BrP BBY SD (SA)s Ap 


T*A(p,) A p74) Lf); for neutron-proton system. (9-4) 
B is the relativistic generalization of the relative velocity and becomes here 
S= 2p - Py: 


On the other hand the total cross-section including both elastic and inelastic ones is given 


by 


ae -< 1 (Sp) 0( SP) MAA )ACH) (TT) 000)» (9-5) 


just as in the previous section. 


If there are following relations between Q(/) and /(/), 


lim LP sours cee (9 - 6a) 
pro f(p) 
SOUP) : 
lim-<““" =finite or zero 9-6b 
nom Fp) eat 
then we symbolically write as 
WAD=ACUA) i O7autO ASOAGS Was (9-7b) 
And we have : 
B=O7), A4=0(9). (9-8) 
The total cross-section is the sum of elastic and inelastic ones : 
GFrotal =. + inet > (9 -9) 
so that it is clearly seen that 
Frotal z= Fey (9 4 10) 


It is very important that both o,,,,,; and o, in (10) can be expressed in terms of 7’ and 
T* without refering to the precise form of the matrix elements of inelastic collisions. (Cf. 


(4) and (5)) 
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In the formula (4), Z is the function of energy and angle, and the integration is 
reduced to the one with respect to the solid angle. 


Now we assume the energy dependence of 7 as follows: 


T= O(f()); (9-11) 


except for the domain of measure zero with regard to the solid angle integration. If we 


assume that the direction J=0 does not belong to this exceptional domain, we see from 


the formulas (4), (5) and (11) 


oa=O( Pf (D)), Fina =O(f(P)). (9-12) 
Combining (12) with the inequality (10), we get 
Of (2) S00”), (9-13) 
which amounts to 
Frotat SO (0). (9-14) 


On the other hand we know from the cosmic ray data that the total cross-section of 


nucleon-nucleon collision is nearly equal to the geometrical cross-section, i.e. 


Frontal D 4c0. == C ik 1 ) - (9 s 15) 


Accordingly (14) contradicts the experimental data, and we infer that the angle J=0 
indeed belongs to the exceptional domain. Thus 


T pg OFF CAD (Ae 6a) ydor Fh OL f(y)! (9-16b). 


(16b) is also excluded by the same reason with the case 


Tymo=O(/(P))- 


Therefore we can deduce 
Teo> O(/(P)). 


In proton-proton collisions, 9=7 also belongs to the exceptional domain. The exceptional 
domain will perhaps consist of only two angles 4=0 and #=7, since we cannot consider 
any special angle other than these two. 

Thus we can-predict the following relation : 


0 Ao, | oie =0 0<0 <7 9-17 
3 eae eo ‘ves ) (9-17) 


if the effect of Coulomb scattering can be eliminated. 

Similar discussions can also be applied to pion-nucleon collisions. In conclusion, the 
authors express their hearty thanks to Prof. Y. Nambu, Prof. S. Hayakawa and Mr. Y. 
Yamaguchi for their kind interests taken in this work, and to Mr. S. Minami for his 


helpful information on the photo-meson production. 
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The re-formulation of Schwinger’s theory of Green-functions is carried out by making use of 
Tomonaga-Schwinger theory. The physical meaning of several quantities and. the relations between 
Green-functions and the S—Matrix-are clarified. The general rule for obtaining the Green-functions of 
many-body problems are derived from our line of reasoning. The removability of divergences arising in 
the Green-function of one-body problem is proved. Ward’s identity is derived from the gauge-covariance 
of Green-functions. 


Introduction and summary 


Schwinger” has recently proposed a theory of Green-functions in quantum-electro- 
dynamics by using his own formalism of quantized fields”. His theory is quite attractive 
and perhaps it will play an important part in the theory of elementary particles, especially 
in the problems of the so-called “‘ bound-states.”” His new theory, however, seems some 
what obscure or unsatisfactory concerning the following points : 

(1) Spinors.7(x) and 7(7) are used whose meaning is neither physically obvious 
nor mathematically comprehensible. 

(2) The* connections between the Green-functions and the S—Matrix. 

(3) The general rule for obtaining the Green-functions of many-body problems. 

(4) The investigations concerning the states on the two space-like hypersurfaces or, 
(where ¢;= +) and a, (where 7,=— Oo) on which Schwinger has confined himself 
only to vacuum states. 

(5) The physical meanings of the mass operator //, the polarization operator Px 
and the vertex-operator [Moe 


(6) The investigation on the possibility of the removal of divergences arising in the 


several quantities. 

(7). The behaviour of the Green-functions and other quantities M, P, etc. under the 
gauge transformation. 

To assist in the further development of this new theory, we try to re-formulate it by 
using the well-known theory of Tomonaga and Schwinger and to clarify the obscure points 
mentioned above. 

Explaining the line of our reasoning in more detail, 
spinors 7 and 7, and start from the Tomonaga-Schwinger equation.  Schwinger’s Green- 


we avoid the use of the curious 
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functions G and @ for the one-body problems are defined in a different way and the 
fundamental equations satisfied by them are derived under the assumption of expandability 
in powers of coupling constants. The operators M, P,, and / can be understood as the 
proper self-energy of an electron and a photon, and the proper vertex-part defined respec- 
tively by Dyson” if we analyse these operators by taking account of the Feynman-Dyson- 
graphs. 

The relation between the Green-functions and the S—matrix can be obtained in the 
following way. According to Wick’s theorem’ let us expand the S—Matrix into the sum 


of normal constituents. Then it runs to 
SAS eed \VEOWOD OM yy’) dy dy 


+1/2 1| Vy ((y) A, (y)) °? MM” (yy!) dy dy! +n : 


where S\,. is (vac|.S|vac). MV denotes the normal product. “JZ °°” M**, etc. are 
C-numbers where the absolute squares are proportional to the transition probabilities in 
the respective cases. For instance, considering a problem of the radiationless-scattering of 
an electron by an external field, the element of the S—matrix corsesponding to this process 
is given by 


(1, 0|S/Sraol1 0) = (1, 01] 1,0)-+ | (1, 01M) H()) [1 0) MC aye dy 


The suffix (#7, 2) of the expression (72, 7 |S| 72’, 2’) means that # electron and x 
photons are present in the final state, and (7, »’) has the similar meaning in the initial 
state. By making use of this notation, S,,. can be also expressed as (0, 0|.S|0, 0). 

Now we propose to consider the incident electron as being created from the vacuum 
state by an operator ¢(x’) at a world-point x’(4,/=—co), and further the scattered 
electron as that which will be again annihilated by another operator ¢(4) at another 
world-point +(1,= +00). Explaining this proposal schematically, we consider the problem 

vac. ~~» an incident electron — a scattered electron —-—----—> vac. 
CLO se Sige ee) Ss (x) (ag= +00) 
in place of 


an incident electron —> a scattered electron, 
s 


that is to say, we are to evaluate 


(0, 0|P (x, 14= +00) SY(2", 1,/=— 0) ]0, 0) (a) 


instead of (1,0}|.S|1,0). Here it is desirable to generalize this proposal so as to make 
this procedure applicable not only to the scattering of an electron but also that of a 
positron, and further to the cases of the pair-creation and annihilation. Furthermore, in 
order to treat more general cases where the two world-points x and x’ are quite arbitrary, 


we remove the restrictions imposed on the time 2, and %)/ which are respectively chosen 
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= be + co, and —co in the above stated cases. © The generalized expression of (a) 
satisfying all the requirements just mentioned above may be written as 


t 


(PF (a= + co) T(¢() (2’) SS Otee) P .(4,=— co )) 

| = (0,0 | 7G (2) FW!) S/ Siac) | 0.0)” (b) 
with VY ,=¥ ,=the vacuum, which seems to us to be the most reasonable. In any way 
‘if the quantity (b) can be calculated we are able to know about the element of the S— 
matrix of the corresponding process. The quantity (b) multiplied by 7= V—1 is just 
the Green-function G(+ +7’) of the one-electcon problem defined by Schwinger. 

Now the procedure which makes the problems of evaluating the elements of the S— 
mattix turn into those of the corresponding Green-functions appears to give rise to super- 
fluous complications by virtue of the operators ¢ and @ inserted in the S—matrix. On 
the other hand, however, it-somewhat simplifies the practical calculation of the S—matrix 
because we are only concerned with those cases where both the initial and final states are 
vacua. Therefore, we may only calculate such terms in (b) which do not contain any 
normal product.” So far we have been concerned with the interests for the Green-functions 
from the view point of the practical use, but it will be seen that the Green-function brings 
about a great advantage in the theoretical investigation on the S—matrix, especially on the 
removal of divergences arising in it. 

Now according to our re-interpretation of the Green-function from the stand-point of 


the theory of the S—matrix, we can easily define the Green-function of the two-electron 
problem as follows, 


Gyo (41 4o) U1 49) = (PFT ($4) oC), bay) ba) S/S) 

with  ,=P,=the vacuum. (c) 

Similarly those of the many-electron problems are also easily defined. In this way in the 
definitions (b) ‘and (c), we have been only concerned with those cases where both the 
states YW, and #, prescribed on the two surfaces o, and o, are the vacua. It will be 
easily seen, however, that the generalized Green-functions defined in the cases where Y 4 
and , are not in vacuum state, can be derived from those associated with the vacuous 
Y, and Y,. Hereafter, let us call the former the generalized Green-function, the latter 
the “Green function.” For instance, consider the generalized Green-function of the one- 
electron problem associated with the boundary condition in which the states /, has one 


ingoing photon and ¥, one outgoing photon. This generalized one is given by 
G#(x, 2!) =i(0, 1 TP (#)B(")S/ Sexe) 199 Y) (b*) 


instead of (b), and this can be derived from the Green-function corresponding to the 
process of Compton-scattering. We believe these remarks are sufficient to show that we 


° : ” . 
may restrict our attention only to the “ Green-function,” and not to the generalized ones. 


*)  Wick’s 7-product is defined by {+ for Bosons 
T(A(a) B(2’)) =6(xy— xy’) A(x) B( a) £O( 40 — 0) B(x!) A(x) (| —for Fermions. 


80 R. Utiyama, S. Sunakawa and T. Imamura 


The Green-function corresponding to the process of Compton-scattering can be given 
by the functional derivative of G(x, x’) with respect to the external current /,. In 
general, the Green-function corresponding to the process where 77 photons and one electron 
are incident in the initial state, and 7 photons and one electron are going out in the final 


state, can be obtained from G(x, +’) in the following way ; 
O"'"G (x, x’) FOTN ED OY 2 By pee. igs fr MN Se 


In this way, this remark seems to convince us of the situation that we may in principle 
confine ourselves only to Green-functions corresponding to the process without any photons 
both in the initial and final states. According to the line of reasoning given by Dyson” 
and Gupta,” we can show in a quite simple form, the possibility of the removal of 
divergences arising in the several quantities. For the success of this proof, Ward’s identity 
is important as Dyson has pointed out which is derived from the covariant character of 


the mass operator JZ under the gauge transformation. 


§1. Relation between Green-functions and the S—matrix 


The Lagrangian density in quantum-electrodynamics may be written, with the notations 
of Schwinger, as 


La Fy Fy (2) Faith tm) b+ Av Get Jo» 1) 
4 2 ge tO Dig 
where 

Tus Tor 7 20uy fo Vad, 25 354); 

fo Ser) eps CRN Tn 


g* a complex-conjugate to # and /, the external current, whereas 7, is given by 
a a a i, 
Yue yan aa Pn tha) 


Now let us expand the S—matrix into the sum of normal constituents in the follow- 
ing manner : 


S/S = 1+ | VEO) $I) PM Nay a! 
a | An@)orar *(y) an 
i 2 
+ [NMA AQ) MC al dnc (1-2) 
+ NG POA) EP-MCs af, dry! 


1 = te 
an Svea 9 (91), PCy) PCI!) OMI I, oy) dy, dy, dy, dy 


as ; 
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the meaning of the notations \V(---), and "7 being already explained in the introduc- 
tion. Elements of the S—matrix of any process can be evaluated by virtue of (1-2), if 
all the coefficients “M7 in the expansion (1-2) could be calculated in any way. Consider 


the radiationless-scattering of an electron by an external field. The element of the S— 
matrix for this process may be written as 


(1, 0[S/Syacl1, 0) = (1, 0/11, 0) + | (1, OMA (1) P(’) IL, 0) My, aay ay! 
(1-3) 


Similarly, the element for the transition from one-photon to one-photon is given by 


(0,1 


S/SinelO, 1) = (0, 1]1]0, 1) +1 | (0, 1|47(A, (y) A, (y!)) [0, 1) Man!) hy del 


mares) 
According to the idea stated in the introduction, let us introduce a Green-function 
G(%, x’) of one-electron problem which corresponds to the process (1-3) with the 
definition 


Gas (4, 2') =i (0, 0] Ta (2), Fs(2")s S/Svae) 0, 0). (1-5) 
By means of (1-2) this function runs to 


Gas (xx") =i (0, 0| (a(x), Fn(2”))|0, 0) 


ste i| (0, 0| 74 $a(4) Fn a) M(H, (I) $o( 9”)) $10, 0)°P Malay") dy dy’. (1-6) 


Remembering the property of 7 and /V products, we can transform the expression (1-6) 


into 


Gap (4s 4") =tSch(4— 4") + if SE (ay) Myo (7) So —# ay BLT) 


or symbolically, we may express as 


*) The contraction of and Ay are given by 
(Gal) ga (a7) = — (08 2) bul 4) ) = Sag (4 —27)s 
(Ap (x) Ay (4/)) = (A, (41) Ap(x)) =Opy DP (4-27), 
where 


- SF (x)= (27 On+7) AP (ee); 


AP(x) = (AM +ie(2) 4), 
4) Latta), set at a, 
Ze 2 


At ie} eA \ bate Yan pti(h evo V Bem) : 
con V past 
DF DPD) D are similarly defined. 
SF and D¥? satisfy the equations 
e{ —i7"Ou+m} SP (x) =0(4), 


i DP (x) =8(x), 
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Ga=i18SF +187 (OMS? , Gee a 
if we employ the matrix notations as in Schwinger’s paper. 


Now the S—matrix may be written as 
sa = * fruney- -H(4n))dx,:--dt_; H(4)=—-Ay(ft/y)> 


provided that the expandability of it in powers of the coupling constant ¢ is assumed. 


Under the same assumption, the expression (1-4) turns into 


CLV OS SyeriseO fet rel (1, OL Lei st0y 


oo oe V2 ! ah | 
—%S} ) = | decaying aA o|MY@)P(4)) 1, 0) 
n=1 n } ag! (x—1)! 


x (0, 0| TA 2y As, (2). he) = f1 (Z_4))) |0, 0) 


ose iphet 1 aol! (ae taal 0) | ded! dey de ,a(G(2)P(2")) 
n=2 nm! 2! (n—2)! 


x | (0, 0| 7A, (x)7"(4), ed) (2) Ape bias) H (4) °--H(4n-2) )|0, 0) 


eee ae ee 2 dds! dry -dty oA, 0|M(F(x)$(2")) |1, 0) 
m=2 nm! 2! (m—2)! 
x (0, 0] TAy (x) 7° (2), eb (2) 7° Au"), A(4) ---A(4n-2)) |0, 0) ] 

by virtue of Wick’s theorem. The factor 7!/2!(7z—2)! in the third or fourth term 
means the number of different ways of choosing arbitrarily two Hamiltonians out of 
Hamiltonians /7(7,),---, Y7(4,), and the factor 2, in the same term means the number of 
different ways of taking ¢ and ¢) out of two Hamiltonians /7(7) and H/(2’) which have 
been just now chosen out of 7 //’s. These kinds of techniques will be often employed 
in the following pages. However, we shall omit, hereafter, detailed explanation on these. 
The factor ((4)¢(x')) in the third term of the above expression indicates the contrac- 
tion of g(x) and ¢(1’) defined by Wick.*) The third term combined with the first 
term turns into S,,¢. 

Bearing in mind the Feynman-graph, we can divide the points 1,,---4,_, in the 7— 
product of the second term into two families of points, one of which contains those con- 
nected with the particular point 1, and the other the remaining ones not connected with 
x. Corresponding to this division, the second term turns into 


eS 0" |, 1 Gu), YD) 11, Ore 


x i" TA, (x) tle) -°*f7 (4a) |0) conn 2¢ Bt,:--ALp » 
where S,,. consists of the sum of contributions from the latter family disconnected with 


a, and the notation (|7(-----: Yl conn will be explained later. Making the similar conside- 
ration about the fourth term we get 


*) See footnote p. 81, 
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ahs ONS 7 Seal Ls O)}ie= Ge 0/11, 0) 
+ |, OF Ga) 4a(2))I1, O)ete ade! [ied (x— x") (A, (2) 


Ley a) 7" (x)) 0 (Pa) 7") Ay(2)} )]. (1-8) 


The notation { ) and (_ )/ employed in (1-8) are defined in the following way. For 


any operators A(x), 2(y), C(s),-:+ in the interaction representation we define (A, B, 
Coa) as 


(AC), BUF); Cy: = > <9" | (0, 0|7 (A, Bi C,*+\ HT (4,)*+ F(a) } |0, OJeonn 
n=0 2! 
x dt,+--dx, == (6, 0] T (A, By C-}.S/ Shae) (0, 0). (1-9) 


Here (|Z {  }])eum means that in expanding this Z~product into the sum of normal 
constituents we should retain only the terms corresponding to those Feynman-graphs in 
which every point of 1,,/--, 7, is connected, at least, with one of the particular points 
By Vy Bove . Similarly we define (A, B, C,---)! as 


Gn Soy Ca). Ves 


n=0 yg! 
is \ (0, | 7{A(x), B(y), C(e)--H(4,) (an) {10, 0) om @ey---altm, (1-9)! 


where (|Z{---}])ionn has the similar meaning as (|7'{---}|)conn with the exception that 


every points 1,, 4,,---, % are connected with all the particular points x, Wn Grvveee . Ac 
. . . . / 

cordingly, all the points 1,, 1:++4%,, 7, y-+ in the expression (|Z}-*+{|)iomy are mutually 

connected, whereas in (|7Z7}---{|) 1, these may be divided into several sets of points in 


each of which all the points contained in it are mutually connected, however every pair 
of points separately belonging to different sets is disconnected. In particular from these 
definitions the following identity holds, 


(A(x), BOQ) = (AC), BONY AW) (BO). 9)" 
From (1-3) and (1-8) we know that 
0) Man (a, x’) =100(x—x!) ok { An (4))—<cAn(e) Gb @)) oe PO): 4,4). 
(1-10) 
Hence, from (1-7) we get 


Gas (4, 4') =7S 35 (4—2') =e] Sa — J) 78 (An (9) ) Soe (9 — 2") Ly 


~i{ SE (4-9) (Au (I) HOV) p CPIM AN) Sex 2) ay ay’. 
(1-11) 
We shall next consider about the one-photon problem. In the first place, let us 


evaluate the matrix element 


(0, EY go (oe 0) a | (0, 1 |A, (4) |0, 0)OPM, (4) ax , 
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which can be transformed into 


i (0, 11 Ag(4)|0, 0) (ne) 47a (2) bee 


where 
ODM (x) =7{ (f(r) )+h@ I 


if we similarly analyse the coefficient (0. Y*(x) as in case of 10 f(x, x’). In quite 


the same way, we obtain the following ; 
(0, 1].S/Svacl0, 1) = (0, 1|1|9, 1) 
+1 | (0, 1|\V(A, (@), 4,(4)) |0, 1) °?A1** (a, x!) da hae (1 «12, 
with 


09 MH, =) AED + ie) + ONGED) FAW] 
= (0-1) YJ (x) PL Cag ) sab. C7) REM, es OT ies Cae 
Corresponding to (1-12), we define the quantity R,,(+x') in the following manner : 
Ru E, &) =1(0| TA, (8), Av) S/Srac) 10) 
se (AAS eels jude (1-13) 


This quantity can be written as 


is (Es £1) id, DP E21) 44) DEE) MO 1) DG 8 bg 


(1-14) 
or in the matrix notation this becomes 
Rigel? el ey (1-14)’ 
By virtue of (1-12), §,, can be further re-written as 
Ryy=18,,D? iD? (Jus fr)'D? +1( Ay) (Av), (1-14)" 
where the relation 
(4, (2)) = | DP)" (g) dy (1-15) 


is taken into account. 


According to Schwinger, we define the Green-function ,, of the one-photon problem as 
Gye 2) =a (a 2°) 1A (2) (AV)). (1-16) 


Then by means of (1-9)’’ and (1:13), we can re-write (1-16) in the simple form 
such as ; 


Gi jd \Aweds) (12 16)2 


It is remarked, in passing, that in case of the one-electron problem we have the expres- 
sions 


G=ilh py =ig py, Lis) 
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because of the fact that ()=(4/)=0 holds on account of the conservation of charge. 
It is further noted that &, G aud (A,) can be represented by 


Sy t, 4! py Fs Rica Sod A wigs i rl? O Sas 
S *) Dyke 0/,(2") : e)) Seo Of, (x) 07,(#") 
G,. (4, x’ tteeedia A ce 7 
fe toh 
and 
; : 0 
4G) ) SS log Se 


dO}, (+) 
In concluding this section, we shall give some remarks about the generalized Green- 
function G* of one-electron problem defined by (d*), namely, 


G* (ay 2) = 201) (Pe) PH )S/SH 10,11): 
By taking account of the expansion (1-2), G* turns into 


*= (0, 1/10, EEA x’) + \ (0, 1|V(A,(¢), A, (§’)) |0, 1) a de" 


[S" (ex) OME, 2) + (Sey) MO (ay, BSI — 2") dy dy! 
(1-18) 
Introduce the quantities “”)J/’ associated with “" Min the following way : 
OD" ( x, 2), EY=9M* (x, 2, €) —9 Ma, 2) OPM" (8)5 
con) yur (E, E’) — OD yrr(&, €/) —OV ye (E) 4 ME), 
2) YP" (xx", FE") =99 (xx! $67) —0 M(x, 2!) MYCE, £7) 
— Od Yt (ex eyO (61) —O- MY ao) OO MNS) 


From (1-12), we see that 
OS Mev Ces”) ie ie (S)A Ge ! ; 42)! 
therefore 2 aed €/ in 2J/'*” are connected in the meaning stated in page 83. Similarly 


i { mM eee eee u Q eee 
we can easily show that all the points appearing in CEPT CY Re hn Fy ns S15 Sy) 
are connected with each other. Substituting from (1-19) into (1-18), we get 


G*=G (x, x/) (0, 1|-S/Svacl0, 1) +! \ (0, 11V(A, (5). ACE’) ) (0, dae ae! 
{Ed Coe et a A Oe 
+ [Ste—a) Mn") OD MY) S?( y! — 4!) dy aby! 


as JSP era) Mae) OME (€)S*(y’—4')ay dy’) ; ¢ -21) 
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Let us define the Green-functions corresponding to the Bremsstrahlung and Compton- 


scattering as 
ie 2!) /df (6) =—((Dde)A.€))' 
Con (40", SS) = OC (4,4 ") /8), E) 07, (EF) =i (oe r) h(x’) Ay (E) A, (6")). (1-20) 


Bearing in mind the definitions (1-9), (1-9)! and using the relations (1-19), we can 
transform (1-20) into 


B,(4ax'€) =— [s*@—») DF (E—€') P.M" (py'§') SF (yg! —2') dy ay ds", 
Cu (44'66") = —i[ Stay) DP En)" (y’, wa LP Gf eo") 
x SS" (4! —2') dy ay’ dy dy}. (1-20)’ 
Therefore the problem of evalusting the generalized Green-function G* may be reduced to 


that of evaluating G, G,,, By, Cy, Thus we may restrict our attention only to the 


Green-functions associated with the vacuum states without any loss of generality. 


§ 2. Green-function of the one-electron problem 


The Green-function G(x, x’) of the one-electron problem is defined by (1-5)’, 
namely, 


11h), GAL), AG) 21 Sa) 10 DeomOt trae 


(2-1) 
The operator y/,(1) in (2-1) forms a contraction with ¢/,(2’) or with another () contained 
in one of x H/’s. Corresponding to these two cases, we may transform (2-1) into the 
sum of two parts in the following manner ; 


C=i(Pa2) x(a") 7S —™ ow | (0, 0| TH @F(I)) 10, 0.49 


x [(o, 0} TieA. Cy) Vee dale’y, reeds’ Le here, |0, Oona: OX ay 


=i(He a) G2") — S—™ | aa Fo(90) 


- | ©, 0|7 {eA,(y) G*PCI)) »» ds (aes FT (4) «£1 (Ay) } 10, oh AX,"**AXy, « 


(2-2) 
For convenience, we shall use in the following pages a term ‘“‘a graph of a 7~product,” 
by which will be meant a Feynman-graph corresponding to any one of the normal con- 


stituents arising in the Wick’s expansion of that 7~product. As already stated, all the 


points +,,---, 7, in every allowable graph of the 7—product in (2-2) are connected with 
each other and particular points y and +’ by photon lines or electron lines. In every such 


graph there is always a photon line called 4 and an electron line called 7 both incident 
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2 at the particular point y. (Fig. 1) Consider now the two cases 
a pei Vv defined in the following way : 
< Ist case 


The points 1,,:--, 1, may be divided into two sets of points 2 
and 4 defined in such a way that every point in @ can not be 
connected with y without passing through the particular photon 
line 4, and the set 6 contains the remaining points which are 
connected with y by passing along the particular line 1’. The 
particular point 7’ must be connected with the points in 6 with- 
out passing along A on account of the conservation of charge. 
(Fig. 1) 
2nd case 

All the points x,,---, 7%, can not be divided into two sets as in 
the above stated way. (Fig. 2) That is to say, every point of 
%1,°*", , can be connected with y by passing not only through the 
line 4 but also through 4’. Accordingly every point can be con- 


nected with x’ without passing through the line 4. (Fig. 2) 
Corresponding to these two cases, the second term in (2-2) 


Fig. 2 


may be transformed into 


—faySde—neres} | (0, 0 Teta p32 FT 9;)-"L( In) |0, 0) conn @V1°** Dn 
n es 


x 3} KI" T (0, 01 7 oC 9), Fo a") s M4) nd} 105 0) am iy tty 
m=, WM: 


‘ | Sop (4—) >) a J (0, 07 {e A, (9) P91) )o Ps"), 


Fit) cae ese mh |0, (hp Spree (case II) Ly Ax ,-++AXy . (2 . 3) 


In expanding the 7 —product of the second term in (2-3) into the sum of normal 
constituents, we should retain only the terms corresponding to the second case shown in 


Fig. 2. The first term of (2-3) may be written simply as 
ie | (S* ep)" Ay I)) GU 2") nb 


provided that the definitions (2-1) and (1-9) are used. ) 
Let us next analyse the second term of (2-3) in more detail. For brevity, we use 


a term “ bridge-line” with the definition that when any Feynman-diagram is divided into 
two pieces joined by a single line, this line is called a bridge-line. Suppose now that a 
electron-bridge-line is chosen out of any one of allowable graphs of the ss pt gil in 
(2-3) where 7 is supposed to be fixed. Then this diagram is divitied into ae) pieces u 
and ?. The points in @ can not be connected with x’ without crossing the bridge, and 
the set contains only the remaining points. (Fig. 3) (+s 
Particularly the set 8 is empty when this bridge happens to agree with 4,. 
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However, in general, there may be several bridge-lines. The 
number of points in ( changes in conformity with the situation that 
which bridge-line is chosen out. Now let us choose a particular 
bridge-line so as to make 8 to be the maximal set, and call this 
bridge-line 4,. 

Then the set u combined with 4 and 2’ turns into an ordinary 
proper self-energy part of the (4+ 2)-th order in the coupling constant 
ec, where (+1) is the number of points in v. 

Making similar considerations about all the allowable constituents 


appearing in the second term of (2:3), and summing up over all the 


contributions from the sets v’s and f’s separately, we can finally write 


Fig. 3 down the second expression in (2 +3 ras, 
e) ie a) 4+)! a5 
fsx) BCP nS EOL 6, 017. OVGto)), 
n=0 nw! aoe ke | 
(k+l=n=1) 


x EE (4) S* H(%x) ? e(d(z)7") adly (2) } \0, 0) LebssB, prop 
x (0| 7 {Po(2) (41) (2, $s(2’)} [0am dy @2 dx, ---dx,d2,-+- a2 « 


Here, the notation (OZ G:~) 10) conn: prop Means that we should retain only those terms 


which correspond to connected and proper graphs of this 7—product. Putting 


EN Ce ied) ee | (0, 0) T{A, (2) G"*6(4)) 2 Hs) Aan); 


nu! 


CL (1) r) 6 A v (4’) } | 0, 0) Pe es prepay ‘a aXy 
and remembering the definition (2-1), we can simply write the expression (2- 3) as 
icf st (x—y) 7" ALY) \G(ya"dv—i| S*(a—y")O* (SVE, vay ay. 


Thus (2-2) becomes 
Gia =7S an) +ie| S¥(a—y)7"( Ay) )G(y, way 


—i| SEY St Oy Veer. ae (2-5) 
Therefore the fundamental equation satisfied by G runs” to 


(id, (Ay) Ga x) + [Mn EU 2a =BE=H), (26) 
where 
Max, y)=md(a—y) + O*(, Ds 
or. in the matrix form it may be written as 
eh(Ppme (Ay) ) + M} G= 2. 246)! 
Here the operator S}* represents the ordinary proper self-energy as easily seen from its 


definition (2-4). Particularly suppose that /,=0. Then (4,) turns to vanish, as will 
be shown later. 
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Representing the Green-function, the mass-operator, etc. by in Mo. respectively in 
this particular case, we have 1/7 GSS 4 SF (Sy &) instead of (2-5). From 
the comparison of this equation with Eq. (6-3) of Dyson’s paper “The S-—matrix in 
Q.E.D.”, it is easily seen that WG corresponds to Dyson’s .S}. 

We have so far restricted our attention only to ¢(x) in analysing the 7~product of 


G. Conversely, if we analyse G by taking note of 4 instead of /, we get the alternative 
forms stich as 


G18" +21eGy"(A,) S?’—iG \*S* (2:7) 
and G ir*(P,—e(A,))+M}=1. (2-8) 
From (2-6) and (2-8), we can define the inverse of G unambiguously as 
Go = le. A,)) +. 
Finally, let us analyse the operator S}* defined by (2-4). 


Consider a graph ¢, with 2+ 2 vertices corresponding to any one 
of allowable normal constituents in (2-4), and suppose a photon- 
line 4, and an electron line 4;’, being chosen out of g, so as to 
divide 7 vertices 1,---%, into three sets a, 6, c as in Fig. 4. Then 
we see that /, is a photon-bridge between a and c and 7’ is an 
electron-bridge between 0 and c. 

The numbers of vertices in a@ and & change according to the 
situation that which bridge-lines are chosen out. Here we suppose 


that the bridge-lines 2, and 4,/ are chosen so as to make a@ and 0 


to be the maximal sets. Then the remaining set c becomes a 


proper vertex-part defined by Dyson. 


Fig. 4 


Now let us make similar considerations about all the normal 
constituents arising in (2-4), and carry out seperately the summation over all the con- 


tributions from a, 4, c. Then S}* can be written in the following form, 

Dias (44") =2e" ia Gyo(ay) Cot yz'y) Gy 1) ay dy’, (2-10) 
where /’” is the sum of contributions from the set c and is defined by 

7 U8 (2x'€) =p h0(x—x')0(a—F) + Ach aa!) (2-11) 
with 


Ag (42'S) = —e>} = aa OT ADEE) o ERI) A) 77) 


H( 4,1): (4n)}|O) conn, prop E41" EH ns (2-12) 
Here the notation (|Z {---}|)cunu, prop has the meaning that in evaluating the 7 —product, 
only those terms should be retained which correspond to the proper-vertex parts. The 
equation (2-10) can be written more compactly as 


Sit Hie 7" GL” Sve (2-10)’ 


by using the matrix notation. 
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Here we wish to give some remarks about the operators >)* and A*, In the first 
place, from the definition of G it holds 
OG ee a) ih (eer ENN l= 
MX si” IIE Gl eV VA eo) Y = Duh te =) 5 
57,(8) ($( iQ") a )) ue 
This quantity can be represented graphically by Fig. 5. If the 
point ¢’ is made to agree with +, Fig. 5 becomes as in Fig. 2. 


Corresponding to this graphical consideration, we have 


im oe dG (4# ) =SG. (2013) 
ag Of (S) 


In the second place, let us investigate 0>}*/0/,. This quantity 
can be analysed in quite the same way as that used in the analysis 
of the second term in (2:3). Remembering the definition (2: 12); 


we get the following relation 


*K aes 

PRE ate <6) ARS )G uy (F 2) dé. (2-14) 
Of, (5) 

Therefore, bearing in mind the relation (1-17), (2-9), and the definition (2-11), we 

obtain the following two relations, 


7-1 otf 
: eM aa —eT#(2x'8), (2-45) 
CIA Es ue 

O(A,(§)) 
Eq. (2:15) can be also directly derived by substituting from (2-10)’ into (2-13). All 


these equations are just the ones given by Schwinger. 


ce Ags(xx'S). (2-14)! 


§ 3. Green-function of the one-photon problem 


In the first place let us investigate (4,(7)). By substituting from (1-11) into 
(1-13), this quantity may be written as 


(Ay(2)) =] DPA +i| DIO) Hs GB-2) 
or in virtue of the definition of G it runs to 
(Ay (2)) =i] De) +e tr.j7*G (yy) t\ dy . (3-2) 


From (3-2) we can easily write down the equation satisfied by (4,) in the following 
form, 


(A, (2)) ==/, (2) dete. {7*E (ex)}. (3-3) 


Suppose now that /,=0. Then G(4+2’) becomes a function G of (x—+') having 
the following simple form owing to its covariant character, 


Gas(ea') =A (e=2')") 6.2 4+-7(@—s hh Bee (3-4) . 
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where A and ZF are some invariant functions and may have singularities on the light- 
cone (v—1+’)’=0. Assume now (/',(1)) to be defined as 
(jn (*)) =Ze lim ; [tr. {7*G(4, x+e)} +te. {7"G (x, x—e) ae 
E>0 
Then, in virtue of (3-4), we have, 
(Jal#) \r59227e te. "GC ey =O (35) 
and Li 4,)=0. 


From this equation we see that A.) vanishes identically on account of its boundary 
condition. This fact was already employed in the investigation on the property. of G in 
§ 2. 

Taking the functional derivative of both sides of (3-3) with regard to /,(2’), and 


remembering the definition of (,,, we obtain the following fundamental equation satisfied 


by Guy : 
gee a fara va ce {7 Ere (3-6) 


In the second place, let us analyse G,,. From (1-16)’, we get 


Gy. (x1!) =10,,D? (x—2') — ore I) Ful”) Ay’) Yay 
by analysing the right-hand side of (1-16)’ in quite the same way as used in case of 
(2-2). The quantity (7,(v)A,(x))’ may be further analysed in more detail following 
the line of reasoning used in case of Fig. 3. The result thus obtained may be written 
270, Dad)” Pps ERSr A) 

with the definition 

Py 42") = 8 Fu) A(2) jirven - (3-8) 
Here the notation (7, 7,)/,) means that in evaluating this quantity, only those contribu- 
tions should be summed up which arise from the proper photon-self-energy-part. 


The integral equation (3-7) gives 


: f (Db y,— Fup) Gpv= — Pps (3-6)’ 
in place of (3-6). From the comparison of (3-6)’ with (3-6), we get the relation 
P= —ie tr. {reGd Wut (3-9) 


by means of (2-15). (3-9) can be also derived directly by analysing the right-hand side 
of (3-8) in the same way as in case of Fig. 4. Putting now, /=0 in (3-7), we get 
° ‘ he af ° 
(— Sy, )= On, LP DG | Oe 6,.) : 
2 


° 
Ci ? ‘FPF Uy iB) d 
{ | , corresponds 
From this expression, we see that 1 /i @,, corresponds to Dyson's VB COE Ye EW ZI Pp 


to the proper photon-self-energy ee 
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Next, we shall give some remarks about the Lorentz-condition. The quantity Py, 
cf 


can be written as 

Pig(te =2e tay” Si 7 SE @ —4)5 

—ie| ee. [SP(y—a) 7° S*(x—9) (eA) (PPO) )2 OI") Ae)» (2!) aya’. 
(3-8)! 


From this expression, we see that 


aby (zi) _ 4) 
on | . 
and . (3-10) 

ees) ss | 

on / 

bearing in mind the relation 
ae {S*(a—y)7"S*(9—#') $=0.- (3-11) 
Wy 


It must be noted that in proving the relation (3-10) an ambiguity occurs from the first 


term of (3-8)’. In order to avoid this ambiguity, we assume in this case that 
wee [S?(a'—*)7* S7(4@—2 7] 
aut 

is meant by 


lim — 0 


s>o0 ont 


tr.[S¥(a!— a)" S¥(x—a! $6) 7] 


instead of 


9 ime [S Pn S'@-xr tor. 


fo al &>0 

Substituting from (3-10) into (3-7) and carrying the integration by parts in the second 
term of (3-6), we get 

BG (ee!) OD" G2") 


OX, Oxy 


, (3-12) 


provided that the adiabatic assumption on the infinitely remote surfaces o, and a, is taken 
into account. (3-12) can be also derived from the equation (3-6)’, by taking the four 
dimensional divergence of it with regard to x, and remembering the boundary conditions 
on g, and o,. On the other hand it holds 
a Ay (a) =O 
OF, 


(3-13) 
by means of the equation 


Oi fult)) 5 
OX, ‘ 
the first equation in (3-14) being easily verified. 


cae | 
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Schwinger has proposed that the expression (3-12) should vanish. We believe he 
was mistaken in this point. 

The relation (3-12) appears at a glance to conflict with the relation (3-13). How- 
ever, it is easily seen that there is no inconsistencies between (3-12) and (3-13), because 


of the non-commutability 
| % O =, 2 |- 0 te) 
0/,(4") OX, 


The results obtained up to the present show that we can give all the quantities and 
the equations satisfied by them given by Schwinger without use of the curious spinors 7 
and 7): The quantities JZ, P,., and /"” turned to be understood as the proper self-energy 
of an electron, a photon and the proper vertex-part respectively. 


*) 3 ae ( Xe Au [x J\> ) ri 1 a a 
Oru os, x) oat Af Oxu 


On account of (3-13) this turns into 


0 
(Aula; J+ sre ease >| : 


(Aube; +471) |. 

Be AJ Bie eles | 

Using (3-1), we get 
a 0<Au[x; /]> 1 0 
de erat ae a DF (x—y) —— (Jul) + 47 uy) ay 
Ox ( 6/, (47) ee 4/ } — OV Fatt inh ® 


1 0 : 
—— Fix—y)— aly: /+A ay. 
cht lies, rly f \? ‘ecy Ov. CHelysS + 4/1) o 


By means of (2-6) we can verify 


0 
aw liicdt 4/ lO, 
Ove 


Hence 


dGy, ___9 7 Se de ODE (a= 3") | 
Oxy Oxy 6, (x7) Ox 


On the other hand, we have 


0 ar J )=0. 
07, (*’) Oxy. 
Thus we see in general 


apr (a4—.47) 
Veantes Wale =u peal epee 


Cnet q é fae ch) 
However, only in the special case, where 
GAT _ 
Orage 
we get 
8 ( &Aple3s JD -)=0. 
Oxy B Jy (x! 
The variation 4/, considered in (1-17) does not satisfy the restriction 


me) Ad /y —=0: 
Ox, 
This is obvious because of (3-12). 
The authors wish to thank Prof. S. Tomonaga for his valuable discussion about this problem, 
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Finally some remarks will be given about the rule for obtaining the Green-function 

of the many-body problem. Suppose a transition process from an initial state where 77- 
. . . . ' . / 

positrons and w electrons are incident, to a final state in which 7’ positrons and 7 


electrons are outgoing. The Green-function G corresponding to this process is given by 
: ere / Bi ey 
G (ayeoatysel tyl) =eonst.(g (2,) (tm) PCA) 9 EN)) 
with N=n+m'=1' +m 


where the multiplying constant may be properly chosen. 
If there are # photons moreover in the initial state, and g photons in the final state, 


then the Green-function, in this case, may be obtained in the following way ; 


ed Ox C Pope eee 28 


Der cage 


> 


where 


M=p+q.- 


§ 4. Removal of divergences arising in several quantities 


In order to remove divergences arising in the several quantities G, J/, © etc. we 
shall follow the line of reasoning of Dyson and Gupta. The Lagrangian density proposed 
by them may be written as 


Tee ut PX FS i ote \ _5( a7", +m) b+ d0mpb + Ax (Sk + e979) » 
4 Z Ory 
(4-1) 
where any stared quantity represents the unrenormalized one, and the quantities without 
the asterisk represent the renormalized ones which are physically observable. The physically 
observable potential A, is defined by 
A,=0At U=e/2,, (4-2) 
where ¢ is the unrenormalized electronic charge and ¢, the renormalized charge. Similarly, 
the renormalized external current /, is defined by 
1 aes ae (4-3) 
(Strictly speaking, A,, ¢, and /, are not yet free of divergences. To remove the remain- 
ing divergences it is further necessary to perform the transformation (4-13).) 
The Lagrangian density represented in terms of renormalized quantities is 


La — Fy, Fy, G (ip, +m) p— + (240 
4 Ze Ore 
+(),. tin) Ag+ Omi Pk ny (4-4) 
where f and 7, are given by 


J=1-0 > and fe Pr. —y.%-H} : 


_ rs © 4° 
a Dh « 
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It must be noted that Z is not exactly equal to Z* expressed in terms of the renormalized 
quantities. About the latter Lagrangian some remarks will be given in the appendix. 


The Hamiltonian density in the Tomonaga-Schwinger representation corresponding to 
the Lagrangian (4-4) is 


/ “< i 
H=— x FF, Fy— LF =Ompp—Ay(Jit+jn)» f'=f/A-—S), (4-5) 


where the Greek subscripts assume values ranging from 1 to 4, whereas the Latin ones 
from 1 to 3. 


Substituting this Hamiltonian into the definition of G, and performing the same 
analysis as that of § 2 we obtain the following relation 


G=t1S?+7i2,S*7"(A,) G—-1S?3*G +idmS"G , (4-6) 
where (4,,), >}* are similarly defined as in case of § 2. 


From (4-6), we get the equation 


[ve (Pues { Ap) ) ++ S)*—dm\|G=1. (4:7) 
The following several relations can be also derived, 
BS) ae 
im ip SSE) _— [ 32* (ay) Gye"), (4-8), 
Ete OU (¢) - 
(Oe Ae ated, i (Gate), (4-8), 
0 ha, (s) ) 
PS on, (4-8). 
0{A,) 
tegoreGl”&,,, (4-8)a 
O(A (x) , 
G,o(aa')—— Nea) (4:8), 
In this case the fundamental equations satisfied by (A) and © are written as 
{O4,.+4( _—114,,) A.) =—j/, +00, te. (7.G)S (4-9) 
Or, 07, 
and 
§[10..5—Lyp} Gp eur (4-10) 


with the definition 


Lyp=lup gen one Caw 
Pee pe ey Gl). 
The polarization operator Pyy satisfies also in this case, the identities 
OPav a Pav 9, (4-12) 


F OX ag f . 
Here it is remarked that in deriving the equations (4-9) and (4-10) there occur some 


ease : ime-derivati earing in HY. The interested reader is 
new complications owing to the time derivative app g 


recommended to refer to the appendix where the similar situation will occur, 
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As already noted, the several quantities introduced here are not yet free from diver- 
gences. To complete the removal of divergences let us perform the following transformation : 


! il \ 
G'=a'G, rie Va bss “= JS a é, re? ah 
Va 


1 

AV e222 CR IO SG ae =F, 
(4) a 7 (4-13) 
itaal’ ol=sat} siieeoats 


fiai-(= ie: ] 


where a is an yet undetermined constant, being a function of c,'. Corresponding to this 


transformation, the equations (4-7)—(4-12) turn into 


[7*pyrtm+ K'|G’=1, (4-14) 
[He,,— Li, |Giv=— Sw 1, (4-15) 
Ee +7"( > é, _—028,,) (A) “es Te tee tr. ‘Gen Gy) , (4 : 16) 
OL, OX, 
0 (Ay)! ails (4-17) 
Oo}, 
where 
K'=(a—1) (7" pat m) —ae/ 7" (A)! + 1% — adm, (4-18) 
Ay 
Liy=Pj, (0 si ee (4-19 
Pi AT (dna ) 4-19) 
and 
Si aie"7* GP" Gly, (4-20) 
Pere tg Giiyne \e (4-21) 
y */ 
One =v an (4-22) 
0( Ay) 
Piss aye AM yh LAM + (a1 ys (4-23) 


Note that all these new equations have just the same forms as those in (4-7)~—(4-12) 
except (4-18) and (4-23). This fact allows us to make use of Dyson’s conclusions 
concerning the primitive divergences. 

Let us prove that all the primed quantities now introduced are free of divergences 
and can be understood as being physically observable directly or indirectly. Unfortunately, 
we can not show the above mentioned assertion without use of the assumption that the 
infinite series in powers of ¢,’ is convergent whenever it appears. This assumption will be 


supposed in the following pages as in the theory of S—matrix. From (4-14), G’ may 
be written as 


Gai 30 (—a)(S7K)*S*, (4-24) 
n=0 ‘ f 
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oe © d 49. 
In order to show G being free from divergences, it is only necessary to prove the finiteness 


of each term in (4-24) by virtue of the assumption stated above. The m-th term in 
(4-24) runs to 


(—2)" "(zk GSeA ye) 
=(=p2) | SPR) hk) S? (RB) K (hey) + K! (Rnus BS? (b!) dh dn 
(4-25) 


in the momentum space, where A’ has the following form ; 


KBR) = SY Ky ePID (Be) (P) 04 TPP dpa. 
(4-26) 
Here /’(f) is the Fourier-coefficient of J,’(1) and 0-factor results from the conservation 
of energy and momentum. Suppose now that A’(#4’) is free from divergences, then the 
contributions from the terms with 7=1 in (4-24) to the intergral (4-25) can be made 
not to give rise to any divergences provided that the external current is properly chosen. 
That is to say, the external current is supposed to be chosen in such a way that the 
amplitude /’(f) decreases so rapidly enough as to make the integral in consideration 
converge. On the other hand the term with 7=0 in (4-26) does not contain /()), 
however, since this term has the factor 0(£—2’), there occurs no divergence in (4-25). 

These considerations are sufficient to show that the proof of finiteness of A’ is only 
necessary for our purpose. The same is true in case of 3’. That is, it is only necessary 
in case of (S’ to prove the finiteness of /y,. 

Suppose now that the quantities G’, (S’, A’, etc. are expanded into series in powers 
of ¢,/, the coefficients of which are G,’ ,/--+++: (z=0, 1, 2,---). . Then our task is to prove 
the finiteness of these coefficients for any arbitrary 7 by using the mathematical induction, 
Speaking in more detail, under the assumption that all the coefficients Gj © ---with 
J<u—1 are free from divergences, we shall prove the finiteness of G,| ©,’-::for an 
arbitrarily chosen 7. The proof will be given by using the momentum representation. 
1) Finiteness of Ly, 

From (4-21), it is easily seen that (P.)n is a sum of matrix products ofes;, 1% 
with 7<u—2, #<.n—2. Thus the internal divergences do not appear in GF?’ hoa 


account of the assumption stated above. Now (/”’), can be written as 
(ALPE A) <8 EAD P(E) + ALPE 022, 


where the first term is independent on /(/) whereas the second is a power series in /, 
the lowest order of which is the second by means of Furry’s theorem. Therefore any term 
of the series P,/, contains at least four external photon lines. Hence all these terms are 
finite because of the Dyson’s criterion of the primitive divergence. Here it must be noted 
that G’, (SY! and [” correspond to Dyson’s Sy,, Dy, and "py, respectively. This important 
fact, which allows us to apply Dyson’s criterion to our case, results from the situation 


that the system of equations (4-14)-(4-23) has the same expressions as those of (4-7)-— 
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(4-12) with the exception of (4-18) and (4-23), and the unprimed quantities G, & 
and 1’ are easily understood as corresponding to Dyson’s S,’ D,’ and I” except some 
modifications by means of the graphical consideration. We can directly ascertain this fact 
by solving successively the equations (4-14)—(4- 23). 

The factor P, (%) in the first term has the following form 


(P. EO) Vee = SHE) PE ILS, (i= 2) 
on account of its covariant character and the identities 


OP, ) Of FF) 8g 
OXy ax,’ 


Hete A, is a constant and diverges never more strongly than as a power of a logarithm 
and the second term is finite. 


Suppose now that /” is defined by 
piesyt 6,/) = ¥ e" A,=Z,(¢'). 
n=2 


Then Z,’ turns into 
aC: halen { An( By, k— hy k,) + Pav (bn, gh R—#) 

Bf), |—0(k-#’ Je" An (Ou — hy Ay) 
which is finite. eee the finiteness of ©,’ is proved on account of the remarks 
stated in page 21. 
2) Finiteness of (A,)' 

Consider the expansion of (%’ in powers of er ’, which is given by 
w= 6'+ | ae J@d +. j To ie ) PME) + 


J!=0 Jt=0 


Pp 


Solving the system of equations (4-14)~—(4-23) by using the power expansion in e,/ and 
J', we see that 


pent , j oo” / 
5 Dee ) Re >) =e" By, (u=1, 2:-*) 
OF zee Wy wt=0 of a Jl=0 


hold, where the first equation is derived from the Furry’s theorem. The quantity 4, in 
the second equation has the following expression © 


Bie Dei Bat with 2B, 40 (7=0,4,.2:5+) 


. . . . . S o isd 
where &,,, does not explicitly involve ¢,/ but is a functional of G’, WG! and / ’. Accord- 
ingly, it can be also expanded in powers of ¢,’, that is, 


fee} 
LS el? 
sen seglps eee 
=0 


The coefficient B,,, is a sum of products of G,! G/ and ig with 7</. 
By using (4-24) and (4-17), (A)’ may be written as 
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Chie , (EN gE — (e, Sant fz 
(4) =| G8) /@at+ 3 Cobaiy) | Beton Sa) 


MINE TG =f ones at y aes. 
Therefore we get 


n—2 


ae 
Ke ee 


(An! = |G, "(Ode + = ereny Shi FETE) J! bop) de aE, bony 


(2k+2+ j=n) 


(4-27) 
where C,,; is given by 
Cy= >) San: 
i 
(h+l=j) 
Since the second term contains G,/ @,/ and I'/ with ¢<—4 on account of the definition 
of C,; and B,,,, it does not involve any internal divergence according to Dyson’s 
criterion. The fiiniteness of the first term in (4-27) is already proved. Thus (A), is 
finite. 
3) Finiteness of K' 
Following the line of reasoning used in case of Z,,, we expand 5}*’ in powers of 
(A)’ in the following way, 
° ° 
PNK , 
Erase Ay EY, 
where >}; is a power series in (.4)/, beginning at the second order of it, each coefhcient 
of which is a functional of G’ 4” and (!. Accordingly S1y, is finite on account of the 
Dyson’s criterion and the finiteness of (4)’ just proved. 


The w-th coefficient in the expansion of >}*’ in terms of ¢,/ has the following form 


Cpa —#) 3(2) 
—3(k—#) [Ay + Bu (hy? +m) + SK (2)] n= 2 (4-28) 


in the momentum representation. Here the constant A,’ diverges at most linearly, and 
the constant &, at most logarithmically, and the remaining part Dyas tunite. 
Similarly, on account of the covariant character of A*’, it can be written as 
(4|de |e) =r lnt Ath) 22, (4.29) 
where Z, is a constant diverging at most logarithmically, and A, is finite. 


Substituting these expressions into (4:18), we get 


i) =0(k—K)[{ An’ — (adm) a} + (a—14+B),(4,7% +m) | 


n 


—F (@=1 4 Dagar? (AIA) + 8-2) Die (Rh) + SE (AE) 


(é 


n—1 


= Sit tap (ee! (= 2), 
j=9 


where { },, represent the w-th coefficient of the expansion of { } in terms of ¢,/’. 


100 R. Utiyama, S. Sunakawa and T. Imamura 


Suppose now that the unknown parameter @ is chosen in the following way ; 
ga huou) | Buchel ey.) (4-30) 


and further Oz is determined by 
y — Ato.im (4-30)’ 
gom= SNA. Gk 2 
n=zZ 
Then X;,’ turns to finite by means of the finiteness of (A)! and the following important 


relation 
=e, 

which will be proved in the next section. 
4) Finiteness of TI 

I" may be divided into two parts, such as 

Ppa whe 

where the first term does not contain /’’s and the second term is a series in powers of 
J’, beginning at the first order of it. Following the line of the same reasoning as in the 


preceding cases, we can show the second term being free of divergences. From (4-23) 
and (4-29) we have 


PY (BRD) =O(R— BD) (ayy? + (AAA) | 
=[{L,4+(a—1),} 72+ AM (AB) O22 42), nS2. 
Therefore /'’" is finite on account of (4-30). 

Thus, the proof of the finiteness of (S’, (A)’, G’ and I” is completed under the 
assumption stated in page 20. The present theory seems quite satisfactory because of the 
fact that several quantities appearing in the system of equations (4-14)—(4-23) are free 
from divergences, accordingly, the internal divergences are explicitly eliminated in evaluating 
Di and og, 

In concluding this section we shall give a short remark about f’. /’ is defined by 


ne a 
fai sy'(e!) =1-“E == el) 
Putting 

e=g (4), 
we have 


g(e)=¢l ele J=¢' (4). 


Therefore the function g has not the same form as that of @’. Since in the present 


paper ’ is determined by 
g' (ey) =23(e1'), 


y(e) is not equal to 7,(e). Accordingly the divergence of the unprimed polarization 
operator /7,, can not be cancelled out by its counter term. 
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§ 5. Gauge transformation and Ward’s identity” 


In this section we shall investigate the covariant character of the several quantities 
under the gauge transformation. 

Since the present theory is based upon the gauge-invariant theory of Tomonaga and 
Schwinger, the systems of equations (4-7—4-12) must be invariant under the gauge 
transformation. 


Now the unprimed Green-function G may be written in the Heisenberg tepresenta- 
tion as 


Glau) =2(P%., ST(P(z), $(2'))P..0), 


where the heavy type is used for operators in Heisenberg representation. Consider the 
gauge transformation ; 


p> paciarg, | 
g > P=e-iarg, | (5-1) 
OA 
A,—A,=A, + 
an 
Then G is transformed into 
G (ax') =e24 A) G(rx’) eta ae) (5-2) 
owing to the fact that S is invariant under the boundary condition 
line Ae) 0. 
ro> to 


Substituting from (5-2) into (4-7), we get 
Gr=7"p,+mt+ KG '=e%44@) Guie=ie Ae) (5-3) 


by virtue of the gauge covariant character of (4-7). 
Writing (5-3) explicitly, as follows, 


wnt 7* yt {—e7*( Ay) + 33" — dm} 
=z oie A(x) pet A) + m+ etd {—e, r*( Au) + >)*— dm} e244), 


we obtain the transformation-rules of S}* and (A), which are given by 


3 Gs) Se AG) 3* (42') e214). 
From (5-4) and (4-8)., we see that @ is gauge invariant, namely, 


0(A,) = by (5-5) 
Gu =~ 97, or wy 


Since (4-10) is gauge invariant, we get 


Pay=Pyy= invariant (5-6) 
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from (5-5) and (4-10). Substituting (5-2) into (5-6) and remembering the relation 
(4-11), we get 

I (axl€) Heid) F(x’) e244), (5-7) 
similarly 

A* (ax!) e814) AY (xx'F) e—tesA), (5-8) 
Conversely, we can easily verify the covariance of the equations (4-7)-(4-12) by using 
the relations (5-2)—(5-8) here obtained. 


Now let us prove the important relation, such as 
i(A(2) —A(a")) I (we!) = — | A* a9") a de. (5-9) 


Suppose that 4(1) is infinitesimal. Then from the definition (2-4), we have 
dS (r= DD 


we 51 iGo AE | OA(x) ye b(a')rA(2’ 
=i 3 Z| One ae d(x), $)rAC"), 


0 


tT %) ai -H(4n) | en anes prop ax, ic -AXy 


/ 
OX 


ig SEO" for fa@ree), Fr BE? 
(hE ag eA Fe } \0) ef! prop ar, a Xn 


te8 BHO" OT a @), HA), AE), 


dA(=) 
at: 
where the first and second terms result from the variation of A(x) and A(a’) in S)*(+2’) 


respectively, whereas the last term from that of A(€) contained in H(5). Now in the 
expansion of the expression 


(O|T{p(z), b(2’)7A(a!), Wr) en)} 10) conn 
into the sum of normal constituents, there are no terms which correspond to proper diagrams 
owing to the operator (+). Thus the first term in (5-10) vanishes. The same is 
true in case of the second term. The remaining term turns to 


—e,| At(xa’e) 22 eee 
OF, 
by means of the definition (2:12). Thus the proof of (5-9) is completed. 
Put /=0 in (5-9) and represent it in the momentum space, then (5-9) turns to 
A(R RY) {S* (2) — #2) } A(R) AME) (RB) ns 


bearing in mind that >}*(42’) is a function of (+—2’) and A (v2'F) a function of 
(~—€) and (#’—€). Since A(x) satisfies the wave equation 


Hay faa)y LO ute prop dE aAx,-+-AXy 5) (5-10) 
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D4=0 


(£—k’) in the above equation must be a null-vector. Suppose now that. (A-2#'), =e, 


is chosen to be (€, 0, 0, +¢) and e« is infinitesimal. Then the above equation becomes 
api*(é)_, =( adI*(4)_, a3i*(4) ) 
dee © ak, Ak, 
—A*(h, ke, =el'(k, &) 4 A%(h, &)). 


From this relation, we get 


api ee 
ONE Ae Ge Ehoe (fis ly 2s 35.0): (5-10) 
Oky 
It will be easily seen that the similar relation also holds between Sve and Ale, viz., 
ase (Bidw ay 
eS A RR). 3+10)’ 
ab, (4, &) (5-10) 
Substituting from (4-28) and (4-29) into (5-10)’, we obtain 
oe 


Therefore we get the Ward’s identity, namely, 
Z,(€f) =1— 3} Lye"=1— 3) Bey" =Z,(e,'). 
2 2 


This identity played an important role, as we have already seen, in the proof of removability 
of divergences. 
Now let us investigate the transformation character of any quantity (/*) under the 


infinitesimal gauge transformation. The variation of (7°) may be written as 
XF)=(F)—(F) 
(OF (— oe aA(e) 
+2 Sat (0| i VARY ed ee yo: -H(4,)} 1D ren woe de dx, Oi» ? 


(5-11) 


where the second term results from the variation of A, involved in the Hamiltonian, 


whereas the first one results from the variation of F itself. The second term may be 


simply written as 
aa(é 
if BAY re, 
Since the relation 
Mi EN 
7 (Ay (5)) 


iF, Jul&))'= 
may be easily verified, (5: 11) becomes 


Arete SCF) ORE) ae cay, 
a(Fy=| 3(A,()) ds + (OF) (5-12) 
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Suppose now that (f°) has x electron-open-polygons. Then (77) may be written in 


the following form, viz. 
% - / @ ay a > AMOS 
CBE ge en) ) = =| O(a, t6y+++tly+ #1) O® (4,054 ¥2') 
X66 O™ (ay tye Wye Hn’) Ley gy UW Ws" Imk "4nd dvdw ay , 
(5-13) 
where O represent the contribution from the m-th open-polygon and is defined by 
O (x, t,+++052,') = $8 (4, —%) 71S 7" (H—@) S74 5—w)r 7 S* (ij 34) 
(5-14) 


and / represents the contribution from the remaining part of the diagram corresponding 

to (F). Finally the summation is carried over all the possible types of the diagrams. 

Here it is noted that if an S—vertex (at which —dzzqiy operates) lies on any one of 

open-polygons, 7” in (5-14) corresponding to this S—vertex must be put equal to 1. 
The quantity 0(//)/0(A,(§)) may be similarly expressed as 


en sm| | | ; 

aoe SN YS O (4a =u +30, ¢,') OP (ar To Pee pais to 4 

Sa eee 
++ OO (tn Wy1++Wy* Xn) 


x< L(tty+ +05: *°2U,°°" Wr, OE Am Vy Ly! )du-dr- dw ay 


~ oy OW... OML, (u-v++-tw+ 4>44:++%,)dudvdw ay , (5-15) 
where the first term corresponds to the diagrams where the particular point ¢ lies on the 
i-th open-polygon, and the second term corresponds to the diagrams where € lies on one 
of the closed loops. In (5-15), O” and Z have similar expressions with those appeared 
in (5-13) and Of is given by 

oes (CA es FoV 4° Xi) 
SS hae rags 7 =r) Sk =f) 7S 7 (C7, i ae 
(5-16) 
The factor Z, in (5-15) may be written as 
digas Gnas 58 (S217) 
where (,, corresponds to the special closed loop C in which the vertex € is contained, 
and Z’ represents the contribution from the remaining part of the diagram corresponding 
to Z,. Suppose that the closed loop C contains 72+ 1 vertices (72+ 1 should be even on 
account of Furry’s theorem) €, 7,-:-Z,,. ‘Then C, may be written as 
GZ Bye Za alg) = tho PS 4 (Zane Z, ae es ee ie a (a) 
Ts te CAN A 


Now bearing in mind the identity 
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e) : : 
Ee 2G 157 (PPPS? (gy 4')} dy = S* (x7!) (eye Ax), (5-18) 
Bb 
we can easily verify the eae 
jaa) aS Ee yO) = (5-19) 
A=0 Sar 


where Z,—Z,, is supposed. Substituting from (5-15), (5- 17) and (5-19) into (5-12), 
we have 


3(F)=(8F) 


YAS -/ cs 
+ (—ia) BS | 00. OO Hey Tyr Ty jiftes Teo OMT) (9) du--dw- dy: dé. 
9) 


ace 
(5-20) 
Since the relation 
jaz (é) 00% (a Vy a = dim tpXe Sage Wem a —A(r,) \O° (ear, xd) 
Su 
holds by means of Page we get 
kr 
33 | 8402) 2 09 Geary ory abry rset) == Hie) =A(e/)}O®, 
g= a Ba 
where 7,=4; and 7,4;=;/ are assumed. Therefore (d/") may be written as 
dF) =ie, >) 1 A(x 1) —A(a/)} (F) + (OF) (5-21) 


by virtue of the expression cae Comparing (5-21) with (5-12), we get the relation 


23 BILD ei ASEM Pen Ia 
See ae, a Z&y 21 Alas) A(ad)} (FP) (5-22) 


All the equations (5-2)—(5-8) can be easily derived from (5:21). For instance, 
if we put / equal to 77(Y~), then (/*) becomes G itself. Since G has a single open- 
polygon, and 0 -T(¢¢) is equal to zero, we have the equation such as 

NG) H2e4 (eS —A@IG 
This is just the equation (5-2) represented in case of the infinitesimal gauge transforma- 
tion. Further, if we put / equal to A,, then (/*) turns into (A,). In this case (5-21) 


may be written as 


because (A,,) has no open-polygons. Furthermore, if we take 3/* for (£3, (5 > a2) 


runs to 


\ aig ol a4 (8) ae te, 447) —Ata) >" 
O(AL(S)) Fy 


which is just the equation (5-9) by means of (4-8). 


4 


106 R. Utiyama, S. Sunakawa and T. Imamura 


We have so far only concerned with the unprimed quantities. However if we take 
account of the transformation 


Wis fs ae 


Va 


all the results obtained in this section are also true in case of the primed quantities. 


$6. Concluding remarks 


Since our argument is essentially based on the assumption of expandability in powers” 
of the coupling constant, it runs counter to Schwinger’s intention. However all the 
equations such as (4-7)—(4-12), can be also derived from the Tomonaga-Schwinger theory 
without using the assumption of expandability (c.f appendix). Thus these equations can 
be considered to have no relations to this assumption as already shown by Schwinger. 
From this standpoint, however, the physical meaning of several quantities is not compre- 
hensible till these equations are solved in some way. On the other hand, following our 
line of reasoning, these meanings become obvious in the course of derivation of the’ 
fundamental equations. This fact is a favourable point gained by sacrificing the independence 
of the theory upon the assumption of expandability. Further in the present stage of 
physics, it seems to be impossible to give a proof of removability of divergences without 
relying on the expandability in terms of ¢. 

Accordingly in order to attain Schwinger’s object, it is most desirable to prove the 
existence of a well-behaved solution of the system of integro-differential equations (4-14)— 
(4-23), without use of the expandability. 
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Appendix 1 


In Dyson’s paper somewhat lengthy remarks are given about the so-called normal- 


dependent term of the Hamiltonian (4-5). We «shall give a short remark about the 
treatment of this term. 


The Hamiltonian (4-5) may be written as 


H= H' —dmpb—A, (J, +Ju) (4-5) 


with the substitution 
wut Se SF : : 
Hl — Fy Fy 7 Pry kis (a-1) 


We shall often encounter problems of evaluating the expression (/°), where / is any 
operator in the interaction representation. (/°) may be expressed as 
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(Fy=—| (Fj OA) Kia (ar')dede' (a2) 


Be 2S f = | OZ AG YA, (YH! (5)! (gn) |0) dye (a3) 
Of course the factor (777, 7,)’ anpelves many X‘,,’s, namely it is written as 


LFS) = Pyle #2, KE). 
If f=0 as in case of §§ 1-3, the Hamiltonian is invariant in this case, and K,, turns to 


(A, () 4,2") =0,, DB" (4 — 2") 
and (/*) becomes 


— | Oy la, 2; BB BaOl aed) dadx"s: (a-4) 


It is easily seen that (a-2) can be derived from (a-4) by placing arbitrary number 
of H’’s on every photon line appearing in the diagrams corresponding to (a-4). 

Now in order to prove the invariance of (7) (i.e. the normal-independence) it is 
sufficient to show A‘,, being normal-independent. 

Following the treatment explained in S§ 1-3, we can express A’,, in the following 


way by analysing the right-hand side of (a-3), 


Ky ( 44") = jo (x—y) E (9—2') Ov 1f Onn zs 2 Kv ( 72") 


+f. Ki (92) foun Ki ge) — if Ona = Kula") 

k Z 

pA. . 
tif ba ates Sieg | (a5) 


where K;, is defined by 


Ki, ex!) = 33 SD" (0)7| 24 4, 2H!) HO) JO ee 
V4 
Bs, 
Kj, can be also expressed in the following way by using the same method as in (a-5) 


and taking account of the definition of A), itself, 


is 1 « hte OK py, +f! 
1 —f Oey Oth 


ORs, <i (a-7) 


Here the relation 


GA, (4): GA, y= o- 7 (Ay (x) A, (a")) +28,,0(4—2') 
V4 


On Ox, 


is in use. Substituting back (a-7) into (a-6), we get 
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Q Ff } . ; . oe 
KG) =onD (ena) +f DOD) 5 Pe) A “(ge dy - 


(a-8) 


Taking the four-dimensional divergence of (a-5) with regard to %,, we have 


OX, Ox, | 
Substitute from (a-9) again into (a-8), then we have finally 
Ky (ax!) = + Oy, Dax) +if | De Aid Si te Gyan 
Lj Oy Ay, 


(a- 10) 
Thus it has become clear that A‘,, is independent on the time-direction. It is noted that 
the adoption of the Hamiltonian (4-5) instead of 


—-dmpp—Ay(S.+7u) 
means not only a simple renormalization such as 


Buy DP (x—2') = (A,* (2), A CN ee dyyD¥(x—2’) 


— (0A,*(x), 0A,* (2) = (Ay (2) A, (2); (4-11) 


but also a new type of renormalization corresponding to the second term in (a-10). 
On the other hand if we adopt a Lagrangian density Z* expressed in terms of 


renormalized quantities, such as 


1 
cur oe (Sa *) 4 Lot Lat 4 FoF 


eer ; 0A % 
er, ae Nol(eay Spee Ze . 
on ri eal 2 \ O45 a nnd) 


L being given by (4-4), then the interaction Hamiltonian corresponding to L* becomes 


2 ar, 
= §' —dmgh— A, J. +Ju) (a-13) 
with the substitution 
7 \2 
acy Ae OA, ‘ 
‘ 2 ( OXy ) ae 
In this case A, turns into 
ali : 
KoigS ae On, eae (a-15) 


and the equation statisfied by ©,, is given by 
{0 Sup Ce, +/10,,) }Gy= aah (a: 16) 
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instead of (4-10). The adoption of the Lagrangian (a-12) corresponds to the simple 
renormalization (a: 14 as easily seen from (a-15). The expression (a-16) is insufficient 
to remove the divergences arising in P,, by virtue of the very character given in page 97. 
Thus the difference between / and L* is essential for the removability of divergences in 


the theory of Green-functions. In case of (a-16), the remaining divergence of P,, has 
the expression 


— Ak, & 
in the momentum representation. Fortunately this divergence disappears in the theory of 


S—matrix on account of the conservation of charge and the Lorentz condition. Therefore 


Eis effectively equivalent to Z in the theory of S—matrix. 


Appendix 2 


We shall derive the equation (2-6) from the Tomonaga-Schwinger theory without 
use of the assumption of expandability in powers of ¢. 
The transformation function S(/,74,) between 7, and ¢, are defined by 
;@ AS (t, ty) 
dt, 


with the initial condition S(7Z, ¢,) =1. 


=|HG, DRS CAN (b-1) 


This equation may be transformed into an integral equation 
4 
Ste) = 1—i| Fie) SIGE) a (b-2) 
a) 
From this we have 


4, 
DS (G" 
8S(4) _| +tAu (¢) 5) i | 70") BS Gay nwnge GA 


= Of, ( é) (b ‘ 3) 
*) 0 i ee 
with the notation S(4)=S (4, = — © )- 
Multiply 74, (€).S(%) to (b-2) from the right-side, then we get 
t 
iS 8) Aal€) SE) =14y @) SE) —§| A VSUM ASE (b-4) 
fo 


where f, is supposed to be equal to Fr 


Comparing (b-4) with (b-3), we obtain 
OS (t;) aS (A, Se ee) =7S(¢,)A,(§), ies 


OJat=)e  \-0, pee 


iser 1 ted in the interaction representation, 
Now any Heisenberg operator (xv) can be represen 


(b-5) 


as 


F(x) = S71 (m)F@)S ()- 
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From this we get 
OF (x) i[ F(x), Au) ], x5 > Fm | 
yea te ES xz 
by means of (b-5), provided that /” is independent on //. 


The Green-function G of one-electron problem can be expressed in the Heisenberg 


(b-6) 


representation as 
G=i(Vko STP (2) G(2)) F vac) / Sve « 
Since ¢ satisfies the equation 
[*{ 20, --A,@) i +m) PG@)=0 
G satisfies the equation 
[rt (—18,) +] G=t(Pe ST ey (2) "9 (4), PCY} F ene)/Srae + O(7= 2"). 
(b-7) 
Now by means of (b-5) and (b-6), we have 


aC = — (TES: T(P (2) 9 (2) Ay E)) ¥ vee) /Svac— IG (Ay (S)), 
AGS 
(b-8) 


where (A,,(¢)) is defined by 
(Au (5) ) i ee BIA g o2 cae) feiva: ? 
which agrees with the definition in (1-9). 
Substitute from (6-8) into (6-7), we get 
| 7? (18, —e (Ay) +407" 


é at gaan ; 
Hoy er =8e a’). (6-9) 


This is just the equation (2-6). 
All the other equations in $§ 1-4 can be similarly derived. 
Here it must be noted that in deriving (b-7) the adiabatic assumption is neccessary. 


This situation will be made obvious if we define G in the following way: 


G(42') =i Pee S(T —Tr) TP) 9 (2) F vac) 


instead of 
G=i(P%,.S(00, — 0) T(P (4) 9(2')) F yac)- 
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The energy transfer between the vibration and the translation in the molecular collision is investigated 
for the linear configuration of two diatomic molecules. The method of calculation is completely parallel 
to that of Jackson and Mott. The results are applied to the interpretation of the experimental facts 
for the anomalous supersonic dispersion and the qualitative successes are obtained. 


§ 1. Introduction 


As is well known, quantum mechanics has been established firmly in the region of 
atoms or molecules. However, the theory of molecular collisions (especially of inelastic 
ones) presents so large mathematical difficulty that it has been studied only rarely. But 
the molecular collisions play the important role in the various phenomena, e.g. the dis- 
charge in gas, the phenomena in the ionosphere, the chemical reaction in general, the 
anomalous supersonic dispersion, and so on. Thus it is desirable to investigate more 
closely the various elementary processes in the molecular collisions. 

In this paper we treat the energy transfer between the vibrational and the translational 
degrees of freedom in the collision of simple molecules with each other, and apply the 
results to explain the experimental facts relating to the anomalous supersonic dispersion. 
Problems of this kind were examined twenty years ago by Zener’, who discussed the 
coupling of the .translation with the vibration or the rotation. Subsequently a more 
mathematically refined treatment was proposed by Jackson and Mott” in connection with 
the calculation of the accommodation coefficient. These authors, however, did not consider 
the possibility that the vibrational energy of the one molecule may be transfered not only 
to the translation but also to the vibration of the other molecule by the collision. Such 
a process is studied in this paper. The method of the calculation is completely parallel 
to that used by Jackson and Mott. 

Now the influence of the collision partner for the deactivation of the molecule con- 
sidered may be classified as follows : 

1. the effect of the molecule as a whole (dependence on mass and size). 

2. the effect of the rotation (possibility of taking off a part of the excess energy by 
the rotational degrees of freedom). 

3, the effect of the vibration (effect similar to the above, by the vibrational degrees of 
freedom ). 


4. the electronic effect (dependence on the form of the intermolecular force. If the 
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collision partners can (at least in principle) react chemically with each other, then the 
intermolecular force potential will have very different feature from the other cases). The 
possibility of the excitation of electronic states will play no important tole in the thermal 
collision at ordinary temperature. 

In this paper, we touch the effects 1 and 2 only briefly, and do not enter into the 
effect 4. For the estimation of the vibrational effect, we furthermore restrict ourselves to 
the linear configuration of two diatomic molecules without 


rotation, as shown in Fig. 1(a). More generally, if the : ‘ 


transition probabilities for the configurations of Fig. 1 (a), (a) @—®@-----@—@' 
(b) and (c) are ~,, p, and f, respectively, we may assume (b) 


that the transition probability for the case of the collision in 
the general configuration of Fig. 1 (d) is given by a suitable > fete 
interpolation, e.g. (d) “ 
pig paki a 5 
Le (cos*4, + Pesin°A, \(cos'b + Prsin’ts), fi Oy, 
. Pa Pa H 
Figs 


without any serious error. 
Now for the vibration-vibration coupling the transition probability will be comparatively 
large for the configuration of Fig. 1(a), and for other configurations it will be very much 


smaller. Thus we may put roughly 
Da Py co8'O, cos”A,, 

and by averaging over the angles @, and @, we have 
Pa = Pal 9- 


Therefore, if we write the average transition probability as /, f,, then f, is order of 
magnitude of 10°’ and when we are interested in the relative probability only, it is 
sufficient to know the factor f,, i.e., the transition probability for the special configuration 
(a),. 

The results of our calculations show that the final result is very sensitive to the 
choice of the parameter contained in the perturbation potential. (See Fig. 3 and 4.) 
Thus we have to investigate the potential curve for each special case. This problem, as 


well as several related problems will be considered in subsequent papers. 


§2. Effect of a molecules as a whole* 


First of all, the difference in geometrical extension will necessarily cause the difference 
in the effective cross section for the transition investigated, although these two cross sections 
are not always proportional to each other. 


Atomic units are used throughout this paper. Thus, for example, electron mass=1, Z=1, and the 
energy quantum /v(=%w) has the same numerical value as the angular frequency w. 
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In the second place, the difference of the mass of the collision partner causes the 
change of the reduced mass ( L) for the total system. If the energy transfered from the 
vibrational to the translational degrees of freedom is equal to JH, then 


pao fee ete eS v2E ( dk )+1( ome 
2u 2 v 2 2\No pL : 
Now the average relative translational energy for each collision, which is derived from the 
Maxwellian velocity distribution, is L—=2/7 , independent of the reduced mass. Thus, 
for the fixed value of JE, we have dha v/ //. Since the large change of the wave 
number / means the small overlapping between the initial and the final translational wave 
functions, the smallness of the reduced mass is in favour of the large transition probability 
(provided the other conditions unchanged). From the experimental evidence for the 
anomalous supersonic dispersion, we know that the He-atom, though it has neither vibra- 
tional nor rotational degrees of freedom, is more effective for the deactivation of 0, com- 
pared with 0, itself. This will be explained by the fact that the ratio of reduced masses 
for the two systems 0.-0, and 0.-He is 9:2. As another example, the experimental fact” 
that the ratio of the effectiveness (transition probability per collision) of H, and D, for 
the deactivation of the vibration of CO, is 3:1 can be explained only by taking the 
difference of the reduced mass into account. 


§ 3. Effect of the rotation 


Generally, the rotational level spacings are much smaller than the vibrational ones. 
Therefore, in order that the rotational degrees of freedom may take off the great part of 
excess energy after vibrational deactivation, a large change of the rotational quantum number 
must necessarily occur which is improbable. However, if the rotational level spacings are 
comparatively large (as in the case of H, and HCI etc.), the rotation may have appreciable 
effects on the deactivation of vibration. The experimental fact that HCl is considerably 
effective for the vibrational deactivation of CO,, Cl, etc., may be explained by the large 
rotational level spacings of HCl, though the explanation that this effectiveness is due to 
the special form of the intermolecular force is also possible. The large rotational level 
spacing, on the other hand, gives rise to the rotational supersonic dispersion.” The treat- 


ment of this problem will be postponed to a later article. 


$4. Effect of the vibration 


It is well known that Born approximation is not valid for the slow atomic collisions. 


iti ility between the 
However, the transition probability Ve 


<—avay— > 
vibration of one molecule and the vibration of eS (ia) 
another molecule is known experimentally to be () GC, (12) (ws) Go (71) 
<—_—_ 1 —— 


very small. Therefore, the method of distorted a 


wave may be applied. __Fig.¥2 Fr; : atomic masses 
As stated in the introduction, we consider G;: gravity-center of each molecule, 
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the special configuration which is illustrated by Fig. 2. The independent variables are 1, 
x, and x as shown in Fig. 2. The Schrédinger’s wave equation for the whole system 1s 


as follows 
[—H 9 —H® + (1/21) 8°/a2" + (W—V IP 5 20 ge ta 
where 
HO = —(1/2p4) 8/22 + 2M prise, 
B25 tp 
and 


[y= My Mo/ (M+ My), P= magn, { (i+ Ms)» 
p= (Mm, + My) (s+ nts) [ (y+ M+ Mg + M14) » 
Here, we adopt the exponential form for the potential energy : 
V=C, exp| —a(4#—4,4,— 40%») } 
= C exp(—ax) exp (@/,% exp (aA,%), 
where 1,=m,/ (m+ Ms), = m4/ (4,4 mM) - 


H® is the well-known Hamiltonian operator for the harmonic oscillator and we represent 


its normalized eigenfunctions by ¢, (2;), which satisfy 
H fn (es) =( n+ pias ogy” (2)- 
, 2 


Now we seek for the solution of the form: 


P= Y fam(t) Pn? (21) Pm (22)- 


n,m 


If the molecule 1 is in the first excited state before collision, then we must impose the 


asymptotic conditions 


fio = exp(— 7410) +A, exp (2h, 9%), 


Sam = An.mexp(tknmt), (2, m)=(1,0). 


Then the transition probability per collision is given by 


aK a (Bn m/ 21.0) [A Paks 


The method used for the determination of A,,,, is similar to that of Jackson and Mott” 
who considered the collision problem between a harmonic oscillator and an inert gas atom. 
Completely parallel calculations give the following result which corresponds to the Eq. (19) 
of these authors, 

ACV Ne 


0.7 Va os > ~ 
m 2 bs ft * sl, ae / ° 
salen [2uC [ial exp ( ax) dx), 
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where 


Ye? = [°C exp (ahe,des 
and / is the solution of 
[a°/dx? + him —2UC-exp(— ax) \7 eter) -=0, 


which approaches zero for x —»— co and_ behaves asymptotically as cos( ky, nX +7) for 
4—>+ 0. The explicit form of this #-function and the integral containing this function 


were obtained by Jackson and Mott, and the use of their results gives the final expression 
for the transition probability 


hate msilaty COA seeds | sinh 7 is SUITE: go 1) 
Pp 4 qg 91.0 


cosh 7g, ,,—cosh 7g, 9 - 


=i 
WHS" Van 26. /a Lhe 
vibrational matrix elements JY, , 


are easily calculated for small 


s, ¢ and are as follows: 3-10-2 


oy =exp(ad?/4u,;) ~ 1, 


4£,= iW (2) 10-2 | _ 
Yi") =al,/(24,)'” 


x exp(a°4;/4u;). 


3-10-3 | 
Numerical examples for the 
case of A=1/2 (homonuclear 
diatomic molecule) and a=1, ce 
5 ; LOe” 
3, 5 are shown in Fig. 3. 
2, | ’ | 
Next, we consider the r Acs 
remaining important factor Fig. 3. (Yin(w))% 
(A=1/2, #=1.25 x 104) 
2 2 2 
cat Gina 7 te ) sinh 74n.m sinh 79; 9 (3) 


cosh 7g,. Bax TA. 


Usually g is much larger than unity and in this case we may put 


Te =(: ae ) exp am )exp (791.0): (3a) 
‘ exp(Tdn. . exp (ay o) 


Moreover, if exp(7Gn.m) > exp (791.0), we have 
Tra m= (One — 1,0) XP (91,0) /eXP (F9n,m) + (3b) 


In this last approximation, we obtain, using the definition of q; that 
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Inm & 4E+exp{ —const- SE/ nm 21.)}- (4) 


Thus, if the initial translational energy becomes large, also the transition probability 


becomes large. 
Now the energy conservation relation is expressed by 


hn m+ 2E(2o;+ MW») =k, + 20}. 


If we fix the initial wave number %,, the matrix element Zn m is a function of 
energy change 2 (== (hn. 2— hi 6) (24) and is independent of 7 and m. Numerical examples 
for [(2) for the case of %,y=10, which corresponds to O,, N, etc, at room temperature, 
are illustrated by Fig. 4. 

Now we may expect that the exact resonance case (Q=0) is the maximum point 


of the function /(2). But it is only approximately true. Since the expansion of this 


function near 2=0 gives 


jae 91.0 ft = ica Guan = Fy re) =e O ( Ci O1.0) *) 5) ( 5 ) 
7 Sm Tt, 


the maximum point of this function 1s shifted to a positive value of 2(n m > a) - 

A characteristic feature of the function / is the very rapid decrease for the increase 
of its argument 2, which is a marked contrast to the comparatively slow variation of Y,,. 
As a result, the two quanta process (1,0)-> (0,1) may become much more probable than 
the one quantum process (1, 0)— 
(0,0) which explains the various 
effects for the anomalous supersonic 


dispersion in gases. (See the next 


section. ) 


§ 5. Some applications 


The numerical. values shown 


in Fig. 3 and 4 correspond to the — j9-5 


special choice of the parameters. 


For the simple molecules consisting 


of atoms with nearly equal masses 
suchitas™ OS Nae GOMCOysINO; 


N,O etc., these figures may be used sat 


to make qualitative discussions, be- 
cause the difference of the vibrational 
frequencies will be the most dominant 
factor there. 

Oe (w=7.2 x 10-* atomic 


1 


i 2 0 455) +10x 10-3 
units) The transfer of the vibra- Fig. 4. 7(2) —>+2 AU 


tional energy of O, to the vibrational Awnitis =10,. 20=5 104, 
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energy of another O, is an example of the exact resonance, and therefore has a comparatively 
large probability. But such transfer can not be ‘detected experimentally. On the other 
hand the probability of energy transfer to the translation is 3 x 107° (using the values 
from Fig. 3 and 4, provided a=3). Since it is not the vibration-vibration coupling, the 
extra factor #, discussed in the introduction may be put as 1/3 instead of 1/10. Thus 
the average number 7 of collisions occuring before the deactivation of vibrational excitation 
is about 10° which is compared with the experimental value’) 7 > 5 x 10°, 

From the experimental evidences’? we know that the molecules such as N., CO etc. 
are more effective than O, itself, though they have large vibrational frequencies. This 
may be ascribed to the difference of potential curves for the individual cases. In fact, 
the transition probability varies over a comparatively wide range for a small variation of 
the parameter a. (See Fig. 3 and 4.) 

VAP Soe oes This molecule has the following three modes of vibration : 

1. deformation vibration: w,=2.7 x 107°, 

2. valence vibration (symmetrical) : w,=5.9 x 107°, 

3. valence vibration (antisymmetrical) : w,;=10.2 x 107%. 

When two N,O molecules collide with each other, a possible process is that the valence 
vibration of the one NO is deactivated while the deformation vibration of the other N,O 
is activated. In this way, the three modes of vibration are not independent of each other. 
The transition probabilities (however, only relative) between various levels of N,O are 


shown in Fig. 5. Here we have used the approximate relations :"”” 


probability for the transition : 7-th level—>(7—1)th level 


=2n—1, 
probability for the transition : 2nd level—>1st level 


Probability for the transition : 7-th level—1st level 
=(probability for the transition : 2nd level—>1st level)”~’. 


From this diagram we can see that the deactivation probability of the symmetric valence 
vibration increases by factor of 500 by coupling with the 2nd excited state of the deforma- 
tion vibration, and very much approaches to the deactivation probability of the deforma- 
tion vibration itself. Thus we may hope that the experimental evidence of Eucken-Niimann® 
can be explained by this coupling effect. (They found that the relaxation times for the 
deformation and the valence vibration are not so different as by factor 10 with each other.) 

From Fig. 5, we can also see that the deactivation probability of the antisymmetric 
valence vibration is much different from that of the other two modes of vibration. 
However, the antisymmetric valence vibration contributes only a little to the dupersion 
phenomena in the room temperature and the separation of the two maxima of dispersion 
can not be tested. Thus, it is desirable to investigate experimentally the supersonic dis- 
persion at higher temperature (for example 300°C or more). 


COZ The behavior of CO, is completely analogous to that of N,O and, there- 


fore, only the transition diagram is shown (Fig. 6). 
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X10~5 
i 103 
=F 
Ue 310-3 
Z3X10~4 310-12 
a 210-1! 
Ruvmassenk 210-8 
5 -3 
4 a0 / 310-7 
| 610-4 
deform. sym. antisym. deform. sym. antisym. 
vib. valence valence vib. valence valence 
vib. vib. vib. vib. 
Fig. 5 Case of N,O. Fig. 6. Case of CO. 


Single line ——> transition probability (relative scale) from any vibrational level to the next lower 
one belonging to the same type (and in the same molecule), by a collision with another molecule. 

double line ==> transition probability for the process that a type of vibration of the one molecule 
is deactivated to the ground state and, at the same time, another type of vibration of the other 
molecule (collision partner) is activated from the ground state. 


§ 6. Conclusions 


Since the calculations performed in this paper are accompanied with many simplifica- 
tions, we cannot obtain the quantitative conclusions from them. However, it is not so 
unreasonable to believe that the general principle explaining the experimental facts has 
been obtained. In other words, the ordinary method of distorted wave seems to give a 
satisfactory way of calculation. 

The main articles which will be investigated in the following papers are : 

1) More quantitative calculations for some special cases (The intermolecular force 
potential has to be calculated for each case quantummechanically. The general geometrical 
configuration (Fig. 1(d)), the rotational effect must be considered.). 

2) The rotational supersonic dispersion for H,. 

3) The use of the average energy of the thermal collisions will be replaced by the 


averaging procedure over the Maxwellian distribution etc. 


The author is much indebted to Mr. T. Kishimoto for the helpful discussions about 
this work. 


He is also thankful to Prof. M. Kotani for his deep interest in this paper. 
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Note added in proof : 
Recently, we calculated the rotational dispersion of the supersonic wave in the hydrogen gas (see § 3). 
A satisfactory result was obtained. The detailed report will be published soon. 
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§ 5. Discussions I 


If one considers only one pure interaction to describe the beta-decay,...... 

If experiments are actually carried out to determine the electron-proton angular 
correlation (§ 3) and the proton momentum spectrum (§ 4), it will be possible to determine 
which one of five interactions is responsible for the neutron decay process. Though 
these experiments may be considerably difficult to be carried out with present technique, 
it seems to us that they are not altogether impossible. So in this section we will sum- 
merize our theoretical predictions and give some discussions about our results. The spectra 
of emitted protons at angles y=90° and y=180° are shown in Figs. 2a and 2b. The 
curves of angular correlation for five intetactions are given in Fig. 3. 

First of all, the beta-spectrum for the P. interaction is markedly in disagreement with 
the experiment, as has been shown in Fig. 1. The proton momentum spectra at g=90° 
and g=180° show also peculiar behavior in the P. interaction. However the angular 
correlation %;;(~) (3-8) for the P. interaction is rather similar to the V. interaction, 
and it is hardly distinguished from each other by the experiment. Now the question 
arises whether the experiments will be able to distinguish between first four interactions, 
S., V., T. and A. Its possibility just depends on the experimental accuracy, as has been 
often mentioned. (See Fig. 3.) 

The proton spectra (§ 4) irrespective of the emitted angle of electrons are shown in 
Fig. 4. When comparing experiments with our theoretical results the situation is similar 
to that of the angular correlation. 

A clue for the choice of the type of interaction is given also by data of nuclear beta- 
decay processes. It is experimentally known that the He®-—>Li® transition is an allowed 


~~] 


* Part I was published in Prog. Theor. Phys. 7 (1952), 469. 
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0,, (90°) 
7 0.6 


,,(180°) 


ae ay 7 
Proton momentum (/) in unit 7. 


Fig. 2a. 


Fig. 2. Proton momentum spectra given by 
(3-1/) for five interactions. Fig. 2a 
and 2b show spectra obtained at 


y=90° and y=180°, respectively. 


0 0.5 
aye 
Proton momentum (/*) in unit 7. 
Fig. 2b. 
one and involves the change of the nuclear spin by unity (Ave Lys Oe aleel, Dey selection 


rules of the allowed transition given by the S. and V. interactions, known as Fermi’s 
selection rules, do not permit any change of the spin units. The experimental result of 
He® certainly contradicts with these selection rules. Therefore, if one considers only one 
pure interaction to describe this result, the interaction needs to be either T. or A.; as 
has been pointed out by Gamow and Teller, the change of nuclear spin of one unit is 
permitted in these interactions even for the allowed transition. Unfortunately, the allowed 


electron spectrum does not give any unique information as regards the choice between 
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these alternatives, because both interactions give the same spectrum. But in principle the 


electron-proton correlation and the proton spectrum would be able to give a decision at 


this point. 


$6. Discussions If 


If one considers mixed interactions,....-. 


Our discussion on the experimental results above has been made under a rather special 
assumption that the true interaction must be determined by only one of five invariants. 
Recently there is a tendency among physicists to believe that a linear combination of five 
invariants is necessary rather than a pure interaction in the nuclear beta-decay process." fe 

Dyy(g) 
0,, (90°) 
150 


0° 30° 60° 90° 120° 150° 180° 
wes 
Fig. 3. Angular correlations of electrons and protons obtained from (3-7) in 
the cases of five interactions. These curves are normalized at g=90°. 
For each interactions, the absolute values calculated at y=90° are given 
as follows ; 
0,,(90°) =0.30, o9(90°) =0.15, 
33(90°) =0.20, 44(90°) =0.25 
and 
0; (90°) =0.33, 
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AMyy(F) 
My (m) 


1.0 
—> Ff 
Proton momentum (/) in unit 1. 


Fig. 4. Momentum spectra of emitted protons from (4-3) in 
the cases of five interactions. These curves are normalized 
at F=m. The absolute values calculated at “= for 
each interactions are given as follows ; 

M, (mt) =0.90, Mog (me) =0.32, Mag(m) =0.51, 

- My3(m) =0.70 and 45; (72) =0.90. 


For example, Petshek and Marshak™ have studied how to explain the peculiar form of 


RaE spectrum by a linear combination of T. and P. In the case of the neutron decay, 


we can not say that the shape of allowed spectrum 1s completely in agreement with the 


experiments, if we take the fact seriously that the experimental results below 300 Kev. are 


smaller than the values theoretically expected under the assumption of the allowed transition. 


Of course, as has been described by Robson, these data have certainly considerable errors 


so that we can not believe these values as they are. But it is not meaningless to ask the 


r not the present experimental data can be 
n’s result in the lower energy region being taken seriously. The 


question whether o interpreted by the mixed 


interaction above, Robso 
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effects of this linear combination were first calculated by Fierz™” and later by Rozental” 
and by de Groot and Tolhoek.'” Since no numerical results, especially no calculation for 
the neutron decay, have not yet been given, we shall discuss about the possibility of such 
mixtures. But we shall content ourselves only with studying the tendency, describing all 
four particles by the plane waves, as has been noted in § 2. 

In this mixed interaction, the total transition probability is given by using Dice 
G, Spy, in place of G,’Sf,, in (2-3), where S},, means the sum over 1 to 5 correspond- 


ing to five interactions. S,,,’s are given in Table II and are identical with the results 


obtained by Fierz and Tolhoek and other authors. 

In order to show the effects of the interference terms, it is enough to study only 
the cases in which two interactions are combined. The comparison between the theoretical 
and experimental beta-spectra will be done by the Kurie plot method. Namely, we shall 
plot the dependence of (S},,/V(/)/f°)'” on the electron energy (py), where 31, V( Pp) 
is obtained from the following expression corresponding to (2-4) : 

Vom 


Giu,! e 
Poe | dP Dn(P)- (5-1) 


Table II. .S¥’s in the linear combination of five interactions. The factors in the brackets indicate 
the order of magnitude of expressions. The thick letter means the term which changes the results by 
the interference effect; and 0 means that the cross correction term vanishes. S/.y does not change 
when the suffixes y and 7 are interchanged, e.g., Sf.=Sfo;. Sfy,’s have already been given in Table I. 


S. V. fe A. is 


Se Spal) 

V. Spw(1) Spo(1) 

T. Sp,3(/M) Spo(m/My  Sp(1) 

A. 0 Spo(m/M) SpQn/M) Spyi) 
De 


0 0 Sp,;(4n /.W) SP (40 / MW) Sp,,(1e/ WE) 


Spy =— Sfhu=16 Mm (F-9) -M,-2p] 
=— 32 MyM,_m(e—p;), 
SPis= — SPou= — Sps;= 32Myx[g(F:p) —p,(F-9) | 
== 32My(¢—p,) ep) + mm’ — 2p, —p(e—2p,) cos 4] 
== 32My[(¢—2f,) (e’ —m’?—F*)/2+m(e—p,) |, 
Sho = 6+ Sp5=96 Mym[L-9) + M9) 


= — 96 My m'e— py) (€—f,) +p cosO] 
596 My ¢ (e—p,) — ean) | 
2. 


ted oo i he 
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In this expression the integrand is defined by 


where 


Shy VCP) =M,.(P) + 22a Min( PD) +8 Nan 2) 


1 


Se 
Ne ( =_| 7(cos 4) gute ts 
me a 64.Mxpy(e— fy) Mp 


=1 


ibs) 


(5-2) 


(5:3) 


and gy,'s are the mixing ratios of the » and 7 interactions, which are defined by 


/ 


Lin= Gy ty / Guy : 


We shall further discuss about the angular correlations and the proton-spectra. 


shall give their expressions for various cases successively : 


(i) 


N,,(P) (or Nyy! p)) 


} Robson’s data 
2.0 


a aN V5 5, x) 
ka ui 


1.0 


23 


electron energy (fo) 
in unit 7 


—10 


Fig. 5. Energy spectra of emitted electrons for the diagonal terms (V, and N55) 
which are obtained from the squares of five interactions, and their cross 
correction terms (/Vyn). Their expressions are given as the following table ; 

Nal) + (2-6) Ni9(Z) : (5-6) 
Wag (Pp) : (2-7) N3;(~) + (5-17) 
Ny(P) : (5-22), 


(5-4) 


Now we 


For comparison’s sake we first give the Kurie plot for the allowed transition, 


that is, the spectrum for the pure S., V.,T. and A. interactions without mixing : 
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3.0 
1 Robson’s data 


2.0 ctrl 


—(2+ /3)) 


igs) 15 2.0 25D 
Electron energy (79) in unit 7. 


Fig. 6. Kurie plots in the case of linear combination; S. 
with V. These curves are normalized at f=1.9 ™. 
The expressions of (V7,(/)/#?)'/? and (3). f) /#*)1/? 
are given by (5-5) and (5-7), aigagoieg & 


VN p)/P" = (@—-fr)- (5*3) 

The straight line corresponding to this Kurie plot is shown in Fig. 6 with 
points showing the experimental data. 
In the cases of interference of four interactions except P., the terms having the 
same order of magnitude as the allowed one are the terms arising from the 
interference between S. and V. and between T. and V. (See Table II). Thus 
we have the following two possibilities. 
In the case where the V. interaction is mixed with S., the interference term 
(1V,,) is obtained by inserting S/,. into (5-3) ; 

Ny» (2) — (€- fo)" /Py « (5-6) 
Therefore, we shall obtain the following expression corresponding to 


5 MCA) (Pie : i 
a ae a {(1 +13) —2g3(/p,)} 1? (e— po): Oss) 


We plot the graph of (5-6) in Fig. 5. The graph of (5-7) are plotted 


led: [ie eee 
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in Fig. 6 for five values of 4), in order to show how the spectrum changes 
with mixing ratio >. The values used for gj are 1, (2+¥3), and 
—(2+V3).~ We see that the curve for g,,=(2+ V3) agrees with the 
experimental values obtained by Robson. 


The angular correlation, in this mixture, is given by the following expression : 


1 


Gia? 
i EE A Cre to 
a3 (cos p) Sie P(¥), (5-8) 
=1 
where 
Zvq O(y) _ Sq M(P) 
2 yn, 0(90°) Zn Mm) 
250 "4 
5.0 
+ 200 J 
2=(24""3) | } 
(igen Poet gore — 
4.0 : 
+ 150 
a= —(2—1 33) 
(v=34 7=4) cs Ps | 
= j 100 
st 3.0} 
34 — (2+ 3) | ! 
(v=3* 4=4) — 
~ | 
‘} 50 
p=(2—r 3) | 
ae = aT 2.0 =~12-/3) 
4 v=3-%=) / 
a ae ae Silty 
O°, 30° 607 90° -120° 150% 180° 
>¢ M, 
Fig. 7. Angular correlations of ele- 1.0} is eri a 
ctrons and protons in the cases ff 
Vik 
of linear combinations; S. fi 
with V., and T. with A. Bi 
These curves are normalized Bea. bes na 
at y=90°. The expressions 008 0.5%) 0 41,55 A210, 2.32 
of Sy O(y) and Say O(¢) Proton momentum (/*) in unit 7. 
are given by (5-9) and (5-14), =, 
respectively. Fig. 8. Proton momentum spectra ir- 


respective of the emitted angle 
in the cases of linear com- 
binations; S. with V., and T. 
with A. These curves are nor- 
malized at “=m. The ex- 
pressions of 34. A7(/’) and 
3g, M(/) ate given by (5-12) 
and (5-15), respectively, 
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(iib) 


(iii) 


(iv) 


‘ 
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Dh, Oe) = (Gee G21, Vs) = 2e,.7H, (5:9) 
and ., 
a= S| een F?p/VD")m(e—p,)- (5-10) 
Z 


These expressions correspond to (3-7) in § 3. 
We shall further give the proton spectrum in this mixture. It is given by 


the following expression ; 


a j dF Sy MF), (5-11) 
Dig: 
where 4 
eM) {eto (2ha—Ss) — 28 Sa (5-12) 
and 
hia, (°F? —m’) Fe em/(e—F?)?’. (5-13) 


These expressions correspond to (4:3) in § 4. S‘,oM (5-9) and S1, 7 (5-12) 
are, respectively, shown in Figs. 7 and 8 for two values of gy, i.e. 
Sp 2a >). 

In the case where T. and A. interactions are mixed, the expression /\”., is the 
same with (—JV,,). Therefore, we get the same beta-spectrum as (iia) : one 
has simply to substitute ¢,. by (—g.,). But the expressions for the angular 
correlation and the proton-spectrum are different. We find that 


Sy 2%9)={ a oeeel a = ay [ete +/,] + 2204 14} ) (5 : 14) 


and 
Sy, MF) {4 [47,—/,]+ ales tpt 2o a9. i} => (K3415) 


Diu P (5-14) and St, (5-15) are also respectively shown in Figs. 7 and 
8 for two values of g5,=—(2+~3). 
Before entering to the remaining mixtures, we give for comparison’s sake the 


Kurie plot for the pure P interaction. From (2-7), the desired expression is 
easily found : 


J Hal (P+ (e-fa)’— (20*(€=f,) /3-)}'""(@—p,)/m. (5-16) 


The Kurie plot of (5-16) is shown in Fig. 9a. One can see clearly that 
it disagrees with the experiment. 

Sps; and Sf,, are apparently of the smaller order of magnitude by the factor 
(77/M]) as compared with Sp’s for the allowed transition. Sp; given in 
Table II is still smaller, namely of the order of (/M)*. But these con- 


clusions are based on the assumption that the P. coupling constant G, is of the 


same order of magnitude as the other G’s. IE .it is assumed that G, has a 
suitable large value as that Gv; becomes comparable with the other G 


? 
yy 8; 
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these interference terms are sufficiently large so that they can be respectively used 
in the mixed theories consisting of two interactions, of P. and T. and of P. and A. 

‘iva) In the case of mixing the P. interaction with T., the expressions corresponding 
to (36) 50(5 7), (5-9) and (5-12) are as follows: 


7 St! ye — Pi) —p~ 2 Ae c 
Vee / alr og a 0 ’ 5- 7) 
mys (e—2,)°P (5°17) 
Zig iN( A) ee aE ed ACRE), 1 
fe - Rk Ps s(P + (e—p,) yy ) me 
pees 2 Se Vi eh of ee! J 26 =a 5-18 
V3 E35 mp, (e 2) ’ ( ) 
wl pata 1 2 2 
>I35 D (¢) =a {4 [4/,— T, | aiaeias ee V3 eo ® VE alr i} ’ (5 19) 
Se MP) =} 4. hl+e8 I} (5-20) 
where 
| a 
\ 
\ {Robson’s data 
3.0 


[ Robson’s data 


ATO onze) 


1.0 a le) 2.0 ay 1.0 iD) 7440) ae 
Electron energy (7) in unit 7. Electron energy (fo) in unit 7. 
Fig. 9a. Fig. 9b. 


Fig. 9. Kurie plots in the cases of linear combinations : Figs. 9a and 9b show plots for 
the combinations of T. with P. and A. with P., respectively. These se are 
normalized at “7o>=1.9m. The expressions of (WV55(/) [p?) 2, (2's5 Vp) /2") 2 and 
(245M (e)/2°)? are given by (5-16), (5-18) and (5-23), respectively, 
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y 
(‘pas [dps(F*0/ VD!) (2-22) @—t=F) [2mm (5-21) 
2 


(ivb) In the case of mixture of A. and P. interactions, the corresponding expressions 


are, 
Ns P= — ea OD)? ha) 
LOE Ceo Sere 2 Cre ES 
/= i {i+e8(s +(e—p,) 4 ) = 
2 gp we tate ee. 5-23 
ie sey a (5-23) 
S99) =] [2,,+h|+g¢el— Jota) = 1,—1n}} ’ (5-24) 
and 
SeMF)={4 hthltee lJ] Ah |}- 6-25) 


Curves for (5-17), (5:18), (5:22) and (5-23) are plotted in Figs. 5 
and 9. In Fig. 9 curves are drawn for rather large values of the para- 
meters g,, and ¢,,; namely, we have taken +(1/¥3) for both g’s. If we 
take smaller values for both g’s, the spectra resulting from these combinations 
approach the pure allowed one. We see in the figures that the observed data 
lie between the curve for the allowed spectrum and the curves with ¢,= 294, 
=+(1/¥3). This means that one will be able to account for the observed 
data by these mixtures if one takes the mixing ratios suitably. Here we will 
not enter to the precise determination of the mixing ratio, but give only the 
following remark. In the ordinary theory about the nuclear beta-decay processes, 
the first term arising from the P. interaction has been classified into the first 
forbidden transition and usually treated as a smaller effect compared with the 
allowed one. However, Petshek and Marshak,"” who studied the Ra spectrum, 
found that the first term of the expansion of the P. interaction including the 
coupling constant is about thirteen times as large as the first forbidden one of 
the T. interaction. This may mean that the effect of the P. interaction is 
larger than usually considered, though, of course, we can not draw any definite 
conclusion before we have more accurate knowledge about the magnitude of the 
nuclear matrix elements for Ka. If the effect of the P. interaction is actually 
not small, it may be possible that the shape of the spectrum at the low energy 
region is accounted for by our mixtures. 


Hitherto we have considered only the linear combinations of two interactions. The 


linear combinations of three or more invariants are, of course, not excluded, but the general 


wes | eee 
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only the freedom of the theory. Also, it is possible to assume that the coupling constant 
has an imaginary value.” In order to obtain further information about such possibilities, 
more cases of nuclear beta-decay processes must be observed and investigated, and therefore 
we will not discuss them now. However, there is one important case to be considered. 
It is a permissible linear combination of S., A. and P. interactions, which was introduced 
by Critchfield and Wigner according to a symmetry principle.” In this case, both the 
cross correction terms of A. and P. with S. interaction vanish, and, as the result, the 
beta-spectrum obtained is the same with the case (ivb), including only the S/,, terms. 
We will not, therefore, discuss this possibility in- detail, though the curve for the angular 
correlation may be different from what has been given above. Besides the Critchfield- 
Wigner combination, there is a special combination of V. and T. interactions, which was 
proposed by De Groot and Tolhoek’” according to their own symmetry principle. In this 
combination, the cross correction term is very small, so that this seems to be consistent, 
only when the experimental results confirm that the observed spectrum is actually in good 
agreement with the theoretical allowed spectrum. 

Our above discussion about the linear combinations of some interactions has been 
founded on the assumption that below 300 Kev. the data measured by Robson ate to be 
taken seriously. But Robson himself seems to believe that ‘in this region the known 
instrumental defects make the observed points imaccurate in their representation of true 
momentum spectrum ’”’ and that ‘‘ above 300 Kev. their distribution is consistent with what 
is to be expected for an allowed transition.” If the experimental Kurie plot is actually a 
straight line down to low energies indicating that the transition is allowed one, combina- 
tions (ii), i.e. the combinations of S. with V. and T. with A, must be excluded,” 
while the combinations, which was not discussed above, i.e. combinations of S. with T., 
S. with A., V. with T. and V. with A., are all permissible.* It is because in these 
combinations the terms of interference either vanish or are smaller than the original 
(diagonal) terms, as has been indicated in Table II. If the P. coupling constant G; 
is of the same order of magnitude in comparison with the other, for example with G,, 
G,a, is smaller than the other, e. g., G,%, and then the P. interaction does not give rise 
to any effect on the allowed transition so that any combinations including the P. interac- 
tion are all permissible. 

Further experimental data will have to be used to decide whether the interaction is 
a pure one or a linear combination and whether the interference terms are necessary or 
not, if the combination is to be taken. In the case of the neutron decay process, more 
accurate information will be supplied by the experiments on the proton spectrum as well 
as those on the angular correlation of electrons and protons, besides the information sup- 
plied by a more accurate observation of the beta-spectrum. 
feature of these combinations can be inferred by suitable consideration about the above 


discussed combinations of two interactions. Such combinations of many interactions increase 


* According to the symmetty principle postulated by De Groot and Tolhoek, two combinations of S, 
with T. and V. with A. are also excluded, 
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Non-Local Theory of Nucleon-Meson 
Field 


N.Shono 


Research Institute for Theoretical Physics, 
Hiroshima University, Takeharamachi, 


Hiroshima-ken 


June 10, 1952 


The pseudo-vector interaction of nucleons with 
paeudo-scalar mesons seems to be the most hopeful 
one in the theory of nucleon and z-meson system, 
but for this type of interactions the renormalization 
procedure cannot be applied in the present formalism 
of the theory and moreover the perturbation method 
cannot give a good approximation in high energy 
regions. When we attempt to remove the divergences 
by means of the renormalization method, we are 
obliged to introduce infinite number of counter interac- 
tions having successively higher order derivatives of 
field variables. The renormalized interactions thus 
obtained can be interpreted as non-local one!), while 
the theory of non-local interactions may be translated 
into the theory of non-local particles as we have con- 
jectured in the recent paper”). Now, we assume that 
both nucleons and p.s. mesons are non-local particles. 
Then we can show that the ‘-matrix is divergence-free 
and its perturbation expansion gives a good approxima- 
tion. 

We define the wave function Y for nucleons as 


follows : 
P(X —4, X) =Sap(X—4) 4, (4), 
P(X 4,4) =f (4)i3(X¥—%), (1) 
| [7u°9/Ox,+ fol (*) =0, 
[7° 0/Ox,— Molo (4) =0, 
arvy=20uv, (2) 
[P4-8/8(X—*)y +H (X—2) 
= (apy )'" O(X—-4), (3) 
Pfu 2v3=20,, |r, BJ=O (4) 


where € is a matrix which describes something about 
the inner structure of the nucleon. Owing to (4) 
both 7 and @ are 16—16 matrices, and accordingly 


Y has 16 components. We can verify the Lorentz- 
invariant property of this nucleon field. 

Representing the inner structure of the meson by 
a scalar function ¢(.r), the wave function @ is defined 
as follows : 


OP (X— 4x4) =C(X— 4) GP (x), (5) 
[3°/dx,°—x']6 (x) =0, 
[9°/0(X—2),—¥]!"-¢(X—2) 

=7(x7—2x°))"-04(X¥—4). (6) 


In defining the S-matrix, we require that (a) it 
is the unitary matrix and that (b) it must become 
the traditional S-matrix of the local theory in low 
enetgy regions. (In the low energy regions, #°¢ <p? 
(n> pmo) and 22¢ (x? (x>x9), one sees yp (7) dy8. 
O4(7) and ¢(7)—>64(7).) Moreover, we notice the 
fact that the pseudo-vector interaction 


amit joi) 4 
Se) (LX) (dv) (d) (ay) 
X 
[FP (X42) ryt (X—-4,2)- 
a0? (X—yy) /OXy| (7) 


may be considered as the local interaction containing 
higher order derivatives of the conventional local fields 


b(x), (x) and 64) (x). Then, taking the investi- 
gations of Matthews®) and Koba’) into account, we 
can define the S-matrix by 


soled ZY ff fea 


[aah delay] PC © \T Xn kate 


eeceee di Mas By, Vn In)) Y (3) 


The operators representing internal lines of nucleons 


and mesons are given by 
[f(az) @ (PG) x= 222), 


U4(X'—2',2!)) y= e(2—a') 
S@(2'—2), (9) 
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SO Fase Vac LS | Pte 
Sheet ‘= (20' > +0 


\ (p+ —1e) 


and 


| | (dy) (dy) PUG OO (N-39), 


F r FIND LET es 
oD) (X’—y J ) ) = ae 
dm ( y— Xx"), (10) 


eater Des, f 
ae e>+0 
vitae 


(i +”#—i€) 


an (2) = 


respectively, where the definitions of P and e(«) are 
the same as that of Koba’) 

Thus obtained .S matrix is entirely divergence-free, 
since the convergence condition for an arbitrary integral 
M(Len, £m) is given by 


= E+ £,,+2n—4 = 1, 
2 


(4, = in pa) (11) 


When the wave agar of a Rentios participating 
in an arbitrary phenomenon is 4, we can show the 
following relation 


See) S| in ok a 
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in high energy regions. Accordingly the perturbation- 
expansion method of the S-matrix gives a sufficiently 


good approximation. 

The detailed account will be published in the 
later issue of this journal. I wish to express my 
sincere thanks to Prof. Y. Mimura for lis kind in- 
terest in this work, and also to Prof. K. Sakuma, 
Mr. T. Ouchi and Mr. Y. Miyachi for their useful 


discussions. 
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The Transition Effect of the 


Siar Production 
H. Komori 


Institute of Theoretical Physics, Nagoya University 


June 17, 1952 


The fraquency of cosmic ray stars produced under 
various thickness of absorber has been given by 
several authors'-4). The observed transition curve!) 
has a maximum near 1.2cm Pb thickness and its 
magnitude is jarger than that at 0 cm thickness by 
about 3022. 

Most part of the stars may be produced by the 
nucleon component in cosmic rays, whose frequency 
decreases gradually with the thickness of absorber 
according to its relatively long mean free path (—310 
g/om* for Pb). Therefore, the components, which 
give the maximum of transition curve under the thin 
absorber, may be considered to de different from the 
nucleon component. As is easily seen, one of them 
seems to be the photon component, while the slow 
proton, which is relatively abundant in the high 
altitude, and the backward scattering of nucleon in the 
absorber would also play some role. These three effects 
have been treated in this note. 

(I) The effect of photons : 

Schopper et al.!) have already pointed out the con- 
tribution of the photon fer the star production. Some 
remarks should be given for the value of the cross 
section of the star production by the phcton. Most 
part of the cascade photons which give the maximum 
intensity near lcm Pb belongs to rather low energy 
region (<100 Mev), where it is impossible for 
photons to produce the z-meson in the nuclear in- 
teraction. From such view-point, the author*) has 
estimated the effect of photons for the star production, 
according to the dipole interaction”) of the photon 
with the nucleus, and found that its contribution is 
small by a factor in order to explain the observed 
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maximum. However, it has been pointed out") that 
the virtual z-m2son’s efect in nucleus (exchange effect) 
is considerable even in the energy below the thre- 
shold for the z-meson production. The result taken 
account of this efect is presented in Fig. 1 and the 
agreement with the experiment is successful, though 
the Rossi-Greisen’s shower theory has been used’). 
Therefore, we have concluded that the maximum near 
~lcm Pb of the transition curve of the star produc. 
tion is almost due to the cascade photons. 


I 
—— : Nucleon Component 


Photon Component 


\ we ees 


Phcton Comp. with 


Jonization Loss 


— Star Frequency% 


0 30 


—>cm Pb 


Fig. i. The relative number of the cosmic ray 
stars vs the thickness of lead. 
©: Schopper et al. 
Av: Bernardini et al. 
L]: George and Jason. 


(2) The effect of slow protons : 

The slow proton incident on the absorber may 
be partly stopped by its ionization loss before a 
nuclear interaction occurs and its contribution to the 
star production may be concentrated on the thin 
absorber. If one know the incident proton spectrum 
in low energies, one can calculate this contribution. 
Let V(f;) be the momentum spectrum of proton 
derived from the data of Mylroi-Wilson®, where the 
incident momentum /; is related to the momentum 
py at the thickness + of the absorber as f4=fi(/s, 
w). The average prong number<7 (f/f) >of the 
star struck by the proton with momentum // is 
calculated from the data of Camerini et al). Assum- 
ing the Poisson’s distribution, we obtain the pro- 
bability S( pyr, 2) of 2 prong numbers emitted by 
a proton (momentum /f) when it collides with the 
nuclei. The frequency /(, x) of pronged stars 
at the thickness « is given by, 


La aa) = iv Ail Pp) ]- 


= a) 
SD; 2) OP s dp, a (star). 
Op; 

We have neglected the secondary nuclear effects, 
because we are only interested in the low energy 
proton. >\/(7, «) is presented in Fig. 1. The 


n>2 
slow proton makes the decrease of frequency less 
steep in the small thickness and this situation may 
not be changed under other absorbers, since the 
coefficient of ionization loss of them does not widely 
differ from that of lead in low energies. 

(3) The effect of backward scattering : 

In the star production, the high energy nucleon 
may produce the secondary nuclear components which 
are also capable to cause the star. The secondaries 
scattered backwards contribute to the star formation 
in the thin absorber. On account of the scarcity of 
detailed knowledge, we only give some crude estima- 
tion of this effect. Assuming one dimensional treat- 
ment, we take forward and backward scattering fraction 
as @ and 4 respectively, and the mean free path of 
the nuclear collision as 1/4. Then the star production 


at x is given by, 
al’ exp{ —A(x—1’) fexp(—42’) dx’ 
0 
+ ay "exp! —A(a'—x) hexp(—Ax') av’, 


where the tertiary effect is neglected. Using the data 
of Bernardini et al. for @ and 4, the maximum 
appears at the thickness of about 11cm Pb, where 
the increase of the frequency amounts to about 17%. 
However, because of our crude treatment, the obtained 
result should be thought as qualitative. 

In this note, we have mainly analysed the first 
maximum of the transition curve. The second maxi- 
mum (at near 20cm Pb) may be considered as the 
secondary nuclear effects which are responsible for the 
second maximum of the penetrating shower. 

The author would like to express his gratitude 
to Prof. S. Sakata for his interest in this work and 
to Mr. S. Ogawa for his valuable discussions. He 
is also indebted to the Yukawa Yomiuri Fellowship 
for the financial aid. 
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The Asymptotic Expression for the 
Structure Function of 


Interacting Particles 
H. Matsuda 
Department of Physics, Kyoto University 


June 22, 1952 


It is desirable that we calculate the structure func- 
tion of interacting particles without using any approxi- 
mation except the fact that the number of) particles 
is extremely large. 

Denoting by 2y(/,) the volume of the set of 
points the potential energy corresponding to which is 
less than /y in the configurational space of /V 
particles, the problem to find the asymptotic expression 
of Qy(£y) as V-co can be partly solved as follows. 

We assume that 


t=N j=N-1 


pos Os 


a (144) 
i>j j=l 


where 7(7;j) is the potential energy of the pair of 
particles ¢ and / as a function of their distance apart 
Fids 

U(rs5;)=0 for My 27 
and _ for Vig <0 


either Case (1) 


|a(%3)| <A for O=7%, <7iys 
or Case (II) 
eG A for 


Fed ay <4) 


u(r) oo for ay IH, 
where , 7, and are constants. 
Writing 


2y(4,) =e (v) Fy(Z,) 


where w is the volume of the container and g(v) is 
the volume of the cofigurational space accessible by 
the system (in the case (1) g=v), My(#p) may 
be interpreted as the distribution function of “,, and 
our problem reduces to that of the theory of pro- 
bability. 

Introducing the new variable yy=/',/"“ WV and 
suitably changing the origin of the energy, we find 
that the every moment of yy whose distribution 
function is Gy(yw) = y(/p) tends to that of the 
Gaussian distribution as V->0 fixing the density 
p=MVu. 

It can be proved that the Taylor expansion of 
the characteristc function of Gy(yy) converges uni- 
formly with respect to /V for fixed p. Accordingly, 
the characteristic function of Gy(yy) tends to that 
of Gauss, which results in 


Fy (E})=1/V22Np, X 


Ep —27nN4 ro (rear 
(or exp” (24/ Np) ds 


—o 


where 


co 
Po=2 a a (1) 9dr. 


vo 


This is rigorous so long as >» is arbitrarily 
fixed as V->co. But if we want to make use of 
this to the statistical mechanics (for example, the 
expression for entropy), “p must be increased pro- 
portionally to VV. This fact seems to make the direct 
application of this result to the statistical mechanics 
in the lower temperature range very doubtful. Under 
the assumption (I) however, it is found that our 
method gives the correct value to the free energy in 
the limit V p /AZ'->0, which may be compared with 
the well-known Mayer’s theory of imperfect gas where 
the contribution from higher irreducible integrals 
becomes zero in the limit o/47-0. 
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Radiative Correction to 8-Decay 


Matrix Element 


S. Kamefuchi 


Institute of Theoretical Physics, 
Nagoya University 


June 26, 1952 


Recently, the problem of field correction to the 
B decay matrix element has been discussed by several 
authors.?) As is well known, the renormalization 
theory is applicable for theories with 1st kind interac- 
tions only, but it is no more so for those with 2nd 
kind interactions.*) Hence, for the Fermi type interac- 
tion, belonging to the latter, there appears the infinite 
number of divergences, being not renormalizable.%)#) 
The electromagnetic or meson fields, however, can 
interact with spinor fields via the 1st kind interaction 
and so there arises the question whether the diver- 
gences are renormalizable or not, which appear in 
the higher order corrections to the Fermi-type interac- 
tion. The radiative correction was alreadly discussed 
by. Nakano et al). in the lowest order approximation, 
but here we shall consider it more generally, (higher 
order corrections). The answer is in the affimative. 


The interaction is 
H=H,+f,, 
f= Lisi? (x) 9 (x) (BL) 2 (4) 
x PY (x) + conj., (1) 
H,= —icA, (¥ (x) F/F () 
—$(a)ru(4)), 


where the notations are the same as in reference 1 
and subscript 7 indicates the coupling type. 

As mentioned above, our considerations are con- 
fined to the S matrix element with four external 
fermion lines of the order ge?”.-In general, an 
irreducible graph is divergent, which satisfies the 
following condition 


3/29 EP Ee San <3, (2) 


where “y+ and /, are numbers of external lines of 
fermion and boson respectively, and , the number 
of vertices due to the interaction 47, with the charac- 
teristic constant A"). In our case, the left hand 
side becomes 4 because “s=4, £,=0, A,=—2, 
Ay=0 and 2,=1. Thus, the order of divergence is 
logarithmic. Suppose that in a given reducible graph 
all the internal divergences, separated by the usual 
prescription, have already been removed. From the 
familiar arguments in renormalization theory the order 
of divergence of the final integration for this graph 


is again logarithmic. Its matrix element is written 
in the form 


M= dg, 0 (x)G (x) (BB); 


F(a) b(4)¥ (x) +conj., (3) 


where /is a Lorentz scalar. The divergent part 7/1; , 
of / is merely a constant (matrix) which does not 
involve the derivatives operating on ¢ or V, for the 
order of divergence is logarithmic. Hence, /%,;, is 
to be of the form 


Das = UG; (BB) ,, (4) 


where G’j’s are divergent constants. Insertion of (4) 
in (3) gives the diverging part 7j;, of AZ: 


Main = 39:9 (x) 9) (BB), 
DOE. Seah ee 
where q; is given by 
Se.(PB).G,(BB) = Vg(PH),. (6) 


Since each term in (5) is of the same form as the 
term of the primary interaction //,, we can remove 
these divergences either by renormalizing the coupling 
constants ¢;’s or by subtracting them by means of 
counter terms with divergent coupling constants. 

As the divergences coming from f vertex can be 
removed in this way and those arising from internal 
lines and electromagnetics can be renormalized in 
the same way as in quantum electrodynamics,>) we 
can conclude in general that all the divergences are 
completely removed by the method of renormalization. 

Nakano et al). have shown in the lowest order 
a possibility that without use of renormalization 
divergent terms 47;;, are compensated by appro- 
priately choosing the coupling constants eys of pri- 
mary interaction //;. After some calculation of 
sedinions, we have obtained the necessary and sufficient 
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condition for such compensation to be possible. While 
the lowest order result satisfies this condition, it seems 
almost improbable that this condition holds in each 
order of approximation. Furthermore, even if it holds 
a single set of values of g;’s may be impossible to 
compensate the divergent terms in every order. 

It is an interesting fact that as far as the specific 
matrix elements are concerned, the divergences are 
removed by renormalization even if the 2nd kind 
interactions are participating. It may also be of some 
interest to make further investigation as to the effect 
of extracted finite parts of radiative corrections on 
selection rules and energy spectra. 

The author expresses his thanks to Prof. S. Sakata 
and Mr. H. Umezawa for their kind interest and 


valuable discussions. 
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The State of Solid Methane as in- 
ferred from Nuclear Magnetic 
Resonance 


K. Tomita 


Department of Physics, Faculty of Science, 
University of Kyoto, 


June 28, 1952 


Proton magnetic resonance data") in solid methane 
were analyzed by using the one parameter theory”) 
and the perturbation method. Assuming a single 
molecule as a unit of reorientation we obtained from 
the spin-lattice relaxation time the result shown in Fig. 
1, where log,) t- is plotted against reciprocal tem 
perature. t, decreases with increasing temperature and 
rather sudden alterations of the dominant mechanism for 
spin-lattice relaxation exist at about 20° (/-transition), 
65°K (anomaly not yet detected by thermal measure- 
ments)and 90° A (melting point). The linear character 
revealed in the plot suggests that the dominant me- 
chanism above 20° A is a thermal jumping or tunnelling 
over some fixed pass, the height of which is estimated 


a7 
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Fig. 1 Characteristic time t, determined from spin-lattice 


relaxation. logio Tt. is plotted against reciprocal 
temperature. 


Letters to the Editor 139 


from the plot as 68 cal/mole~ or 20< 7<65° K and 
1380 cal/mole for 65< 7<90° A. “A tentative picture 
we have in mind is as follows. Molecules rotate 
correlatedly and in gear with each other below 65°A3 
while above 65° A” they rotate more freely and inde- 
pendently and collide with each other less frequently 
but more violently than in the former case. Below 
20°A" tr. seems almost independent of temperature, 
which suggests that each molecule is confined to its 
lowest group of levels, the width of which is small 
compared with £7. However, transition may occur 
inside this lowest group which corresponds toa tunnell. 
ing or flopping of each molecule among a number 
of equivalent potential minima. This is the reason 
why we have t,-~1077 sec instead of r.—20 (as 
expected in the rigid lattice). Another support of 
this idea is given by the fact that the observed line 
width is only about one half that of a fixed molecule. 

Spin spin relaxation time is estimated by taking 
the adiabatic second moment of the absorption line, 
and is given by ( 72’)-1=[3K, 2-1! tan-\(2zv,,7-)] 1/2, 
where y,, is the maximum frequency of the molecular 
modes of motion which contribute to the observable 
local field. Two cases should be discriminated con. 
cerning v,,, possibly in relation to the observing fre- 
quency. (1) When r, is long, the quasi-static or 
kinematical picture is observed. Local field due to 
magnetic interactions causes an adiabatic accerelation 
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Fig. 2. 
Half-value width 4441/2 calculated from spin-lactice 
relaxation. (The open circles and the broken line re- 
present the values calculated under the assumption 
of a quasi-static local field. The closed circles and 


or decerelation of the main precession, which should 
be detected as a shift or width of the resonance line. 
However, the effect of those modes which are higher 
than the applied frequency vp is averged out over 
one cycle of the radiofrequency and cannot be detect- 
ed. In this case we should take y,,—= /-v9. Assum- 
ing 2=0.162, the line width is fairly reproduced when 
7<50°K including its local characteristics (2) When 
te becomes short, however, marked discrepancy 
appears between the kinematical picture and the 
observation (at about 50°, where there is no 
anomaly in t.). We can include this case too in 
the one parameter theory if we adopt a cooperative 
or correlated limit for y,,, the procedure of Bloem- 
bergen e¢ a/. being one such example. Empirically we 
may take y,,=e/(Z9/)”. A good reproduction of 
the line width is obtained if we take e=0.184 and 
72=1.44 above 50°X. This set of values is satisfactory 
over two regions for which the dominant mechanisms 
of relaxation are different. (Fig. 2) 

Finally the method of perturbation was applied 
to calculate the entire shape of the absorption line 
below 20°A. Assuming F 43m arrangement of 
molecules (which is supported by the entropy consi- 
deration®) and taking account of the spin-rotational 
selective combination, we obtained the results shown 
ie igen 3, which is in close agreement with the ex- 
perimental data observed*) at 1.9°A and 4.2°A~ Also 


a 0 1 


the full line represent the values calculated under the 
assumbtion of a dynamic local field. ’s represent 
the observed values.) 


Fig. 3. Line shape in solid methane calculated by the per- 

turbation theory. (x’s represent the observed values at 

4.2°K;, and ©’s represent the observed values at 1.9° A. 
The scale unit is 7.472 gauss.) 
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this result confirms our picture which is stated above. 
A similar analysis can be applied to the case of solid 
hydrogen.®) The details will be published soon. 
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An Interpretation of the Meso-disinte- 
gration of the Deuteron in Termis 
of the Strong Coupling Meson 
Theory 


S. Matsuyama and H. Miyazawa 
Departm-nt of Physics, University of Tokvo 


July 7, 1952 


The experiments by Durbin et al.) of the absorp- 
tion of positive pions by deuterons reveald the predo- 
minantly cos?@ angular distribution of protons and 
the rapid increase of total cross section with incident 
energy. Both of these facts are in definite disagree- 
ment with calculations based on the weak coupling 
approximation”), which yields the isotropic angular 
distribution and decrease of the cross section with 
energy. Chew et al.) proposed a mechanism to 
acconnt for the correct angular distribution, yet 
they were unable to account for the steep energy 
dependence of the cross section). 

In this letter we shall briefly describe the results 
obtained from the pseudoscalar meson theory with 
strong coupling. The strong coupling theoretical 
treatment for two-nucleon syst2m was carried out in 
the adiabatic approximation. The derived hamiltonian 
consists of, asides the kinetic energies of two-nucleons 
and free meson energy, the nuclear potential as well 
as the isobar energies and interactions with unbound 
mesons of each nuclzon. The latter two are little 
modified (by the order of (a/r)%, where a and 
means the cut-of radius and the relative distance) 


by the prssence of another nucleon in its neighbout. 
The interaction /” of nucleon with unbound mesons 


can be written as 
= COS 
= Ses 


Y 
where q means the meson momentum and S denotes 
the operator concerning spin and isotopic spin variables. 
An essential point in our discussion is that -S has 


the following selection rule : 
d= +1, 


where 7 denotes the spin of the nucleon. This means 
that an ordinary nucleon (j=1/2) must necessarily 
be excited to an isobar (73/2) when it absorbs a 
meson, This has the consequence that the possible 
lowest order process in the z-deuteron absorption is 
the second order one, being a transition of one of 
the constituent nucleons to its isobar state by absorbing 
the meson, followed by the scattering by nuclear po- 
tential to ordinary two proton state. As we shall see, 
this second order process provides the correct angular 
and energy dependence of the cross section. 

We shall denote the total angular momentum, 
orbital angnlar momentum, spin, and isotopic spin of 
the two nucleon system by _/, Z, J and 7, respectively. 
For small meson energies we may replace exp (‘qa’) 
in /” by unity. In this approximation, 2=0 in the 
intermediate state if the initial deuteron is assumed to 
be in °S state. S and 7 are either 1 or 2 in the 
intermediate state and_/=.S=1 or 2. The two proton 
State can bes, 27, 1D 2 , but from conservation 
of angular momentum and parity, we obtain the foliow- 
ing tabie of the transition scheme: 


fa 
initial 1 0 I 1) 
intermediate 2 0 2 1 
final 2 2 0 1 


The final state is thus mainly 17, if the deuteron is 
3S. This yields, if appropriately summed and averag- 
ed over spin state, the 3 cos?®+1 angular distribu- 
tion which is in reasonable agreement with obszrva- 
tion. Although Durbin et al.) obtained the 5 cos?@ 
+1 instead, the small differences in the coefficicnt 
can easily be explained, if the interference of 12 with 
\S, which is expected to exist in the final state, is 
taken into account. 

For the evaluation of the cress section, we need 
an explicit form of the nuclear potential U(7), -ut 
the observed increase of cross section can ke accounted 
for in this case, partly because of the energy deno- 
minator 1/(2)—LZine) (4o~280 Mev means the 
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isobar energy), and partly because our process is a 
second order one, which do2s not require the high 
momentum Fourier amplitude of the deuteron to go 
to final state. Since the U(7) derived from strong 
coupling meson theory®) suffers from the 1/7° difficulty 
we have here calculated for the case of less singular 
potentials, namely 


U(r) =-(Seter) —+(ee)) = 
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‘+ central forces. (”7=1,2) 


With the simple nuclear wave functions, the second 
order perturbation calculation is straightforward. The 
results are drawn in Fig. 1. The coupling constants 
are adapted by the z-p scattering experiments. 

Thus we see that isobar hypothesis furnishes a 
reasonable understanding for the meso-disintegration 
of the deuteron. Detailed account will be published 
later. 


20 


60 Mev. 


Fig. 1. Total cross section as a function of incident meson energy. 
Full line for 1, dashed line for 7=2. 
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Errata 
On a Relativistic Integral Equation for Bound States 
Chushiro HAYASHI and Yasuo MUNAKATA 
(Prog. Theor. Phys. 7 (1952), 481) 


p- 490, 18 line, for g,=2MyCy read Lo=—2ML>o 
p. 495, last line, for {(a,2?,—10/dx,°—m;} read {(as?,—10/0%,)°—mez } 
p- 498, last line, for (w,— 7p) read (Ws—Mg). 
WimM _ 21WmeM 
p- 500, last line, for — ae read wy. es : 
p:e202, 16 line, for \arex read Sj\at! dr r’. 
18 line, for |. far >! vead \fSdt ar’ r' 
: ; MW iM 
3503,,-8 lines peewee os yéag 2S 
p ine, /07 Py ¢ ie 
p. 509, 15. line, for /2j7-+-1, read /(2j+1),. 
18 line, for —z, (III)’ read —Jz,(III)’. 
18 line, for /27+1, read /(27+1),. 
il 1 
- 510, 12 line, for =——___—_ Vlad. = — 
A ; 2p( W°+p") 2P(W?+7") 
Pp: Silla, Eq. (ey, 5) > Jor OE KK ae aes read Mahala Chae? R47 | WR) . 


Errata 
On the Well-ordred S-matrix 

Shoichi HORI (Prog. Theor. Phys. 7 (1952), 578) 
p. 579, line 14, for Hamilian read Hamiltonian 
pe Sol iiner 12, for resyectively read respectively 
p- 582, 10 lines from bottom, Jor p. 804 read p. 581 
p- 583, 7 lines from botton, for:+-S{a,b,0| and. between-- 

- read---between S[2,,0] and-- 

p- 584, 5. lines fram bottom, the number of the Eq. is (29). 


footnote, for Eq. (26) yead Fig. (29), 


ve Ae eee 


143 


Progress. of Theoretical Physics, Vol. 8, No. 2, August 1952 


On the Formulation of Quantum Mechanics associated 
with Classical Pictures* 


Takehiko TAKABAYASI 
Physical Institute, Nagoya University 


(Received May 25, 1952) 


By re-expressing the generalized Schrédinger equation in its coordinate representation in terms of 
amplitude and phase of the state vector, a quantum-mechanical change of a system can be made to 
correspond to an ensemble of classical motions of the system to which is added some internal potential. 
This ensemble may be taken as the statistical. This enables an alternative formulation of quantum 
mechanics with which is associated that classical picture. Such a formulation leads, however, if developed 
straightforwardly according to the picture, to a theoretical scheme quite different from that. of ordinary 
quantum mechanics concerning the problems other than the equation of motion. Furthermore, this 
formulation is not applicable to Fermions when spin, or exclusion principle is taken into account. 
Bohm’s recent renewed form of the statistical interpretation of quantum mechanics. referring to this 
formulation is criticized in several points. On this formulation we can construct a singular ensemble 
which is shown to correspond to the tranformation kernel of the wave function to infinitesimally later 
instant, and thus a connection between this formulation and that of Feynman’s is taken out. Hydro- 
dynamical picture formally equivalent to the statistical picture in one-body problems is also considered, 
and from such analogy certain formal generalization of Schrédinger equation is suggested. 


$1. Introduction and summary 


As is well known we have various different approaches to quantum mechanics, especially 
the matrix mechanics of Heisenberg, the wave mechanics of Schrodinger, and the space- 
time approach of Feynman.” The purpose of this paper is to explain and to examine 
another possible approach to quantum mechanics which has the feature of being associated 
with certain classical pictures**, and also in this connection to criticize Bohm’s recent 


? 


work”. 
This formulation describes a quantum-mechanical motion of a system by an ensemble 


of its classical motions, which are referred to single Hamilton-Jacobi function, and which 
are modified by certain extra potential determined by the density distribution of the ensemble. 

This formulation corresponds to the generalization of what was early suggested by de 
Broglie” from the transformed expression of the usual Schrodinger wave equation in terms 


of amplitude and_ phase of the wave function. 


* Preliminary report was published in ‘ Kisokagaku’ No. 29 ( 1952), 30, under the title “ The Statistical 


Picture, the Hydrodynamical Picture ahd Quantum Mechanics.” 
** Also the wave formulation of Schrédinger may be pictured as the classical matter field, and when one 


proceeds on such picture, difficulties in interpretation are~produced in like manner as in our case. 


he T. Takabayasi 


Unfortunately this formulation leads to the following meets sea ee: ox 
it is of such: character that the v/erpretation on the basis of the classical picture eee 
in the formulation itself contains certain difficulties. We may ea regard the ensemble 
stated above as a statistical one, yet such statistical interpretation an terms of see Ge 
field involves conceptual difficulties concerning the probability concept itself, or the discrimina- 
tion of pure state and Gemisch. | : 

Secondly, this formulation, further developed properly oS! straightforwardly scoetiny 
to such picture, implies a theoretical scheme considerably different ek that of ordinary 
quantum mechanics as to the problems other than the equation of motion. For instance, 
the probability distributions of various physical quantities are interrelated in different manner ; 
and further, in order to copy the regularity conditions on the wave function, the picture 
must be subject. to some ad hoc postulates analogous to the quantum condition in old 
guantum theory. . , 

Nevertheless, Bohm” has recently, on the basis of such picture, attempted a renewed 
statistical interpretation for quantum mechanics. Roughly speaking, his method to avoid 
these difficulties is to combine and to compromise this formulation with the usual formu- 
lation and also this (statistical) interpretation with the usual interpretation. 

To avoid the first difficulties, he imparted to ‘the wave function twofold meanings 
of objectively real fii? and of probability (amplitude), but this interpretation seems to 
transfer the difficulties into the nature of this field. 

To avoid the second difficulties, Bohm, though standing upon this picture, regarded 
the variables of classical orbital motions constituting this picture as /idden, while he 
combined a theory of measurement (which defines the procedure to reproduce observational 
facts), essentially identical with that of the ordinary interpretation of quantum mechanics. 
He thus utilized a twofold system of measured values and hidden values for physical 
quantities, in like manner as he gave the wave function twofold meanings. In this way 
he was able to manage the statistical interpretation, though in somewhat unnatural manner, 
so as to lead to the same physical results as in the ordinary interpretation. 

Such consequences, inversely speaking, mean that this interpretation as it is brings to 
quantum mechanics no essentially new functions. His attempts to lead the theory so as 
to restore some classical picture seem to us in contrary to the probable lines of develop- 
ments of theory. The idea of hidden variables may be rather interesting in some sense, 
nevertheless they might not necessarily be representatives of classical concepts such as taken 
up by Bohm. 

In fact, starting from the Einstein’s view for the interpretation of quantum mechanics 
(with sufficient flexibility), he purposely introduced the hidden variables. His general method- 
ological viewpoint set forth in his paper seems rational and interesting. His intent, however, 
seems not to have been fully incorporated in the procedure taken by him. He has inquired 


into the possibility to bring back a “ precisely defined conceptual model renounced in the- 


usual interpretation of quantum mechanics.” Here he has remarked that the ‘ model’ 


need not be restricted to pictures, and yet what he actually introduced was a picture of 


classical character. He has intended to provide “a broader conceptual framework than 


. 
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usual interpretation,” but the method actually taken by him would, on the other hand, 
Formally restrict the further developments of quantum mechanics, because his method 
implies to base the interpretation of quantum mechanics on the ensemble formulation, 
whose applicability is, however, rather limited, depending on the formal possibility to 
transform quantum-mechanical equation of motion into some classical equation of motion. 

This formulation is essentially based on the procedure to transform the equation of 
motion for state vector in its ‘ coordinate representation’ into the form expressing an en- 
semble of corresponding classical motions. This means, in the first place, that the picture 
is produced by fivzmg quantum-mechanical change of state in its particular representation 
in terms of a classical picture not reflecting the invariance property under unitary transfor- 
mation of quantum mechanics. For this reason the picture has led, as already mentioned, 
to a theoretical scheme considerably different from that of the ordinary quantum mechanics. 

Secondly, the above-mentioned nature of the procedure implies that the range of 
applicability of the formulation is limited in some measure, for in order the procedure to be 
feasible there must exist the ‘ coordinate representation ’ which makes the system’s Hamiltonian 
expressible as a differential operator. Accordingly, e.g., the freedom of spin of electron 
as particle cannot conveniently be reproduced in ‘this picture, since spin has no conjugate 
coordinates. Electron as quantum field cannot also be represented in this picture, because 
in conformity with the exclusion principle there exist no coordinates satisfying ordinary 
commutation relation. The failures are basicaly due to the lack of classical counterparts 
for them in contrast to the case of electromagnetic field, to which such a picture is applic- 
able. In general this formulation is applicable to Bosons but not to Fermions. 

Thus it follows that the coherent application of Bohm’s new statistical interpretation 
for quantum mechanics fails, together with the ensemble formulation, for Fermions, when 
one takes into account spin, or exclusion principle, more generally that the advanced 
stage of quantum mechanics may not perfectly be traced in the viewpoint which attempts 
to hold such pictures as something essevtial. 

Conclusively, we can surely regard our formulation of quantum mechanics as a possible 
one in its limited range of applicability; but we should not take the picture associat- - 
ed with this formulation (i.e., classically defined motion and extra potential) as literally 
real, nor. take it as so essential; instead, we should rather consider it as a mecdtilie ee 
derive, through this formulation, the more essential quantum-mechamical change of state, 
in a rather similar sense to the path picture in Feynman’s formulation. In general one should 
carefully distinguish the formulation and the zzierpretation thereof. Thus in sera 
the difficulties in its interpretation, one must be able to treat various problems (equation 
of motion and stationary state problems) on this fotmulation with no hesitation in 
utilizing the picture. ; 

For example, on this formulation we can construct oe pngols cnesedile of pe 
| trajectories flowing out from a fixed space-time point with any velocity were is 
anner to correspond to the transformation kernel of the wave function 


classica 
shown ina direct m ae ee 
to infinitesimally later instant. This means the Huygens’ principle, and thereby a 


. . 3 i Yor i uantum 
connection between this formulation and the Feynman’s (of non relativistic q 1 
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mechanics) is taken out. 

This formulation is of course also useful in clarifying certain aspect of the 
correspondence-theoretical relations between classical theory and quantum mechanics”. 

This formulation may also be understood in a hydrodynamical picture for one-particle 
problems. We can thus describe a quantum-mechanical motion of a particle with an 
irrotational flow of compressible perfect fluid for case of no magnetic field, and with a 
rotational flow of certain type when magnetic field present. This picture should again 
be taken as one in the stage prior to quantum-mechanical concepts. We may however 
suggest by the help of analogy on these pictures certain formal generalization of Schrodinger 
equation. 

In this connection we also briefly consider the application of formally identical sub- 
stitution in terms of amplitude and phase to the wave function regarded not as the state 
vector but as the complex field variable. Quantization of ‘Schrodinger field in this trans- 
form according to Bose statistics may suggest its connection to the He II problem. On 
the other hand we can picture in some degree the electronic spin by a two-fluid model 
which is much analogous to the two-fluid theory for He II. 


§ 2. The picture of an ensemble of trajectories 


Schrédinger’s wave equation in cartesian coordinates for one spinless particle with 


Hamiltonian /7(a, p): 
h ov z 
a2 +H(«, ae b=0, 2-1 
tC e0t 2 ) ; ( ) 
can be re-expressed in terms of two real functions R aad S meaning amplitude and phase 


of the wave function ¢ respectively, defined by 


p= Res, (2-2) 
in the form 
re) 


(pgs) +(e FP +75)} R=o. eee 


Taking real and imaginary parts of this equation, we obtain simultaneous equations : 


Sa AR 

Se ae 7S) = 
Saige +H (a,VS) =0; (2:4) 

P+div(P[L,H |pars) =0, (255) 


where == K* is the probability density. 

Now we can reinterpret (‘umdeuten’) this non-linearized and unsymmetrized form 
of equation as follows: In the classical limit #0, Eq. (2-4) exactly agrees with the 
classical Hamilton-Jacobi equation of the system; moreover, even if %2<0, its difference 
from the latter is merely the fact that it involves an extra term 


i ear 
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V'(e)=— a 4dR Gy i eS Eek (VP)? 


a P eet ese P22 


2m R 4m = V'| Po) |. (2-6) 


This term, which originates from the kinetic energy term p°/(272) of the Hamiltonian in 
(2-1), can be transferred to the potential energy part |’(ac) of //(x”,VS) in (2-4); that 
is, we regard the particle as subject to this ‘ quantum-theoretical potential’ V7’ (a), as 
well as the external potential V(a). Then Eq. (2-4) is regarded as the classical 


Hamilton-Jacobi equation under these forces, and 


[Pp \avs=U (aH, 2) (2:7) 
is the velocity which a particle shall take if it reaches the point «# at time 4, moving 
along one of trajectories derivable from this Hamilton-Jacobi function S. Further, Eq. 
(2-5), which may now be written as 


P+div(Pv) =0, (2-8) 


means the equation of continuity, regarding P as the density of these moving particles. 


Thus we have obtained certain formal egz?valence between the picture of wave and 


‘that of an ensemble of trajectories; more precisely, the Schrédinger’s wave motion 


exactly corresponds to an ensemble of classical orbital motions referred to single Hamilton- 
Jacobi function under the action of certain extra potential determined by the density dis- 
tribution of the ensemble. Inversely speaking, if we transfer ourselves from the initial 
picture of single classical trajectory to that of an ensemble of trajectories derivable from_ 
one Hamilton-Jacobi function, only introducing some ‘ substantial element’, viz., a sort of 
internal force, but retaining general classical concepts, then we can immediately reach an 
equivalent of quantum-mechanical change of state.. Such circumstances mean another possible - 
approach to quantum mechanics, and suggest the possibility of an alternative formulation 
of the latter, associated with such classical picture. 

The above correspondence, however, does not immediately mean that the formulation 
based on the picture of an ensemble of trajectories should be able to reproduce the impli- 
cation of quantum mechanics perfectly ; this point will be investigated in some detail in 
§ 5 andthe following. 

It is evident, however, from the way of its derivation that such formulation is inti- 
mately connected with the Schrédinger equation, which is a particular representation of 
quantum-mechanical equation of motion, expressed in ‘ Schrodinger representation > which 
makes the particle coordinate # diagonal*. We shall explain why it must be so in § 11, 
but such a situation implies that this formulation does not reflect the characteristic feature 


of quantum mechanics, the invariance under unitary transformation. 


* It is to be noted that the Schrédinger equation, though in usual is understood further in ‘ Schrodinger 
picture’ (i.e. the frame where dynamical quantities are fixed and state vectors change), also is understandable 
in ‘ Heisenberg picture.’ Here the state vector ¢ is fixed and the particle position @ (or any dynamical quantity ) 
as a gnumber moves, accompanied by the motions of the eigenvectors for this quantity (denoted as ¢xr(t)); 
causing the change of the representative of ¢ in this moving frame of dxr(t)’s. This is what the Schrédinger 
equation describes. Thus our formulation is not necessarily connected only with the ‘Schrédinger picture.’ 
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Also it is to be noted that for the same reason our method enables us to reveal the 
correspondence between classical theory and quantum mechanics only in its one specialized 
aspect. 

In the picture indicated in this new formulation, influences of quantum mechanics 
are visualized as, and concentrated into, the ‘ dlurring’ of the classical trajectory and 
the appearance of the * quantum-theoretical potential’ which is of such peculiar type as 
often diverging in the region where K-—>0; thus diffusions of wave packets, interference 
effects, tunnel effects, etc. may be interpreted in terms of this force. 

When particular distributions satisfying /(4R/R)=0 are allowable, the extra force 
vanishes and the picture of an ensemble of. purely classical trajectories gets valid; such 
solutions will be treated in some detail in § 14. 

If there occur no vector potential, and so W=p’/(2m)+V(a), Eqs. (2-7), (2-4), 
and (2-3) become respectively 


VS $0 H, 0) =P 1) (2-9) 
a Stipes wa 
po sy) eye ee Sieg, (2-10) 
2m~ « 2m R 
\ P+ div(P-V S/m) =0. (7-11) 


Our formulation can readily be extended in similar manner to the case of many-particle 


problems,* by the substitution for probability amplitude (say, for case of two particles) 
(a, Ho) =R(m,, Hy) OS Nate's (2 j 12) 


and the quantum-mechanical change of state of a many-particle system can be pictured 
as an ensemble of numerous classical motions of this system under the action of certain 
extra internal forces determined by the density distribution in configuration space of this 


system. 


§ 3. Hydrodynamical picture 


We notice at’ once the above-mentioned picture, for the case of one-particle system, 
has close analogy with an irrotational flow of a compressible perfect fluid. 


The Euler’s equation of fluidal motion for the velocity field « is 
ov 
ely pe =1 
m (= + (v7) vy=—F(I +|P dpr), (3-1) 


where ]//72 is the potential of external force per unit mass, P is the density of the fluid 


(divided by 72) considered as a function of pressure #,. We have besides the equation of 
continuity : 


P+div( Pv) =0. | (3-2) 


* In connection to this case, further see (7-6), §11(a), and appendix C. 


ch ai 
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“Suppose. we substitute the form /’’ [P(w)]=—(#/2m)AR/R, (RP), for 
the pressure potential V,(P (@)) =[P-'dp,, then Eulet’s equation becomes 


av av Bede 
4-—— =m | ——_ + (uP n= Yfke PINAR T We : 1 3\ 
at es ey U 2m R ) S190 


The flows under these potential forces persist to be irrotational if initially so, there- 


fore we can restrict our considerations on such flows. Then the volocity field has potential, 
which we denote as S/7, i.e. 


v=V S/m, (B+) 
and Eq. (3-3), once integrated, reduces to* 
Ses (sy py ak =0. | (3-5) 
2m 2m R 


Now Egs. (3-2), (3-4), and (3-5) are just identical with Egs, (2:'11).. (2-9),, and 
(2:10), respectively. This means that the Schrédinger’s wave can also be represented by 
the picture of an irrotational flow of compressible perfect fluid with particular ‘ pressure ’ 
potential.** This potential, being of peculiar type quite different from ordinary ones, brings 
about unusual forms of flow such as interference, tunnel effect, etc. 

The hydrodynamical picture has to be somewhat extended, when the particle is acted 
on by the electromagnetic field expressed not only with scalar potential ¢ but also with 
vector potential A. We have then the Hamiltonian H=(1/2m)(p—cA/c)’?+¢6 (neg- 
lecting spin), and the relation (2°7) takes the form 


mvu=VS—* A. (3-6) 
c 


From this we obtain 
curl Y= Ww =—¢e H/me. (3-7) 


This relation means that the velocity field is now rotational, and has roticity of Larmor’s 
angular velocity (multiplied by 2) wherever there is magnetic field Hf present. 
Eq. (2-4) is written, for this case, as 


: 1 f é 2 7g AR : 
s—(|VS——A ee eae fe 3-8 
SiS ps ( th ) eh 2m R ( ) d 
Taking the gradient, we obtain . 
av ou y E | a (ln ode 
ay (| V)v)=e( H+| —x Vii 5 3-9 
m a ( ae + (7 )v) e( + : aE eS = ) (3-9) 


This means the Euler’s equation under the action of Lorentz force as well as of. ‘ quantum- 


theoretical force.’ 


* From (3-4) alone the velocity potential S is indefinite by an arbitrary function of time, which may 
suitably be chosen to eliminate the integration constant (allowed to ‘be still a function of time only) which 


might appear in the right side of (3-5). 
** Jt would be more appropriate to employ the s¢ress Zensor in place of the pressure potential for the 


hydrodynamical picture (see appendix A). 
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$4. Some difficulties in the interpretation of the pictures 


The hydrodynamical analogy mentioned in the last section, though sometimes useful 
for the analysis of the Schrédinger equation and rather appropriate to make one visualize 
the presence of internal force, does not necessarily prove the reality of the hydrodynamical 
picture. In fact such a sort of interpretation as to consider real and continuous distribu- 
tion of matter would lead to the difficulties similar to those Schrodinger himself early 


encountered. ; 
On the other hand the statistical interpretation which regards the ensemble stated in 


§ 2 as a statistical one, may also suffer from another difficulties. As is well demonstrated, 
for example, by interference experiments, the statistical ensemble to be considered in quantum 
phenomena must be such one referring to a series of 2dentical experiments under equivalent 
initial conditions repeated independently from one another. Thus the occurring of internal 
potential 1/’[P(ac)] has to mean that the force acting on a patticle in one experiment be 
determined by the distribution of the statistical ensemble including that experiment as a 


member. Such a consequence must hardly be admitted. 
To avoid this, Bohm has conceived of a renewed statistical interpretation that in each 


independent experiment under egivalent conditions there occurs always the same potential 
field which determines the force acting on each particle, and further that on the other 
hand the probability density of the ensemble be constructed by some reasons so as to get 
equal to the quantity P(a) which is connected with the potential by a definite relation 
(2-6). Thus in this view 7’(a) is no longer an internal force, but rather a sort of 
another external force. 

Such tevision, however, seems to transfer difficulties elsewhere. Generally in statistical 
interpretations we consider that there exists a classically defined and causally determined 
motion of particle*, but that as we cannot at least in ordinary cases prepare the motion 
with perfect precision, we deal with an ensemble of such motions, differing from one 
another in their initial conditions, (though we above called these mutually differing con- 
ditions equivalent.) Now by Bohm’s idea spatially the same force field must occur 
itrespective of such variety of initial conditions. This seems unjustifiable. 

Bohm has, in fact, regarded P(a) itself as the variable of a real field which determines 
the force acting on particles by the relation (2-6). Then this field, in spite of its 
nature of being essentially associated with the particle, determines itself independent of the 
location of the particle as well as of initial conditions in each experiment, receiving nothing 
the reaction from the particle. Thus it is conserved and may be normalized, its absolute 
value of intensity having no significance. These are all its peculiar properties quite different 
from common fields such as the electromagnetic. Further it must rapidly contract at a measure- 
ment, and moreover in many-body problems this quantity P(a) becomes one in configura- 


tion space, and so of non-local type as far as we continue to consider it some field.** 


* The statistical interpretation early advocated by Born is considered to be of different type, being 
rather inherently indeterministic. 


The field itself (for one-particle case) cannot be subject to quantization in this viewpoint, since this 
leads to violation of the picture (in connection to this point, see § 12). 


es 
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Bohm has further regarded the quantity 4 itself as mathematical representation of an 
objectively real field which changes according to the Schrédinger equation, and which on 
the other hand not only determines the potential field acting on particle in each experiment 
but also restricts the particle velocity by the relations (2-2), (2-6), and (2-7). Such 
a compromise of formulations is necessitated, because by the formulation based on S and 


P one cannot reasonably interpret the regularity conditions on $. (See § 7). 


5. Mean values and ‘ uncertainty relation’ 


Ze) 


For the moment we shall take these difficulties in the interpretation out of account, 
and see in subsequent several sections how the formulation, developed properly and straight- 
forwardly according to such essentially classical picture, may lead to any different con- 
sequences from those derived by the quantum-mechanical concept of state, with respect to 
the problems other than the equation of motion. 

First we taken up mean values* of dynamical quantities. As we consider an ensemble 
defined by S and 7, in which particles each with simultaneously determined position © 
and momentum p=/’S, ate distributed in density P(a), the mean value of some dynamical 


quantity (a, p) over this ensemble at some instant** is to be determined by 


e 


(F) =\F (0, 7S) Poe) adie (5-1) 


On the other hand the quantum-mechanical mean value (or more precisely the expectation 
value) of the same quantity referring to the corresponding quantum-mechanical state is 


given by 
Feu = [RECO h/i-V 40S) Rd. ee 


Both expressions (5-1) and (5-2) are identical with each other, not only when /” 
is a function of a alone, but also when F is linear in p, because: of vanishing of the 


imaginary part of (5-2) due to Hermiticity of /. Thus 
(p)=|PS-Pae= (Ps (5-3) 
(t) =|[oxrs] Patee= (lan » (5-4) 


where @ is angular momentum of particle. 
However for quantities of above 2°" power in p, both mean values disagree ; for 


instance (p’) =| (7. S)?Padx, while 
(Dou =Re R (t/i-P +0S)"Rdw= — i |RP*Rdwe+ (py. (5-5) 


* What we call hereafter mean values in the language of the statistical picture, may be translated as /o/a/ 
values (e.g. ‘total momentum ’ in place of “mean momentum’) in the language of the hydrodynamical picture. 
** We may call an ensemble at a given instant ‘cloud’, about which following problems (mean values, 


non-dispersiveness etc.) are first investigated. 
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Since, however, we have regarded the term V’=— (4°/2m)4R/R as potential, the 
total energy (a) which particle takes at some point a, is exceptionally not equal to 
A(x, VS), but 
fe wel ee 


eee (5-6) 


AUD ERE NEN R 


Its mean value, (£)=(E(a)Pdx, is just equal to the quantum-mechanical mean value, 
Wye A? i $ 
Fin de ey emake —* | RsRde+ 7). (5-7) 
\ us < - cen 21m : 1) 


Aple ; ; : ’ : : : JBN 
The composition, however, differs in both viewpoints, a part of kinetic energy in (2) a, 
being transferred to potential energy in our picture as ‘ self-potential’ : 

Re 


(Vi) = |raRadec=* (CPV gy, (5-8) 
2m » 2m ms 


In practice the kinetic energy alone separated from within the-total energy may not 
be measurable in atomic systems, but the magnitude of angular momentum Jl? may be, 


whose mean values are also given different by both theories; that is, 
(Pua [Ri [ax PP} Rde +P). (5-9) 


One might have attained the agreement of both mean values, by adding another new 
g g Y g 

postulate to the picture that the magnitude of angular momentum J? has * quantum- 

theoretical’ extra part 


ALR(w)]=—# [ae x VP R/R (5-10) 


at each point, as produced by the gradient of A in non-radial directions. Such an assum p- 
tion is, however, not justifiable for-angular momentum, because it means the violation of 
the £znematical relation between L’ and 2), /,, /.. 

We see, according to our picture, the presence of extra internal potential I’’ gives 
rise to the accumulation of self-energy* in the ensemble or so-called cloud, which leads 
the latter to diffusion and gradually transforms into kinetic energy, which this potential, 
being internal**, has no effect on the motion of the center of gravity (this means Ehren- 
fest’s theorem). 

It is possible further to show that there exists a relation between (V') and the dis- 


persion (mean deviation) of particle position, J, such that 
(2mV')" -dx>i/2, (5-12) 


in place of the uncertainty relation in ordinary quantum mechanics ; while as for the ‘ un- 
certainty product’ similar to that of quantum mechanics : 


* 1’ may be positive or negative and often diverges where R-+0, but <1’7) is always finite, 


tive unless P be perfectly uniform. 
** Note that (7 (42’/R))=0. 


and. posi- 


<7 


a ded ey 
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4x? dp= (42°- dp") ,—42(2mV'), 


such a relation does not exist. 


§ 6. Probability distributions 


As is well known the occurence of the so-called interference of probabilities is a 
characteristic feature in quantum mechanics, that is directly connected with the transformation- 
theoretical constitution of the latter; whereas in our formulation probability distributions 
of various dynamical quantities are interrelated quite differently corresponding to the fact 
that our formulation stands on the coordinate representation preferentially. 

Though as to mean values our picture has agreed with quantum mechanics for 
quantities of below first power in p, as regards probability distributions* such agreement 
fails already for quantities of first power in p. 

In a cloud defined by S and P in our theory, for instance, particle momentum Pp 
has definite relation to particle position #, P=/S(a), so that in general the probability 
functions have more intimate correlations and the fluctuation is of quite different type 
from that of quantum mechanics. Thus the probability distribution in p-space, Pp); 
is connected with P(x) by : 


P(p) dp, dp,dp.= Px) dx dy az , (6-1) 
or 
p(p)- 2 baPyt)— Pla). (6-2) 
fo) we) g 


This means the transformation relation from +z to p, fy. is similar to the one from 


ayz to (e.g.) polar coordicates v0. The Jacobian in (6-2) is 
3( PPPs) — der| >|. 


(6-3) 
O(r 7 2) | 04,04; 


In quantum mechanics, on the other hand, the probability for momentum to take a 


value p in the corresponding state is determined by 


Py, (p) =/e'|| Ree e-PPde? (6-4) 


which is quite different from (6-2), giving the same value only to the expressions ()))= 
[pP(p)dp, and {P(p)dp(=1). 
$7. Mixing, quantum condition, and superposition 


Schrodinget’s wave motion has corresponded in our formulation to an ensemble 


of trajectories, which is not of the most general type, but is restricted to a special collec- 


* The agreement of both probability distributions for / requires that, in terms of mean values, both 


{pn and (f%)q, be equal not only for 7=1 but for every 7. 
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tion of trajectories (of number of co”) derivable from single Hamilton-Jacobi function. 
When it seems more advisable to express this point explicitly, we shall call such an ensemble 
‘ elementary.’ 

An elementary ensemble has a fixed momentum field 7.S, (further it is characteristic 
that this momentum field posseses its potential), so that it can be represented at an instant 
by a density distribution P(a) along a curve p=VS(a) in phase space, unlike Gibbs’ 
ensemble in classical statistical mechanics, which is reprensented by a-density distribution 


over some volume in phase space, and which yields, e.g., the mean value by 


(F) =|, p) Pw, p) ded, (7-1) 


3@) = in place of (5-1). Since quantum-mechanical state 
aa occupies a phase volume of /* in a rough sense, we may 
say our elementary ensemble is less dispersive than a 
quantum-mechanical state. 

Elementary ensemble also differs from Gibbs’ ensemble, 
7 in that the former involves internal force. For this reason 
Liouville’s theorem is not applicable to it, and thus such 

as the diffusion of cloud may take place. 


ey Now, from the view-point of our statistical inter- 


— 


Fig: 1 pretation, more general ensemble, which just like one in 
ord. 


classical statistical mechanics occupies a phase volume, 
should equally be considered. Such a general ensemble can be regarded at an instant as 
a statistical mixture of elementary ensembles. This relation just corresponds to the relation 
between a Gemisch and a pure state in quantum mechanics. Further to fit with essential 
distinctions between pure state and Gemisch, we must assume non-existence of interaction 
among different elementary ensembles, unlike the presence of internal potential within an 
elementary ensemble. It implies one of serious difficulties for our statistical interpretation 
that we must thus assume such discrimination between both types of ensembles which 
should have equal claim as statistical ensembles. This difficulty may be avoided if we 
regard the extra potential not as an internal one within the density distribution, but as 
an external force field which exists, so to speak, previous to the probability distribution of 
patticle, in conformity with Bohm’s view. : 

Quantum-mechanical distinction between pure state and Gemisch may be understandable 
more simply in the hydrodynamical picture, because here an elementary ensemble is replaced 
by a real irrotational flow. 

In order that elementary cloud or ensemble be such as just to correspond to a wave 
function ¢, we have to impose a few another conditions on it, corresponding regularity 
conditions for , viz., being finite, continuous, and single-valued. For =F exp(iS/%) to 
be single-valued, S need not be necessarily so, but, when azimuth ¢ is taken as one of 


arguments of S, exp(z.S/#) must be periodic in é with period 27, accordingly we must have 


Stamm Seno mh, (7: integer). C762) 
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On the other hand if we consider straightforwardly peerings te out picture, single- 
valuedness is required also not for S, but for /S, differing from (7-2). 
With the hydrodynamical language, 


Spurn —Sso=$dS= pds (7-3) 


is the circulation of irrotational flow, or the so-called modulus. The condition (7:2) is 
then expressed as 


modulus = } p;as=mh , (7-4) 


which is similar to the quantum condition in old quantum theory : 


} 26 db=mh , (7-5) 


expressed for an orbital motion. 

At any rate we are led to a new postulate such as (7-4), which is so to speak the 
‘quantum condition’ for fluidal motion and of ad hoc and compromising character for. 
our formulation, just as the quantum condition (7-5) for old quantum theory. 

Instead of doing this Bohm has reintroduced the quantity ¢ not as a mete mathema- 
tical tool but as an objectively real field, imposing on it the same regularity conditions as 
in wave mechanics. ‘To such idea criticisms stated in § 4 should again be applied. 

Just as the condition (7-4), in many-Fermion systems another subsidiary condition is 


required on its S-function, S(#,, H»,°**), the condition that .S should have the property 
S (Boy yy 2°) = S (Wy Woy) + (+1/2) 4, (7-6) 


for interchange of particles, corresponding to the exclusion principle. 
Besides the procedure of mixing of two elementary ensembles, we can consider also 
the ‘ superposition > of the two, which means the procedure to make up an elementary 


ensemble (S,P) with two such ones (S,, P;), and (S;, Pp), ‘by the rule: 
6, Roh + 6, Reet Ree. (Til yam 
This equation, or its rewritten form in two real equations, shows the ralation, whereby the 
two ensembles of trajectories ‘ interfere’ with each other in the region where they overlap. ae 


It is to be noted that in superposition of ensembles constant difference in S does have 


significance, though from the pictures of trajectory ensemble or of irrotational flow, it is 
Sa £ (a) “and S=p(a) that have physical significance, S itself having arbitrariness 


by any additive constant. 


§ 38. Non-dispersive clouds 


Dail 
Next we shall consider the doud in which certain dynamical quantity F(a, p) takes 


. . . a/ 
single non-dispersive value, /’. 


Such a cloud is obviously defined by 


es 
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F(x,V7S)=F', (8-1) 


except for the case when / means energy.* As this equation involves only S but not P, the 
non-dispersive cloud is characterized by its velocity field. Furthermore Eq. (8-1) is purely 
classical one, not involving %, so the condition to be non-dispersive is mot expected to be 
able to lead to any discret? quantization. In quantum mechanics, on the other hand, the 


state which makes the quantity /(, j») non-dispersive is its eigenstate, to be determined by 
F(m, h/i-V+VS)R=F'R. ‘ (8-2) 


For quantities of first power in », Eq. (8-1) agrees with the real part of (8-2), 
but the latter involves another relation. For example, the eigenstate for momentum is 
determined by (8-2) as 


LS=p' ip daa C7) (8-3) 
ICR==0 Bre ode A'e (8-4) 


whereas in our picture non-dispersive cloud for momentum is determined only by (8-3). 
This is an’ example to show uncertainty relation to fail. In order, however, that such non- 
dispersive cloud be maintained for course of time, the ensemble must also satisfy the 
equations of motion (2-10) and (2-11). Then we get P=const. and [7=0, namely 
the non-dispersive evsemd/e for momentum is only possible in free space - as, S== or, 
. P=const., just as in quantum mechanics. 


Similarly the eigen-state for c-component of angular momentum /. is defined by 


as 
CxS = ey ; 
[xP S], Neg (8-5) 
OR 
D0 IR. -2— ——_ = 0, . 
Le i ak (8-6) 


while in our picture non-dispersive cloud for /, is expressed only by (8-5), from which 
we obtain, 


S=L/b +S" (r, 6, ¢). (8-7) 


Now if we simply stand upon our picture, the requirement of single-valuedness is to 
- be applied on 7S, and this is fulfilled by (8-5) itself. So we obtain-no discrete quanti- 
zation from the condition to be non-dispetsive. If we, however, here apply the ‘ quantum 
condition’ (7-4) to (8-7), we obtain discrete eigen-values 


L/=mh, (mm: integer ). (8- 8) 


For quantities quadratic in ys, Eq. (8-1) no longer even agrees with the real part 
of (8-2). For example, again for the magnitude of angular momentum Z?, Eq. (8-2) 
takes the form 


* For this case, see next section. 


den pak amebaatiad 
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[a0 x VSP + A(ac) = 7’, (8-9) 


l-{[aex FP] [ax FS]4+[ex PS] [ax P]} R=0. (8-10) 


If we want to interpret the relation (8-9) according to our picture, we might again have 
to resort to the extra ‘ quantum-theoretical’ part of angular momentum, A(a@) [Eq. (5-10) ]. 

In general, if we reexpress an eigenvalue equation in quantum mechanics as two real 
equations for S and A, the real part equation may be interpreted on our picture, though 
in some cases by makeshift procedure of extra ‘ quantum-theoretical’ term, but the imaginary 
part equation expresses another relation not necessitated from our picture. Only for energy, 
both relations of eigen-value equation may be interpreted on our picture, like the equa- 
tion of motion itself, because the eigen-state of energy agrees with the stationary state of 
motion (for this see next section). On the other hand, quantum-mechanical mean value 
is defined, as was stated in § 5, only by the relation corresponding to the real part equa 
tion, so that it has been interpreted, though sometimes by means of extra ‘ quantum- 
theoretical’ term. 4 


§ 9. Stationary ensemble 


From our pictures the conditions that an ensemble (or flow) should be stationary are 


to be defined by 
pe. ee 60 (9-1) 
Ot 


From the second of above equations, we obtain S= S! (a) +.8'"(2), so Eqs. (2-11), 
(2-10), and (5-6) reduce to ; 


div(P VS’) =0, (9-2) 


E (a, ))=—S" =H (a, 0S) Sa 


Eq. (9-3) is fulfilled only when it is equal to a constant, hence it follows that 


. 1 B(x, t)=£, (9-4) 
S=—Ft+S'(a), (9-5) : 
We eA ew eres BAR 
hates die BOs ping Bone ay (9-6) 
aN ee) 2m R 2m ee 2m KR 


Thus in a stationary ensemble energy takes a non-dispersive value and remains so, 
just as in a stationary state in quantum mechanics. Inversely, however, a non-dispetsive 
ensemble for energy in our. picture is not necessarily a stationary one, as P may still depend 
on 7. 

Eqs. (9-2) and (9-6) which determine our stationary ensemble are equivalent to 
the tewritten from of Hy=Zy (¢ being space eigen-function) by the substition 9 
=Rexp(iS'/z), that is ee 


\> 
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HH, h/i V40S)R=ER, (9-7) 


which is a special case of (8-2). It is also noted that with the language of hydro- 
dynamical picture, Eq. (9-6) expresses the Bernozlli's theorem for stationary flow (for the 
case of irrotational motions). 

For a stationary state thus we have equations equivalent to the equation of wave 
mechanics, and therefore it seems possible to derive just the same energy eigen-values and 
‘eigen-ensembles’ as those of wave mechanics. Really, it is possible only when we take 
into account the conditions such as (7-4), corresponding to the regularity condition on ~. 

For example we consider the solution of (9-2), and (9-6) such that S’ depends on 
@ alone and P depends on 7, @ alone. From (9-2) we get 


Si’ const. 07, Os (9-8) 


Here the const., /,’, meaning the non-dispersive value of the component of angular momentum, 
may take any value from our original picture; hence Eq. (9-6) inserted with (9-8) 
does not yield energy eigen-values discrete. Only by taking (7-4) and so (8-8) into 
account we get identical results with those of wave mechanics. 
Eq. (9-2) is satisfied by static clouds 7S’=0. Eg. (9-6) then reduces to 
RO eae 
2m R 
which is identical with the Schrédinger’s stationary state equation, taking into account that 
now y=. In particular the lowest stationary cloud belongs in general to such static one, 


and can also be determined by the variational theorem : 


Outs cigar | 
(2)=|{vP+ 2 2)" de min, (SPir=1). (9-9) 


{ 


This implies that the total potential energy as the sum of potential energy due to external 
force and the self-energy, should take a minimum, or in other words that the application 
of the classical equilibrium theorem in hydrodynamical picture is effective.* 


§ 10. Interpretation regulated with the theory of measurements 


We have seen in previous several sections that the picture of the ensemble of trajectories 
leads to different results from those of quantum mechanics, with respect to such problems 
as probability distributions or non-dispersive values of dynamical quantities. However, as 
Bohm” has shown, it is possible to regulate our statistical interpretation so as to enable 


the agreement with ordinary interpretation of quantum mechanics in tegard to physical 
results derivable therefrom. ; 


* Generally speaking, the motion can be derived by the variational principle: 8} j Ldxu dt=0, where £ 
is given by (12-2) (see § 12). 
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This is accomplished by regarding the practically observed values of physical quantities 
as another things from the values which the picture directly yields, and moreover by 
introducing such a theory of measurement processes to reproduce the measured values as 
is essentially identical with that in ordinary interpretation. Stating” more explicitly, one 
distinguishes the measured value of a quantity and the value ‘ really’ taken by this quantity 
before (or in course of, or after) the measurement, and considérs that to measure a 
quantity / does not mean to know the value ‘really’ taken by this quantity as it is— 
this is impossible—, but means to insert such an interaction between the system under 
consideration and a suitable measuring apparatus as to lead to separating the initial ensemble 
(R, S) into ‘eigen-ensembles’ (Ry, Spr) corresponding to the quantum-mechanical eigen- 
states ¢,, for this quantity, each of which is combined with each of apparatus, ‘ wave- 
packet states’ (i.e. ensembles of small dispersion for coordinate), which in turn corresponds 
to a reading. Such a separation may be considered to mean that as the result of 
measurement, the ensemble turns from its initial form (2, .S) into any of eigen-ensembles 
(Ry, Spr) each with definite probability, together with the apparatus indicating each a 
certain reading corresponding to /’; thus in accordance with this latter fact one states, 
“The measured value of the quantity / is /’.” 

In this course of measurement, on the other hand, the probability distribution of 
values ‘really’ taken by / turns from its initial form for (4, S) into the form for 
Chen ig ys. Which, 1m fact, corresponds to a non-dispersive ensemble of / taking F’ 
in case of most of quantities usually measured (position, momentum, energy, etc.), as 
has been seen in § 8 ; though here remains a gap, e.g., for magnitude of angular momentum. 

One can further interpret transition processes in general in much the same way. 

This interpretation is based’ on the transformed expression of the equation of motion 
and the probability interpretation hoth for coordinate representation of state vector (referring 
not only to the system under observation but also to the composite system which may 
consist of parts interacting with each other and thus inducing transitions). Since these 
have been taken essentially identical as in quantum mechanics, it has been possible to con- 
struct interpretation such that transition or measurement processes reveal not the general 
non-dispersive ensembles stated . in § 8, but the eigen-ensembles (and eigenvalues) in 
accordance with ordinary interpretation. | 

In this interpretation, however, one had to adopt it as a fundamental postulate that 
measuring some quantity means to insert such an interaction between the system ee a 
suitable apparatus as to separate the initial ensemble into eigen-ensembles \cofteap ones fe 
the quantum-mechanical eigenstates) for this quantity. This postulate, though in itself in 
harmony with general properties of measurement, is not so natural as am oe quantum 
mechanics which stands on the state concept based on the superposition principle. 

This interpretation of measurement process, though essentially equivalent to that of 


ordi i i i i igi ith respect to the statistical 
ordinary interpretation, might be somewhat more intelligible wit p 


character of results of a measurement, since here the definition of state is statistical from 


the outset. 


In passing the 


distinction between elementary ensembles and their mixture, remarked 
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in § 7, is now more obvious: The situation in which the particle certainly belongs to one 
of elementary ensembles can be prepared, but it is impossible further to know which motion 


in this elementary ensemble actually takes place. 
This interpretation, with its twofold system of measured values and hidden values for 


physical quantities, is capable of retaining the same physical results as in ordinary quantum 
mechanics on the one hand, and at the same time of having the picture of ensemble of 
trajectories on the other hand. However, as far as this interpretation lets the theory imply 
such procedure to reproduce observational facts as is essentially equivalent to that of ordinary 
quantum mechanics, the interpretation essentially consists in introducing into quantum 
mechanics the quantities such as simultaneously defined position and momentum of particle 
as ‘hidden variables,’ inobservability of which is guaranteed by the theory itself, and which 
only play the role to make the classical picture possible. Apart from the fact that such 
a picture itself is not free from difficulties as pointed out in § 4, such hidden variables as 
it is may be said to be metaphysical superfluities so far as they have no connection with 
observations in the end*. 

Bohm attempted to impart radical significance to introducing hidden variables into 
quantum mechanics by the help of analogy of classical atomic theory introduced into 
classical macroscopic theory. Such analogy, however, should be treated more carefully. 

The atomic theory has introduced into phenomenological theory physical entities 
provided with freedoms of motion described by dynamical variables as well as with structure 
constants (atomic mass, elementary charge, etc.), which may be regarded for the phenome- 
nological theory as hidden variables and ‘ Aidden constants’ ; moreover it considered a mactro- 
scopic system as an assembly of a great number of these entities, and also a macroscopic 
state as a statistical exsemzble of microscopic states of this assembly, (here taking Gibbs’ 
viewpoint rather than Boltzmann's). 

Introducing hidden variables into quantum mechanics is quite different in its significance 
from the above case. This method consists in substituting an (elementary) evsemdle of 
trajectories each defined by particle position and momentum as cnumbers for a motion 
described by particle position and momentum as q-numbers referred to some fixed state 
vector (here using Heisenberg picture). Thus it implies to alter the Concept of motion 
in any freedom of the entity, rather than to introduce another new physical entities pro- 
_vided with freedoms of motion and with structure constants (so there could exist corte- 
spondence), apart from the difference, as to the degree in which one considers the wave 
function something substantial, among the viewpoints such as hydrodynamical interpretation 
“ quantum-theoretical ’ potetial interpretation, ordinary interpretation, etc. 

If we interpret the word ‘ hidden variables’ or hidden constants more broadly, Planck’s 
constant may be said as a sort of hidden constant for classical theory. It is no structure 
ON: itself and led to the alteration of logic of classical theory. Likewise Heisenberg’s 
universal length might be some hidden constant for present quantum theory. 


More precisely, the definite position of particle might be admitted since the probability distribution 
for positional measurements is directly given by P(ar), but simultaneously definite momentum might not since 
the probability distribution for momentum measurements is hot given by P(p) as was explained in § 6 
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Quantum mechanics may be regarded itself as an ‘ cssentialistic’ theory,” and there 
seems to be no reason to suspect that there exist something hidden, as far as we confine 
ourselves within non-relativistic quantum mechanics.” If we are to introduce into this theory 
some new element which alters its Jog7c, may it be hidden variables or others, it is expected 
to be such as to make the phenomenological elements in quantum field theory derivable from 
within the theory itself as well as to resolve some intrinsic difficulties in the present quantum 
mechanics when applied to fields. 

Now to introduce definite position and momentum of particle as hidden variables 
brings to quantum mechanics no essentially new functions by itself. Essentially new role 
of these hidden variables arises only when the Schrodinger equation is modified so as to 
make the hidden variables no longer hidden. Such a way of modification of Schrodinger 
equation is somehow suggested from the viewpoint of this new interpretation. Along this 
line Bohm has in fact tried certain modifications, which seem, however, to the author 
rather artificial and improbable*. (We shall suggest formally a little more natural generali- 
zation of Schrédinger equation in § 13.) 

The general idea to introduce some hidden variables into quantum mechanics is 
rather interesting, but there seems to be no reason for them to be classical quantites such 
as the definite position and momentum of particle. Besides these quantities another classical 
concept, (extra) potential of force (which should not be subject to quantization), must 
also be introduced into this interpretation. To proceed thus as to restore some classical 
picture may not be regarded as going along any probable lines of developments of the 
theory.” Although such attempts have at least formally been feasible for the case of 
customary Schrédinger equation which corresponds to a non-relativistic orbital motion of 
particle, similar procedure will not successfully be formulated for Fermions if spin of 
exclusion principle are taken into account (see next section). 

Conclusively (from what we have seen, especially in § 4 and in this section, and also 
shall see in the next section), although our formulation of quantum mechanies offers the 
‘fourth’ possible one within its limited range of applicability, we should not take the 
picture associated with this formulation (i.e. classically defined motion and special extra 
force) as literally real, nor take it as so essential ; instead, we should rather consider it as 
‘a medium to derive the more essential quantum-mechanical change of state through this 
formulation. The applicability of the formulation has been clarified in §5~9 with respect 


to one side of the problem and will be analized in the next section as to the other side. 


§ 11. Applicability of the method 
Electromagnetic field, spin, relativity and statistics 


We shall now investigate, from a standpoint more general than that taken in § 2, 
in what scope such formulation is applicable, that represents a quantum-mechanical change 


* In this trial Bohm adopted it as another guiding postulate that such modifications should only begin 

to be effective “in the domains associated with dimensions of the order of 10-!3cm, where the extrapolation 
ek ; 

of the present quantum theory seems to break down.” It seems, however, unjustifiable to explore the law of 


motion in such domains on the basis of non-relativistic Schrédinger equation for spinless particle. 
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of state of some system (with Hamiltonian //) described in a generalized Schrodinger 
equation for state vector V : 


(2 2 47) 8 =0, (11-1) 
UNO 


by an ensemble of corresponding classical motions. 


(a) General procedure 


Eq. (11-1) takes the form*: 
72) ef lala) "de", (11-2) 
z 


referred to one of representations which is assumed to make some quantity € diagonal, 


adopting here Dirac’s notation. We know that the conservation relation for probability 


Rolds for- | (¢’|)|?: 5 
4 (ie) paé=o, (11-3) 


guaranteed by the Hermiticity of A. In order that the state, through this representation, 
should correspond to a statistical ensemble of classical states, we should still adopt the 
quantity | (¢"|) |? as the probability density of this ensemble, because it is the quantity 
satisfying the condition (11-3). We must, howéver, now reinterpret it as meaning the 
probability that the quantity € ‘really’ takes the value €’, so as to be in harmony with 
classical state concept. 

To transform the quantum-mechanical equation of motion (11:2) into the form 
corresponding to the picture of a statistical ensemble of classiaal motions, we are then to 
adopt the quantity |(€’|)|"=P or |(€’|)|=R as one of state variables. Separating this 
factor from (€”|), we get the residual of absolute value unity, which should be expressed 
as exp(7S/%) using another real quantity S (the unit 2 being taken for convenience). 
Consequently we are led to the substitution 


aa Cay al (11-4) 


For such a substitution to meet our purpose, however, it must be one referred to 
such a representation as to make the Hamiltonian a differential operator, since in this 
case the factor exp [¢S(¢’)/#] in (11-4) turns back to itself (multiplied by (4/%)S/0€’) 
through differentiation involved in the Hamiltonian operator and so drops off from the 
equation of motion (11-2) which is linear and homogeneous in (athe 

In order that the Hamiltonian, generally taking a form of an integral Operator or a 
matrix, specially be expressible as a differential operator, first, it must be expressible as a 


function of suitable canonical variables**, q and f, satisfying ordinary commutation 
relation : 


* Integral means summation when & takes discrete eigenvalues. 
** We further consider g and » as Hermitian operators, 


taking real eigenvalues, so as conveniently to 
separate Eq. (11-6) into its real and imaginary parts. 


rg i 
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2q—gp=h/t. (11-5) 
In this case in the representation which makes g diagonal, f is expressed as (4/7)/dg, 
or vice versa. 
Now suppose // is expressible as a power series in # but not (necessarily) in 9, 
then it is expressible as a differential operator in g-representation but not (necessarily) in 


Pee angn In such a case, by taking the substitution (11-4) in g-representation, 
(11-2) becomes* 


h oO : | ae REA c Po 


This may be separated into two real simultaneous differential equations. The real part 
equation (for S) evidently agrees with the classical Hamilton-Jacobi equation except for ° 


F nd 2 . : 2 , 
the term of above 2"° order in %, the imaginary part equation (for A) meaning the 
equation of consetvation of probability. 

Further, it is sufficient to restrict H to be gwadratic in each 7;, allowing of 
cross-terms, (and of course Hermitian), such that, 


1 : 
ie ea 2 (3 Ds P+ Pi D5 M13) +2 : (GP: +2Pios) +V, (1147) 


‘3 


where each @;;, 5;, and [7 may be real functions of g,’s. Then real and imaginary part 
equations of (11-6) are shown to be 


StH (+9 oe 4 Vv! [R(---9¢-:) |=0, (11-8) 
P+ 3 2-| p( 22 |-. (11-9) 
t Og: | \ Of: /p5=0S/00% 
respectively. Here 
Zs 1 aR oe 
y=- | Pi Qik es LE=ko 
2R a \ ” 0g;8q; ‘09:99; (4 )} 


Eq. (11-8) is the classical Hamilton-Jacobi equation for the system with Hamiltonian 
HHS ay pi Ppt Wb PAVAV' =H, Pees wiih) 
aj 7 
in which J//° means the extra potential. For (classical) motions derivable from this 
Hamilton-Jacobi function, 
dor _. ony =( ze) 
at Op: /p4=05/09¢ OP: / pi =05/09% 


hence (11-9) means the conservation of probability in g,-space. We could thus infer in 
these cases the validity of the picture of an ensemble of corresponding classical motions 
(to which is added the extra potential determined by the density distribution in con- 


* Here we specify various freedoms by subscript 7”, and denote eigenvalues of 7; merely as 94. 
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figuration space) for a quantum-mechanical change of state of a system. 

The cases treated in § 2 naturally belong to what now considered. The Hamiltonian 
of a particle or particles without spin has potential (7) or I/(H,, Ho, --+), not in general 
a power series in a or #;. For this reason we had to resort exclusively to the coordinate 
representation. 

Our formulation is thus connected with a particular representation and has not the 


meaning invariant under unitary transformations. * 


(b) Electromagnetic field and other Bose fields 


The procedure in (a) is evidently applicable to electromagnetic field, because it may 
be regarded as an assembly of oscillators. To see this more explicitly, we briefly consider 
the electromagnetic field in vacuum in its most elementary form: We represent the field 


with its vector potential A, which is expressed in fourier expansion in volume /” as 


cos 
ke 


A=S19,U,(%), a, (w)=V "ey | 


52 4 (22212) 
x 
j Pde ae PRE Pe oo eee Fo 
where g,’s are real, A specifying in a lump the propagation vector #’, polarization direction 
€,, and cos or sin component. 


The equations of motion are derived from the Hamiltonian 
all ° 9 9° 9 
Fs ie De he ie eae (11-13) 
x 


which corresponds to an assembly of oscillators each with g,, ~, as canonically conjugate 
variables satisfying ordinary commutation relations, We then get equations similar to 
(11-8) and (11-9) with 7 taken as (11-13), and so the quantum-mechanical change 
of state of electromagnetic field can be represented by an ensemble of classical motions of 
the field with extra potential 


vy aloe > oR 
Dike 09x 


| 


to be determined by the density distribution in the coordinate space of field oscillators. 

In this picture £,=9S/dg, as well as g, havessimultaneously defined values, accord- 
ingly the electric and magnetic field strengths, HW, HH at every space-time. point also have 
simultaneously defined values, which mean the ‘ hidden variables’ in this case. 

In this picture the mean values of HW and of H agree with those in quantum- 
mechanics, and satisfy Maxwell equations. The mean values of field momentum G', and 
of field energy, too, as far as |”’ is taken into account as potential energy, also agree with 
those of quantum mechanics. The stationary state is a static ensemble, where the electric 


field vanishes and only the static magnetic field survives. 


* The substitution (11-4) in some particular representation is not unitary invariant. This is for the 
same reason that state vector cannot be split up into its real and imaginary parts. 


aye 


On the Formulation of Quantum Mechanics associated with Classical Pictures 165 


Since in these problems (also see Eq. (11-38)), the system may be reduced to an 
assembly of oscillators whose Hamiltonian is symmetrical in # and g, our procedure can 


be carried out in similar manner through the similar substitution for /-representation of 
state vector : 


YP (---py--, f)=R exp(zS/Z). 


We can handle the problem in a similar way, even if the interaction with several 
charged particles may occur, as far as we treat the latter in non-relativistic approximation 
neglecting spin, because the interaction Hamiltonian, 


2 
e 


A 


i = AAs Ap) 
216 2c 
is linear in p (particle momentum) with the coefficient which is only a function of g,’s. 
It would be desirable that our formulation might be such as to suggest an idea for 
some modification of present theory in the treatment of iuéeraction where the present 
theory encounters some difficulties. We cannot however proceed immediately to investigate 
this point, since, as we shall see our formulation cannot reproduce the present quantum 
theory for some free systems which has proved its sufficient legitimacy and is expected 
to be essentially retained in future theory. 
Our procedure is applicable to Bose fields in general, not limited to electromagnetic 
field. For instance, we take up the complex vector field (“vector meson ’) with mass and 


charge. Its Hamiltonian is expressed in fourier expansion as” 


Oo) 
2,2 


Wt 


z 


(aka, + (kx aF]-[& x a2]) }, 


(11-14) 


Ne ie = 
H=3)\2 (pips) + epi) (eps) + 


with fy; Gx; (components of vectors ,, Y,) as canonical variables satisfying ordinary 


commutation relations : 
[ Pegs Cer l= Pair Giri = (2/2) Onn Og - 


The Hamiltonian is again quadratic in each fz; and Gpjs accordingly also quadratic in the 
real canonical Variables obtainable from /,; and gz; by their linear combinations, and so 
we can then apply the procedure in (a). It will be further possible to separate the 
freedoms perfectly by decomposing each p,, Y, into longitudinal and transversal components, 
and to reduce the system to an assembly of oscillators, just as in the case of electromagnetic 
field; but our procedure is feasible as well for the form of /7 including cross-terms such 


as (11-14). 


(c) Eleteronic spin and two-fluid model 

The procedure, however, is not applicable to a particle with spin even in non;celaturlale 
approximation ; since the spin of a particle is of essentially quantum-mechanical eee 
without its counterpart in classical particle mechanics, so that the freedom of spin in 


quantum mechanics can hardly be projected upon any collection of classical particle motions. 
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In other words, as for the freedom of spin, since there exist no coordinate conjugate 
to spin angular momentum, or none of any other mutually conjugate variables satisfying 
ordinary commutation relation, we have no ‘coordinate representation’ of the generalized 
Schrédinger equation (11-1), which is essential for the procedure as was explained in (a). 

In the case of electromagnetic field, both the classical and quantum-mechanical theories 
were field theories from the beginning, mutually transmutable through the ordinary com- 
mutation relation (11-5), so the classical field involved the freedoms corresponding to the 
‘spin’ of photon as polarizations ; thus there existed the correspondence between a quantum- 
mechanical motion and an ensemble of classical motions. 

The situation may also be explained as follows: Due to the non-commutability of o 
or 7 (in case of Dirac equation) matrices, the wave equation for electron has inseparable 
character for each independent component of wave function (which is now considered as 


state vector), so that, on inserting 
d= K, exps,/f), (11-15) 


exponential factors do not drop off from the equation. Hence, the separation into real 
and imaginary parts brings terms including cos or sin(.S,/%). This leads to violation of 
out procedure. 

To illustrate this, we shall consider in non-relativistic approximation the case when 
only magnetic field /7 present. By the substitution (11-15), the wave equation, (taking 
for spin the faréiculay representation which makes o, diagonal), separates into four simul: 
taneous equations : 


| Stan S =. pithglr tt =o, | (11-16) 

| Se p— = FA h =o, (11-17) 

P,+div(P,v,) +20=0, (11-13) 

P,+ div (P,v,) —20=0. (11-19) 

Here g = -—¢/2mc, and 

v= (VS,—cA/c)/m, (11-20) 
r=, R, R, cos[(S,—S,) /i +e], (11-21) 

0=g/T, R, Ry sin [(S;—S,)/k+e], (12-22) 


(H,=(HE+H 3), tanu=Hy/H,). 
Further, taking the gradient of (11-16) and (11-17), we obtain 
av 


mr —a| Yh x |p alt AR, of a 
at ® ise p, rhe H+ ar (F. Fae Pee 
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| ar (5 )=asr (71,-Ry/R,) +cos [(S;— Sy) /4 +4]—m(v,—v,) 0/P,=0 (11-24) 


and the analogous equation for (11:17). 

These equations may be interpreted as follows: We consider, as in the case of 
liquid He II in the two-fluid theory, two mutually interpenetrating fluids, which have 
velocity fields #7, and @, (derivable from velocity potentials S; and S, by the relation 
(11-20)) and density distributions P, and P,, respectively. Then Eqs. (11-18) and 
(11-19) show that the first fluid is changing into the second at the rate of 20 at each 
point. This requires the momentum supply of 72(V,—W,) +20, which is egzally allotted 
to both liquids as reaction force 2(@,—U,)0 (appearing in (11-24)), just as in the two- 
fluid theory” of He IL. 

Besides this reaction, each fluid is subject to Lorentz force (see § 3), usual ‘ quantum- 


theoretical’ force, and ‘ quantum-theoretical’ magnetic force : 


K=—he (V HAP (A, -Rio/R;) cos [(S,—S,) /A+4]} . (11-25) 


Here the first term means the action of heterogeneous magnetic field upon the magnetic 
moment which is of magnitude 8=fg and in either direction of +2. The liquids are 
further acted on by the horizontal component of /7 in the particular relation expressed in 
the 2"! term of (11-25). Since this force explicitly depends on the difference of velccity 
potentials S,—S,, at least the original picture (that is, the fluidal motion with particular 
internal force depending only upon the density distribution (a) ) here breaks down. In 
order somehow to regard (11-23) as an equation for classical motion, we might impart 
to each S; twofold meanings of velocity potential and of some force potential, in like 
manner as Bohm has done for R. Such makeshift, however, could no longer be reasonable. 

Furthermore these two fluids are perfectly different from usual ones in their trans- 
formation property for rotations of coordinate axes. 

The picture may become possible in exceptional case /7, =0 where spin and orbital 
motions are perfectly separable. 

The two-fluid model, though involves serious difficulties, allows us to evaluate, e.g., 
mean values of various quantities. For example, as far as we regard terms +%¢/7. and 


fiy/P, in (11-16) and (11-17) as potential energy, these contribute to the mean value 


of energy, the amount : 


(B)=ng\H(P,—Pde +2 [tr dee, 
which is identical with the quantum-mechanical spin energy : 


(Ey =hg Dot aM paee. 

(d) Relativity 

Next we consider relativistic wave equations for a particle. First we take up the 
spinless Klein-Gorden equation as a relativistic modification of one-particle Schrodinger 


equation. It is written as 
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Z au—— Ay) + nee} p=0 ? (v=1, 2, 3, 0) (11-26) 
1 c 


where A, is electromagnetic potential, and 0,= (I, 0/dct). Inserting again =Rexp(iS/z), 
(11-26) transforms into 


(d,S—eA,/c)°+ 0? C—# I) R/R=0, (11-27) 
| 9, [P(a"S—eA*/c)]=0. (11-28) 
Now if we assume extra scaler potential field* Oa NA es Bg (i 27s the 


classical (relativistic) Hamilton-Jacobi equation, and its velocity field is compatible with 


regarding the expression 
7¥ = P(O"S—eA"/c)/m 


as density and current, so (11-28) means the equation of continuity. Thus we seemingly 
get an ensemble of classical trajectories under certain extra scaler potential determined by 
the quantity P, which is not the density itself in this case. As is well known, however, 
the density 7°/c? is not positive definite, so in actuality the picture of a trajectory ensemble 
fails. This fact reflects merely that the Klein-Gordon’s wave function ¢ (whose equation 
of motion is not of general form (11-1)) cannot be regarded as probability amplitude 
for a particle or for any others. 

For Dirac’s spinor equation as the more proper relativistic wave equation for a particle, 
it is impossible to apply our procedure and to derive the picture of an ensemble of classical 
motions, for the reasons stated in respect to non-relativistic wave equation with spin, more- 
over the substitution (11-15) for Dirac’s spinor is not reasonable from the consideration 


of relativistic invariance. 


In place of our procedure one may apply the procedure similar to the W.K.B. 
method to Dirac equation, which is based on the substitution : 


¢,=a, exp(zS/2), (11-29) 
in place of (11-15). As S is taken common, S and a, are in general no longer real*, 


This procedure may lead to the explanation of the approrimate meaning of the picture 
of the (relativistic) trajectory ensemble to Dirac’s wave”. 


(e) Electron field 


Finally, since we know it is also possible to treat electron entirely from the stand- 
point of field theory, we shall investigate whether it is possible to represent a change of 
state of quantized electron field by an ensemble of changes of states of some ‘ classical 
electron field’ just as-the case of electromagnetic field. , 

For this purpose we take up the Schrédinger field for simplicity, first as ‘ classical ” 
field. The procedure is similar to the case of vector meson stated in (b), but we shall 


recapitulate it. The wave equation may be derived by means of the variational principle,taking 


* The extra force field is derived from this potential as —(«/p~)pU’. 
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£ = (ih/2) (Pp* —G* $) — (#/am) PPP b— Vr y, (11-30) 
as Lagrangian density. This leads to the Hamiltonian’ 
ae 
H=\ pyr rh + verd)dx 
ge $ 4 b* b ) dae , (11-31) 


with @ and i#¢* as canonically conjugate field variables. The quantization of this field 
is carried out by setting the commutation relation 


[P(ac), f(x’) *|=0(xe—x'), (11-32) 
if we are to regard the particle as Bosou. 
The field may be expanded by energy eigenfunctions for one-particle problem, 2, (a), 


as 
ob (x, Z) os a,(t) (2) (ii: 33) 
with which is associated the commutation relation 
Lap, a7 |=9xn - (11-34) 
The Hamiltonian then reduces to 
= >» fd, Ges (11-35) 
with £, as energy eigenvalues for the one-particle problem. Further by relations 
( a= (gi/h+ipi)/V2 > 
a= (qx(h—ips)/2 » 


we transform a, and az into Hermitian variables g,, f,, satisfying ordinary commutation 


(11-36) 


relations : 
[Pu W\= (2/2) Ox - (11-37) 
Then 
H= (pe +90 /@—-1) Ei /2 (11-38) 
& 


This indicates the system may again be regarded as an assembly of oscillators. 
We can now apply the general procedure stated in (a): By the substitution L (gry t) 
=Rexp(iS/h) for the state vector in its g-tepresentation, the equation of motion for 


state vector is transformed into 


OS he oe SIE aR 


pitas (ae = ==\(9) . 
By? 2h Ogy 


* In place of our method which separates the equation into its real and imaginary parts, W.K.B. method . 


separates the equation approximately according to the order in 7%. 
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These mean as before an ensemble of classical motions of an assembly of field oscillators 
with extra potential — (%7/2R) ¥) 4, (0°R/ 09.2). The quantum-mechanical motion of the 
k 


field variable for some state is represented by an ensemble of its classical motions : 
h(a, t) =32 271? (q,(2) /6+1S/Aqx) Up (0). 
z : 


Now if we ate to consider the particle as Fermion, a, and a; must satisfy the 
anticommutation relation, then it is impossible to define any Hermitian variables 9,, Dx 
satisfying ordinary commutation relations and so having continuous eigenvalues. As we 
thus cannot obtain what we have called coordinate representation, the picture of an ensemble 
of classical field motions cannot be drawn. Such a situation implies that for Fermi field 
whose wave function has no classical analogue on account of the exclusion principle, our 
formulation is not feasible in contrast to the case of Bose field treated in (b). 

The situation is the same for quantum Dirac field, for which Hamiltonian is again 
expressible as (11-35) including the freedom of spin, but because of the anticommuta- 
tion relation for a and a* we cannot grasp it in such formulation. 

For quantum Schrodinger field of Fermion, we could in fact carry out the procedure 
starting from the equivalent formulation in configuration space (see (2-12)), but for Dirac 
field the procedure can be carried out in neither formulation. Such a consequence may not 
be accidental, but is in connection with the necessary relation between spin and statistics. 

Since it seems very probable that for the exact validity of the picture of an ensemble 
of corresponding classical motions we must be able to apply the’ procedure stated in (a) 
to the system—even if it might be possible somehow to provide the spin with some 
classical picture of another character,—we may conclude that the ensemble picture cannot 
be obtained for Fermion, by the consideration of spin or exclusion principle. Then the 


coherent application of Bohm’s new statistical interpretation for quantum mechanics must 
fail for Fermions. 


§ 12. Similar substitution for field variable 


In order to apply our method to fields, we had to make the usual substitution for 
the state vector. Apart from the purpose of deducing the formulation associated with 
classical pictures, also it is formally conceivable to put the substitution ¢=R exp(2S/#) 
for the wave function ¢ regarded as field variable. Such a transformation may be of 
use for spinless field with single complex field variable, meaning to transform the variables 
from # and ¢* into R (or P) and S. In quantized field these variables will become 
g-numbers. 

The Klein-Gordon’s equation is in fact to be regarded as a field equation, and so its 
re-expression® (11-27) and (11-28) may properly be reinterpreted in such viewpoint. 
On the other hand, such transformation is not applicable to real fields without charge 


* These, as field equations, are derivable from the Lagrangian whose density is 4 = — #2 (OpR)2—R2( OpS )2 
—mc2R2, for free field. 
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such as the electromagnetic”: 
We shall now briefly consider the case of Schrodinger field. Its Lagrangian density 
(11-30) is written, by the transformation 


=P exp(iS/t), 
(12-1) 
[¢* =exp(—7S/%) P""] ‘ 
as 
£L=—P jak tek VS\24V. SAGE Je 2) 
( em VS) +V+ ier ge ye (12.2) 


and Eqs. (2-10) and (2-11) are really derivable as the Euler’s equation for this Lagrangian. 
From (12-2) the canonical momenta conjugate to S and P are 175=—/P, and 7, 


=0 respectively, so we have Hamiltonian density : 
= —PS—£=P|*_(vs)'+ V+ SELON (12-3) 
2m 8m 


This, if regarded as a functional of S and 2,;=—P, with P and 7, eliminated, again 
reproduces (2-10) and (2-11) as its Hamilton equations. 

From (12+2) the energy-momentum tensor may also be calculated: For example, . 
the momentum density is obtained as G=//S, in harmony with the previous picture**, 


as well as (12-3) for energy. 


Now we may quantize the Schrédinger field formally in terms of S and P, by setting 


the commutation relation : *** 


[S(a), Plat) = G/i) 8a), (12-4) 


just as we have done so by (11-21), again assuming the particle as Boson. 

This way of quantization is analogous to the quantization of irrotational motion of 
fluid, which has been carried out by Landau in connection with the problem of liquid 
He II, and which considered to give rise to photon corresponding to longitudinal waves. 
Cur quantized Schrodinger field differs from quantized flow of usual liquid for its peculiar 


term, yet it might have some connection with He problem as it cortesponds 
eK 


« pressure ‘ 
to an assembly of Bose particles 
As the result of quantization, P and S no longer hold the bearing concerning the 


picture of the trajectory ensemble. 


illator of electromagnetic field which is a complex 


* Similar procedure is still applicable to each field osc 
ly we transform the field variables from 7, 2, in 


fourier component representing a propagating wave; name 
§ 11, (b) into Py, 5), such that cp, +éhq,= (24ck)72P, exp(25,/2). 
** Jf we take P and S as field variable and its conjugate momentum respectively, as Bohm did, field 


P, not in accordance with the picture. 


momentum density is calculated as G= —SpP,; . 
*** Rigorously speaking, the definition of S as g-number through (12-1) is not feasible, further that of 


P-} appearing in (12-3) and (2-10) is not sufficiently evident. 


*«#* Tt is to be noted that we here treated for simplicity the problem neglecting mutual interaction between 


- particles. 
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$13. Possible generalization of Schrodinger equation 


The expression of Schrodinger wave equation in terms of amplitude and phase has 
corresponded to the hydrodynamical picture or the statistical picture, neither of which can 
be taken as real, as we have already seen; yet by the help of this analogy we may 
formally suggest a possible way of generalization of the Schrodinger equation different 
from the one suggested by Bohm. 

As was remarked in § 3 the Schrodinger equation corresponds to ari irrotational motion 
of compressible fluid with special ‘ pressure ’ potential. Suppose we now generalize this 
equation into the form corresponding to more general flow including the rotational*. 


We then take as fundamental equations the Euler’s equation itself with special “ pressure ’ 


potential : ; 
au wed en ae 
mi\—+(e)v} =—P( V—- == 3-3 
ot ( 2m R ( , 
together with continuity equation : 
P+div(Pv)=0. (3-2) 


We thus represent a ‘ quantum-mechanical state’ of a particle not by the Schrodinger’s 
¢ (ie. by P and S) but by P and 1, satisfying (3-3) and (3-2), which can no longer 
be combined into single equation for a complex variable. From the viewpoint of the 
statistical picture, this means to extend the condition for an elementary ensemble, and 
the physical meaning of ? and U must be considered the same as in the original statisti- 
cal picture. 

Such generalization requires to violate the general concept of quantum mechanics ; but, 
instead, we can consider Eqs. (3-3) and (3-2) not as equations for a particle, but as field 
equations. Such field equations may not be so plausible, being non-linear and non-relativistic, 
yet they might possibly serve as some model,.taking into consideration that, in such a field, 
since the irrotational form of flow corresponds to the translational motion of structureless 
particle, the rotational flow may imply some other things. To examine this point the 
field should be quantized. The quantization of ordinary fluidal motion, including rotational 
flow, has been suggested by Landau" 
the method. 


as was mentioned in $12. We shall briefly sketch 


We set up, as the generalization of (12-4), the commutation relation 
[uv (a), P(x’) |= (4/tm) V0 (ae—a’), 
again considering Bose particles. Further, following Landau, we set up** 
[v(H), v(x!) |= (4/im) 0 (ac—a0’) P“' (curl v), - 


As Hamiltonian, we take the expression for energy : 


* When magnetic field is present, Schridinger equation corresponds to certain rotational flow, which is 
not however a general one but with potential for the quantity a+ (e/mc)A (see § 3). 
** (7,7, 2) means an even permutation of (., 1, 2). 
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It is then shown that the equations of motion (3-3) and (3-2) are given each in 
-standard form : 


v=(i/h)[H,v|],  P=(i/h)[A, P|. 


Now there exist the states which always satisfy curl =O everywhere, since curl 
commutes with HY when it vanishes. Such states just cover those of Schrédinger field 
(stated in § 12). The lowest state of vortex motion and the spectrum near it have been 
conjectured by Landau in terms of so-called ‘roton.’ Corresponding to this we might have 
something like spin with excited states im our case, but it may be difficult to analyse the 


‘vortex motion, and we cannot here enter into this problem. 


§ 14. Singular ensembles with kernel property, ete. 


Apart from the difficulties in its interpretation or the restriction on its applicability, 


our procedure has enabled an alternative formulation of quantum mechanics (especially in 


‘respect to equation of motion and stationary state problems) provided with certain classical 


pictures. One must be able to treat various problems according to this formulation. 


We shall, in this section, construct special singular solutions on this formulation, and find 


-4 connection between this formulation and the Feynman’s one. 


Now, this formulation has the advantage that it can utilize the classical picture, 
nevertheless, the peculiar quantum-theoretical potential — ( i?/2m)4R/R exerts so essential 
influence that in fact it is generally more difficult to find the solution along this way, 


reflecting that the formulation is constructed with the non-linear, simultaneous equations 


unlike the original Schrédinger wave mechanics. 


It is, however, usefull for such distributions where 4R/R=0, because in this case 


quantum-theoretical potential really vanishes and we have the picture of an ensemble of 


purely classical trajectories. Also it is possible to proceed along successive approximation 


in which quantum-theoretical potential is first neglected (see § 15). 
We take up in this section spatially uniform distributions which of course satisfy 


AR/R=0. Such an ensemble must therefore fulfil three simultaneous relations : 


VP=0, (14-1) 

; oemes (VS)?+V=0, (14-2) 
2m 

P+ PAS/m=0. (14-3) 


Here Eq. (14-2) involves only S as unknown function, but S must further satisfy* 


V (AS) =mV div v=0, (14:4) 


* For such solution be allowable exactly, it is sufficient that 1” is a polynomial below 2nd power in H. 
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so that (14-1) and (14-3) might not contradict each other. If this is the case, P is 
determined from (14-3) as 


P=const. exp( — \aiv vdt). (14-5) 


Now, to solve (14:2) means to obtain an action function for purely classical motions. 
On: the other hand the classical trajectory #(¢), which starts from a point #, at time 


¢t=0 and reaches @ at ¢, can be determined by the variational equation : 
t ; 
| £(@e(0), #(¢))dt=min. (2 (0) =X x(t)=2x), 
0 
the minimum value of which means the action for this classical motion, i.e., 


SZ x,0) =| | L(a(2), w(2)) at] ; (14-6) 


min 


Here the Lagrangian Z is known, for the case under consideration, to be 
L(x, 20) = a V(x). (14-7) 


The action function S(at/, 9,0), given by (14-6), regarded as a function of © 
and /, fixing ®,, is a singular solution of (14-2), such as to correspond to the trajectories 
starting from a fixed point a, initially with any velocity. Such S, if satisfies (14-4), 
gives, combined with (14-5), a possible (elementary) ensemble (i.e., a solution of 
Schrédinger equation). 

Really this is the case in general in the infinitesimal neighbourhood of space-time 
point (#,0). It is because we have, in such space-time region, by (14-6) and (14-7), 


M1 


S (art, aty0) = (ar— a9)? — = (V(r) + V(ae,)) (14-8) 
Pare Mbps LEAD eee | Bre i 
(a —an)*—1{* Gena) PV et Man), (04-8) 
and so 
V=VS/m=2—™__! wy), divv=3/i. (14-9) 
t 2m 

Then from (14:5) and (14-9) we get 

P=const. f°. (14-10) 


We have thus found that the spatially uniform ensemble of purely classical trajectories 
starting from space-time point (#),0) with various velocities, is a possible (elementary) 
ensemble in the neighbourhood of this space-time point. 

This ensemble has been obtained as a very particular solution, nevertheless it possesses — 


the following universal significance: The wave function corresponding to this ensemble, 


* Expression (14-8)/ is identical with (14-8) in our approximation which neglects terms of order of 
2(X—2))?. 
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K (xt, Xo 0) =P(Z) 1/2 phy S(xtyxo 0) (14 5 11) 


=const. "+ exp] (ar—a,)*—2{ * (ear) PV). Vor) |, 


(14-11)’ 
is the transformation kernel to produce the wave function (aH, ¢) at infinitesimally 
later instant from its initial form (a, 0), by the relation : 


oh (act) =|K(ws H,0) f(a, 0) ax, « (14-12) 


To see, this, first we note that the expression (14-12) satisfies the Schrédinger equation 
for small ¢. It is because in the neighbourhood of #,, K (az, 9,0) itself satisfies the 
wave equation as we have above deduced, and on the other hand the region where #©—a, 
is not small makes no contribution to the integral of (14-12) as the factor 
exp [ (i7/2h2) (a—x,)°| in K oscillates rapidly due to the smallness of 7. In the second 
place we note that when ¢—>0 the expression (14-12) tends to const. /(a#, 0) because* 
when /—> 0 


lim K (at, H, Be const. f~”/? vexp| 2 — (#— Hy) *| const O(a—a,). (14-13) 
t>0 A Dt 

Thus the quantity A (a7, 0,0), whose amplitude is spatially uniform and whose 
phase is the action of the classical trajectory from (a,0) to (at), means the kernel of 
the Schrédinger wave function to infinitesimally later instant ; but this is just the Huygens’ 
principle for the development of Schrédinger wave, which has clearly been expressed by 
Feynman.” ** 
We shall now reproduce the above argument in somewhat more intuitive form. First, 


taking the gradient of (14-2), we get the classical Newton’s equation : 
? 
She 4) (14-14) 
at 
A classical trajectory #,, U; (particle position and velocity at time /) are expanded, for 
small 7, as 
UU +-1%; (14-15) 


9 


i, Ay + LU, + Uy (14-16) 


Suppose we vary the initial conditions BY motion (a, %), then (14-15) and 
(14-16) represent ey of number of co%, from which we pick up a collection of 
trajectories of number of co%, by fixing ®. They are the motions passing the point #, 


#z \—3/2 7 ma ohyrey ea pe )] cei 
* Note that, lim (7 ) exp( >>, )=lim 4-94 3 fexpl, 7 (pe+t, £) |dp=0(a) 


** Feynman’s procedure cortesponds to first postulating (14-12) with (14-11) and (14-6) [or(14- -8)], 
and then proving its satisfying Schroedinger equation, together with (14-10), by means of Taylor expansion in 4 
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initially with any velocity, and they construct a definite velocity field w(a,¢) which is 


obtained by eliminating U, and v, from (14-14), (14-15) and (14-16), as 


x=2,+ tv (x, t)+(2/2m) VV), (14-17) 


but this is just identical with (14-9). We may therefore readily construct the velocity 
potential S for this velocity field so as to satisfy (14-2), again reaching (14-8)’. 

Moreover in this way we shall also be able to show that this velocity potential S 
means the phase of the transformation kernel. It is as follows. Eq. (14-16) combined 
with (14-14) is written as 


=) +1V,——— PV )o, (14-18) 
2m 
which must also be valid in quantum mechanics as a g-number relation. Then the trans- 
formation function A(a,0,#¢¢) from the representation making #, diagonal to the one 
making #, diagonal, has to satisfy the equation gained in the following way: In (14-18) 
we replace @, by (%/mi)Vo, and then operate this result on A, thus, 


fh 


m t 


pee 
2m 


{ar + (VV) } Kaw. (14-19) 
This equation, when re-expressed for the phase S of K [A=const. exp(¢S/%)], turns 
back into, 


Eq. (14-18) with %, replaced by V,S(a,0, at) /m. (14-20) 
Further, taking into account the property : 


TGCS 0, 202) aK (acre O)ie oo AH 0, Ct) = —S bl, BH, 0); (14-21) 


(14:20) is also written as 
Eq. (14-17) with v regarded as VS(x’, 7,0) /m, (14-22) 


which is just the relation (14-9). Then, integrating (14-22) by the help of (14-21), 
we again reach (14-8)’. From the above parallelism the kernel property of S is quite 
clear. 

Next we consider special cases when the S function, which corresponds to the ensemble 
of classical trajectories passing a space-time point (#),0) with any velocity, fulfills the 
condition (14-4) over a finite space-time region, and so exact solution may be obtained 
for finite time interval. 

Since such an ensemble must tend to agree with (14-8) and (14-10) in the 
neighbourhood of (a, 0), it has the property of kernel for small ¢, accordingly must also 
have for finite 7. 


To satisfy (14-4), considering, for simplicity, one dimensional cases, the .S-function 
must be quadratic in #, that is, 


S=527°+25,4+55. (14-23) 


“a 
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On the other hand this S-function must satisfy (14-2), and this fact requires [7 to be 


quadratic in 7. Suppose now the solutions of the Newton’s equation are obtained in linear 
form in initial values 1+, and 7, such that 


L=fUytexth, (14-24) 
where f, g, are functions of ¢ alone. Then we readily find the S-function correspond: 
ing to the classical trajectories passing (7,0) to be really quadratic in x such as (14-23) 


with the relations s,= (72/2) ( Ff ), etc., accordingly we have 


P=econst: fo. : (14-25) 
Example 1. Oscillator” 


For oscillator having potential /7=12w*1°/2, the classical action function connecting 
two space-time points (4,0), (7) can easily be found to be 


ee { (2° +4,7) cos wf—24 4}, (14-26) 


which is certainly quadratic in x. The Newton’s solutions (14-24) takes the form : 


+£=, sin wt/w+ %, cos wt, 
and so (14-27) 
v=, cos wf—4, sin wl. 


Then by (14-25), 
P=const/sin wt. ‘ (14-28) 
Eqs. (14:26) and (14-28) give the kernel for finite time transformation by A(17, 7,0) 
= P*!? exp (S/h). 
Similarly we can obtain such kernel for forced oscillator which is subject to any pet- 


turbing force 7 (7). 


Example 2. Motion under Umform Magnetic Field 


For uniform distribution Eq. (3-9) reduces to purely classical Newton’s equation : 


As is well known, classical trajectories under uniform magnetic field are the circular motions 


with constant angular velocity, w= eH /mce, that ts, 
—iwt 
C=Cje > 


c= (105) Cie 1) +¢,; 


where C=v,+iv, and €=x+2y are complex velocity and. position respectively ; ¢, and ©, 


(14-29) 


their initial values. 
The velocity field corresponding to the trajectories passing a fixed space-time point 


* We consider the motion for simplicity only in the plane perpendicular to H. 
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(€,,0) with arbitrary velocity, is obtained as before by eliminating ¢, from (14-29), as 
C(é, 4) =—i0 (€—F,)/(l1—e*"). (14-30) 
This satisfies the condition (14-4), and leads to 


P=const./(1—cos w/), 


S (54,80) = 2 {SP Fest s(Gee— Ere) b 
4 1—cos wt 
Combining P and S, we obtain the kernel exact for finite time interval as in the case of 
oscillator. 
Next we shall briefly consider the ensemble reciprocal to what we have treated so far, 
the ensemble of classical trajectories which start from any point in space initially with a 
fixed momentum p,. The momentum field constructed by such trajectories, when 7 is 
infinitesimally small, is simply 
D(X, 1) =VS=_ Day Va (14-31) 
which gives divpo=—7¢d4V. Therefore, if JV is space independent*, (14-31) leads to 


a possible ensemble. That is, 
P= const; S=p,x— (p,/2m4+V)t. (14-32) 


For some cases we can also obtain the similar ensemble as an exact solution for finite 


t. For example, again for oscillator, we obtain, by eliminating x, from (14-27) with w, 
fixed, 
u(«, ¢) =(v—~+o sin wt) /cos wf , 
and, from this 
P=const./cos wf , 


S= (~fx—Z#’ sin wt/w/ /cos wf , (EZ! =p /2m+V). 


Finally, it is sufficient for the validity of purely classical trajectories only that 
V(4R/R)=0. This is satisfied by real functions** which have the property of the energy 


eigenfunction in free space such as plane waves : 
R=acos(kx +4), (— (#/2m) IR/R= k*/2m), (14.33) 
or spherical waves : : 


R=0 sin kr 7, - ete (r= 


x—a,)), (14.34) 


whete a, kK, u, 6, and #, may still depend on ¢. We shall not be concerned in these 
cases any further here. 


* For this, it is sufficient that / be a polynomial of below 2nd power in 2. Such condition is required 
because we consider now ¢ small but a in all space in contrast to the case of (14-8). 
** ‘We need not necessarily adhere to the assumption @ > 0. 


*** Solutions R=é6 cos £7'/r (including 4/r for 4=0) means another singular distribution which may be 
also allowable. 


eee e 
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§15. *W.K.B. procedure ’, ete. 


We have taken up in the last section singular, non-stationary, but spatially uniform 
ensembles, in which quantum-theoretical potential rea//y vanishes, and which, by certain 
superposition, built up the solution for small (or finite) time interval. 

Somewhat analogous procedure is the ‘W.K.B. method,’ in which the quantum- 
theoretical potential is first ~eg/ected from the reason that it is of 2nd order in %, accord- 
ingly in this stage of approximation the picture of the ensemble of pzrely classical 
trajectories gets again valid. This means the geometrical optics approximation, and is 
taken as the start of further approximation. In contrary to the kernel method, this 
procedure is useful especially in stationary state problems. In this case such approximate 
solutions, when suitably superposed, may construct a better approximation, say from the 
ground of variational principle. 


This procedure is suitable to clarify the correspondence-theoretical significances. of the 


picture of the old quantum theory, into which we do not however enter here. 


Lastly as another use of our formulation, we shall point out the problem of cave of 


r 


the fluid with its peculiar ‘ pressure potential’ in our hydrodynamical picture. * 


We have treated various aspects of our subject but not fully developed the analysis 


in some points, which we want to carry out in future work. 


The author would like to express his sincere gratitude to Professor S. Sakata for his 


kind interest and valuable advices“and criticisms on this work. He also wishes to thank 


Dr. O. Hara and Dr. H. Umezawa for stimulating discussions and criticisms. 
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Appendix 
A. Stress tensor in the hydrodynamical picture 


In hydrodynamical picture we have considered merely the pressure potential 
—(#/2m)AR/R so far. This is however identical with assuming certain séress tevisor. 
From (3-3) and (3-2) we get 


Fins (A-1) 


m me (Pu;) +m>) Soe (Px,0,)=PKi+>3 
or RROD, k OX, 


where K;=—0OV/dx,, and 


Re G aR dR AR j=2 pd (log) | 


Ci (A 2) 
OL, On OO 2m OL; OX; 


22 


This showes that the motion can just be pictured as that of fluid with (symmetric) stress 
tensor o,,, and that the influence of quantum mechanics is regarded as introducing this 
‘ quantum-theoretical’ stress (in addition to considering an irrotational fluidal motion). 
The force naturally remains the same as before, that is, 
s fe) Ake 
ree) 


(A-3) 
OX, 2m R 


-6;,=P - ( 


In this viewpoint the peculiarities of our hydrodynamics present itself in the stress 
tensor rather than in the divergent pressure potential. The normal components o;; of the 
stress may be fension-like (o;,>0) as well as pressure-like (7,;<0). Also the mean 


pressure 


p= —H spur oR) RAR) 
3 6m 


‘may be negative. Further, the shearing components, not generally vanishing, depend only 
upon the density distribution but not upon the velocity field, so that the flow is dissimilar 
to 7scous one and can persists to be irrotational. 
The condition for perfect fluid hydrodynamics 
aN) 
Gig = — Pr Ox; 
is satisfied only by the Gausstan distribution : 
f Rae 9 er 5 
| P>=const. exp(—ar*), (r=|ae—o,|) 
with ~,= (ak? /2m)P. 
For a little more general distribution P=const. exp(—ar"), it is easily verified that 
there acts in the directions perpendicular to radius always a pressure ; and in the radial 


direction a tension for ~<1, and a pressure for 2” >1 which gets equal to the former 
pressure in mangitude for 7=2 as was above stated. 
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B. Sound wave in the fluid of the hydrodynamical picture 


We consider the motion of the fluid which gives rise to slight deviation from the 
normal state of rest in free space, K=const(=,), U=0. In this case, inserting 
R=RAIAe), Ae = 1, (B-1) 
and neglecting the term (7.S)?/2=mv"/2 because of the smallness of U, we can simplify 


the original simultaneous equations (3-5) and (3-2) and thus bring back into the linear 


form 
Sau sa 4doe=0, (B-2) 
212 
p+——dS=0. (B-3) 
212 


Further assuming ’=0, and putting S/%=s, these equations are reduced to the sym- 


metric form 
s—udo=0, (B=2") 
p+uds=0. (u = h/2m) (B-: 3’) 
They are identical with the. real and imaginary part equations for the Schrodinger equation 
in free space b—iu 4=0, derived by the substitution ¢—=const + const (oe+is). This is 


because 


R, (i+ pe® =R(1+p) (1 +is)= Rate tes) 


for small » and s. 


From (B-2’) and (B-3’) we get 


sto?dds=0, 


o+a dd p=0 


(B:4) 


; 5 ie ; ; 
which mean the, equation for the ‘sound wave’ in our fluid, replacing the equation 


&_pas=o, (@=dp,/dmP)) Seine 
for usual sound. 


Simple plane wave Solutions for (B*2’) and (B-3") are 


s=7 sin &4 , C= cos Ss » (U==U, cos Sx), (B-6) 


s=y cos &x, p=F7 sin Easy (v= — VU, sin ah 
where €, =k pul’, and v,= (Ak/ m)7y. They show that the wave must be longitudinal 
poku tuk, . . 
as in usual fluid, but that the phase velocity w=uk depends on k unlike the case of 
astial. fluid.where w==f: For (B-1) -we require that |7|<1 (|7| =v,/2 meaning half 


i ition is J urantees the legitimacy of 
of ‘Mach’s number’); moreover this condition is just what g g y 


i 4 i i s are similar to the case of usual 
neglecting the 7-term in (B-2). These circumstance 


sound. 
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For example, one of sound waves thus obtained, the first of (B-6), corresponds to 


the wave function 
g=1+yet+ = R, +7 cos €,) arin * +, (B-7) 
which is not any eigenstate for momentum nor for energy. 
For sound waves in general cases where [7 exists, we cannot start from (B-2) and 
(B-3), because sound waves correspond to slight deviations from a normal state of rest, 


which is identical with a real eigenstate for energy and is defined by K=A, and v=0, 


where 7, satisfies 
— (%/2m) dR, /R,+V=E. 


We can, however, obtain the equations which replace (B-2’) and (B-3’) still in linear 
and symmetrical form 


( s—4(2(PR/R)P p+ 4e]=0, 
| p+u [20 R,/R,)ls+4s|=0 ; 
where p is defined by (B-1) as before, and s=(S+4&/)/Z. 


(B-8) 


~C,. Hartree’s approximation 


For simplicity let us consider a two-electron system. Its quantum-mechanical motion 
is described in our formulation by an ensemble of trajectories in the configuration. space 
under the action of external potential [”(#7,)+1/(a#,), Coulomb repulsion ¢/|a#,—«x,| 
and the quantum-theoretical potential — (%°/27R)(4,R+4,R), as we have seen in § 2. 
But corresponding to the Hartree’s independent orbital approximation, we reduce the 
picture by assuming the separation of variables : 


R (at, 0) = R, (0t,) Ry (0s), S (Wy We) ='S; (4,) + So(at,). 


Then the motion of the first electron is pictured as an ensemble of trajectories in real 
space under the action of quantum-theoretical potential — (%°/2)4R,/R, due to its own 
cloud, and the Coulomb potential e°{ P,(a,)da,/|ac,—ar,| due to the cloud of the 2nd 
electron, and vice versa. It is noticeable that the cloud ‘acts upon its own particle ‘ hydro- 
dynamically’ whereas upon the other particle electtostatically. ae 


Note added in proof: Formulation of the. second quantization in hydrodynamical form more strict 
than what we stated in § 12 has recently been attempted by Nishiyama (Prog. Theor. Rhys. 7 (1952), 417) 
in terms of 7, ¥Y, and Y* (which correspond to ?'/2, etSlk, and e-4S/% in (12-1) respectively), introducing 
the velocity operator by 
a 


Zine 


= (Vp V—py*.v), 


It is noticeable that this velocity field involves the rotational part: 


(curl wv) 3 = 


&(OV* OV OV* OV 
mi\dxj Ox~ Oxy OxG ). 


er pili hd 
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Realization of Special Contact Transformations with 


Static Electromagnetic Fields in Vacuo 
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Necessary conditions for two contact transformations, i.e. coordinate-coordinate transformation and 
momentum-coordinate transformation are obtained with static electromagnetic fields in vacuo. A velocity- 
coordinate transformation is shown to be impossible. An example of electromagnetic field allowing the 
two contact transformations is given. 


$1. Introduction 


Concerning the invention and design of energy spectrometer, mass spectrometer, 
oscillator and accelerator, physical intuition alone seems to have been playing le premier 
role enslaving mathematics in the serfdom of an aberration computer. 

These instruments perform mathematically contact transformations of some specified 
characters between initial and final variables. So there appears the problem to find out 
a dynamical system which performs a specified contact transformation. 

If a contact transformation (a,, 0,)—>(%, J,) is realizable with a dynamical system 
defined by its Hamiltonian H(x,, 7) not involving the time, the transformation must 
leave the Hamiltonian invariant, since the Hamiltonian is an integral of the equation of . 
motion. 

The above property of contact transformation is a guide to lead us in searching an 
appropriate dynamical system. 

In this paper are considered two contact transformations : . 

1) the coordinate-coordinate transformation in which final coordinates of a particle 
depend upon only initial coordinates of the particle, 

2) the momentum-coordinate transformation in which final coordinates depend upon 
initial momenta alone. 

If the momentum-coordinate transformation is possible, it will be efficiently applicable 
to the design of momentum spectrometer if needed. The transformation is possible with 
a static electromagnetic field in vacuo. The momenta, however, are not the velocities, 
and depend upon vector potentials of field. 

On the other hand, if the coordinate-coordinate transformation is possible, the trans- 
formation makes it possible to construct a perfect instrument by which all the particles 


emitted from any point source in any direction with any velocity will be centered at 
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another point. In other words, the coordinate-coordinate transformation, if possible, allows 
a stigmatic representation with no chromatic aberration. This transformation is possible 
and realizable with static electromagnetic fields in vacuo. But, the magnification ratio of 
a perfect instrument being unity, the transformation will be applicable not to the design 
of an electron microscope but to the planning of a mass spectrometer. 

The work in the paper was stimulated and encouraged by daily chats between Prof. 
G. Miyamoto, his coworkers Messrs. S. Mori, Y. Kobayasi, T. Ohkawa and the writer. 
Without their help and exhortation, the paper could not be written. Many thanks are 


due to them. 


§2. Representations of the contact transformation 


If two systems of canonical variables (45°**5 Ans O1y'**s On)» (Hats En» Iay***» In) ate 


connected by a contact transformation, there is an invariant bilinear form 
X S N 
a,06, — 4b, 00,= AX, 0) ,— AV, OX r 5 (0) 


where two symbols of differentiation d, 0 are commutable between them and the signs of 
summation with respect to 7 are omitted. 

If 27 variables appearing linearly in the two bilinear forms are taken as independent 
variables, the contact transformation takes a concise form as is well recognized. 2 cases 
are cited here : . 


ds 52 being independent. We have then 


(6, da,) —d(b, ba,) =8( y, dx,) —A( J, Ox,) 


r? 


or 0( 4, ax,—b, da,) =a (J, 0%,—=6, 0a,). 
Hence y, dx,—36, da, is a perfect differential. Therefore 


y, Ax,—b, da,=AU (a, a), 


2) 6,, x, being independent, 
Jy AX, + 4, db,=aV (x, 6), 


There are other types of representation corresponding to the Cayley parametrization 
of a symplectic matrix.” 
3)~ Taking (v,+4,)/2=u, (7, +4,)/2=v, as independent variables, and putting 


X,— a, = 2f, , Ir— 6, = 228, ) 
we transform (0) into 


au, 0g,—ag, Ou, =av, Of, — Af, OV,» 


we. 
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whence we have 
O(g, du,—f, dv,) =d (gy 0u,—f, OV,) , 
£, au, —f,, av, =adF (u, v). 


Hence we get 


is Ou, ; y Ou,” 
4,= uU,— ar Po AS 
OV,” ou. 
pies ea 6,=U,— oF 
OUl,. OU,. 


4) (% a a,) [2=u,, (j,—b,) /2=v, taken as independent variables. 


a AG AG 
A,p= U,— 5 a, = — Uy, — r 
Ov,. OU, 
OG AG 
ela e ? b,.= — 2, see 
4 Ou, ant Out, 


§3. The equation of motion 


For a charged particle in a static electromagnetic field, the equation of motion can 


be derived from the variation principle 
3 | Lat=0 


with 


eee G Ux 

L= 1 dx, dk, + ‘ A, (4) CET SA (a), 
2 Gh al OP 76 at m 

Xp= (Lp X85 Xs) orthogonal cartesian coordinates of the particle, 


A,=(A,, Ay, As) vector potentials, 


A scalar potential, 

wm mass of the particle, 
€ charge of the particle, 
Cc velocity of light, 

t | time. 


Denoting the momentum conjugate to 1, by 1, 
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we get the Hamiltonian of the dynamical system 


Hx, 9) =5(9-— 4\¥—— 


mc 
and the differential form 
a=) Qt — Tat. 
The equation of motion can be put in the form 
@,—Aw5;=0 


provided the symbol @ defines a displacement along the path, the symbol 0 defining an 
arbitrary displacement.” 

If the differential form w, be transformed into a perfect differential, the equation 
of motion will be solved. 

Corresponding to 4 types of representation in §2, we have 4 types of equation of 
motion. 

We denote by (+,, y,) canonical variables at ‘=7,, by (@,, 6,) canonical variables at 
tp, 


1) 2 =H (2, 2 = H(a, —2— 


Ot 
per a A rd else , 
ee ae est 
4) 2 = (u—-%, 04 5) = (=n toes 
t=t,—th. 


§ 4. The coordinate-coordinate transformation 


Representing the required contact transformation for a coordinate-coordinate transfor- 
mation as 


2, Ay, +b, da,=aV(y, a), 


we have 


4, = rey (a), 


V=y, x(a) +f(@), 


ae 


6, Fass, 
ce 0a, Oa, 


er ob Si ole ell 
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Since the Hamiltonian is invariant, we have 


ax, ar) (2) 


0a, 04a, 


A (+-(@), Jr) =F (4, Is 


or, from (1) 


4(y,-- A,(2) \(-—- £4.) += AG) 


SE SA LSE I) Meme a Ot IO See e ; 
(92 + Ai(a) (9. = <4(a))+£A(@). (2) 


2 0a; 0a; mc 0a; 
Equating the coefficients of terms of the same degree in y, in both members, we 
get 3 conditions 


N (ae OX; 
= (3) 


A Ne ? 
0a; 0a; 


ae), (4) 


OLE 
A,(a) =5(A,(#)— == 
a ce 


s{ -) 4,(2) A, (2) +A (x) = 5 (<4, (2) ae —As(a) Seeks <A (a). 
(5) 


The condition (3) implies that the transformation @,—> +, is an orthogonal trans- 


formation. Hence we have 
OL; On a 3 3/ 
Sea a? (3’) 
Oa; Oa; 


and the invariance of the line element 


a4,d%,=daula, , 


which resembles the property of a perfect instrument in geometrical optics.” 
Multiplying (4) by dx,= (0x,/0a;)da; and summing up with respect to 7, we have 


= A;(a) daj— at af, ‘by (3'): (4’) 


The function f induces a gauge transformation. Since the gauge transformation 
does not alter the motion of a particle, f may be dropped from the expressions. 
If we eliminate f from (4’) by exterior differentiation, we get 
ee Ze) VE BOE Pe (4- ee) da,0a;, 
Oty, Or Oa, Aas 


firs (4) Mtr 04% =Sin (a) da; Oahy (4”) 


or 
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firs denoting the magnetic field strength. 


The condition (5) is now simplified in a form 


Aig) =Aia). (5’) 


§5. The momentum-coordinate transformation 


In a momentum-coordinate transformation, the final coordinate x, are functions of 
the initial momenta J, alone. Hence 4, are functions of x, alone. Thence we take a 


contact transformation 
lt, — b, da, =a (x, a) 


with independent variables x,, @,. Since 4, are independent from a,, we have 


aU 
— a, = Dy. 4 
0a, Ik) 
and U=—a,b,(#) +f/(4), 
Vr=—a, 00, ~ Of 
Ox 9 10%, 


eis , } 4 
As in the preceding section, f may be dropped. A necessary condition for the 
momentum-coordinate transformation is then written 


2-1 0) : 


igh ee —a; 
If we put 
H (2, 9) = tee In B(@) BQ), 
B,(«) =-_A, (2), 
me 


Bw) =1(*-) A(x) 4,0) +£A@), 


the condition (6) will be 


ak 00; O00, 00; 
a z 8 Be B Ph 
2 esa OX, OX, st One Oe) 


1 é 
= b(2) 46(#) =6-(2) B,(a) + B(Q). (6’) 


The constant terms in 4,(x) and G(x) are indifferent to the motion of a particle. 


So we can put 


day (0) = 45 (0). =0: 


ed 
z 
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Putting a@;=0 in (6’), we have 
nD; LS a 
B(x) Baa (4) d:(x). (7) 
Putting 7;=0, we see 
1 gy 
o=+4,(0) 4 (0). 
ae. 
Consequetly 4,(4) are linearly homogeneous in x, and A(x) is a quadratic homo- 


geneous form in 7, 


Putting +7;=0 in (6’), we have 


B(ay\= Lia 00; Ob (8) 
eZ OX, OX, 
whence 
eR (2) = —6,(«) B,(a;). | (9) 
ee 


Hence &,.(x) are linearly homogeneous in +,. Therefore H/(1, j/) takes the form 


1 Ak 
H= ieee (Mee Pea Sintete 


Bei — Pil tia Te A) SP B(x) = inte 
The antisymmetry of f,, is attained by an appropriate gauge transformation. 
If we use matrix notations, 
Prol=P, Wreell=r, W@oll=4 Merell=e 
where ¢,, and v,, are defined by 
Ch) fees 


é 1 
eee. (7) SI gh X gy Ug =U ery 
mM 2 


with an additional condition 44=0 or 


O41 + Uap + Uog= 0, (10) 
A eeccadinons: tor. (7), (8)3,(9)" cutn out! to_be 
v= COC, * : transposition (7') 
T=", (8’) 
CR=fC. (9) 


On the other hand, we see 


> 


r=ut+p*pau—. 
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So the condition (10) is equivalent to 
2 t 
Ce is &. (10 ) 
When no magnetic field is present, we have 3=0, 4% 7=0. But Y%y=ér C*C=Cislay 
Hence C=0. Therefore the momentum-coordinate transformation is impossible. 
In passing we may remark here that the velocity-coordinate transformation is impossible. 
Denoting the initial and final velocities by c, and v,, we take the contact transform- 
ation 


(2+ eG) \dex, (4+, (2) da,=dW x, a). 


WC 


Since x, depend on only ¢,, c, are functions of x, alone. Hence we have 


AED) ee i (a ) add S 


116 02, 


from which we get the vanishing of magnetic field 


a4, 84, | 
0a, Oa, 


When the magnetic field is absent, the velocities coincide with the momenta, and the 
momentum-coordinate transformation is impossible as is seen above. So the velocity- 


coordinate transformation is impossible. 


§ 6. An example of field allowing the two contact transformations 


To exhaust all possible types of electromagnetic field in which a specified contact 
transformation is realizable seems to be a difficult problem. So here will be presented 
only an example of the electromagnetic field that generates a coordinate-coordinate 
transformation as well as a momentum-coordinate transformation. 

If the constant magnetic field is taken to be parallel to the x.-axis, the matrix 2 
assumes the form 


0 w °| 
b=|—w (0) 0}. 
lo 0 | 


Accordingly the matrix C that commutes with § takes a form 


| 
Cate, CaO) - 
| 0 0 ag] 
_The conditions (7), (8) require CC*=C*C, hence 


(C11 C09) C9 = 0. 


[ee ee 


Wal 
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We pick up the case c,,=cy=A. Then the matrix 7 is written 


ea* 0 *0. jf 
el) Of Ae 20 |, Ve. 
foo ¥| 
The condition (10’) claims 
27 + ¥=2w. (10’’) 


The Hamiltonian /7 takes then the form 
= 1 2 2 9 nl 9 9 39 9 o 9 
ie oa (Si Ae + IS) — OC M0 J 241) + a (Map +rry +¥ x5). 
We perform the change of variables (1, 7;)—> (€;,9;) by a contact transformation 
with its generating function S(x, 7, ¢), 

S=7,(x, cos wi+ x, sin wl) +7.(— 4%; sin wf+ X, cos Wf) +9243; 

aAS=y, ax;+§,; Ay; + (0S/02) at. 
We have then 

€,=4%,cos wf+x.sin wt, €,=—4%, sin wf+ 7%, 0s wt, Fa; 


4,=J1 cos wf +7osin wot, N= —Ji sin wf+7,cos wt, 7,=/s) 
as 
FELL (4; F5— 74281) : 


The contact transformation brings the linear form w,=y; dv;—/T dt into 


aS 


6 wee Bes 


dt—Hdt=d(S—€q) + nb. —(H +22 dt. 


Hence the Hamiltonian for the transformed system turns out to be 


Pre ae (yh nee) + (E24 EST VEZ), 
ot 2. 2 

The preceding transformation represents the transition from the old coordinate system 
to a coordinate system rotating with the angular velocity w around the ~+,-axis. 

The motion of a particle observed in the rotating coordinate system is the super- 
position of simple harmonic motions in 3 mutually orthogonal directions. 

Two cases are distinguished : 

1) A=v. From (10’”) we have 


P=v= 20 [3 


The dynamical system with its Hamiltonian 


=F nth ai +t) fetes ree) 
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generates clearly a coordinate-coordinate transformation as well as a momentum-coordinate 
transformation, and transition to the old coordinate system does not alter the character of 
the 2 contact transformations. 


The field selected above is represented by 
Se=fu=, z fr=20= V6», 
mc 


; 
é a 9 9 2 
—A(#) =—(—4 4+ 245). 
m 4 

The motion of a particle, however, is not periodic if observed in the old (or fixed ) 
coordinate system, since w/v=(3/2)’” is not a rational number. 

2) purely periodic motion. In this case 2, v, w must be commensurable. The 


homogeneous Diophantine equation 
27 + 7=20* 
has an infinite number of integral solutions with no common divisor, e.g. 
(Azsv:w)=(1:42 3), (72839), (7212212), (472 12% 199) etc. 
Fields corresponding to each of the solutions are 


‘ 
Ss=Su=9, Se) yp La, 


Mme 


y? ya 9 9 9 
A(z) =—(—af—4774+21,'); 
Mm 4 


1} 3 9 shh 19 
a > etc. 


Rede BOR werk ens 


Dynamical systems in this case perform only the coordinate-coordinate transformation. 
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The reason why the difficulty pointed out by Pais arises is analized by the general discussion 
independent of any approximation for the self-stress of an arbitrary elementary particle interacting 
with arbitrary fields. To do this, the Pais-Epstein-Sawada’s formula is generalized fcr the system with 
more intricate interaction. The difficulty due to the process of the vacuum polarization type on 
account of which the non-vanishing self-stress has been given is also discussed. 


§ 1. Introduction 


) In the relativistic field 


theory, the energy-momentum tensor 7, of the system of the particle and field must 


In 1949 Pais proposed the following important problem :' 


satisfy the transformation relation 


E(0) —7*S(0) ® 
V1—7 ‘ 


Eo) = (1-1) 

where E=§7j,dv and S={T7,,dv and the arguments 0 and v of & and S mean the 
velocities of the electron. Equation (1-1) holds true in classical theory as well as in 
quantum theory, provided that in the latter case we consider the energy and the stress as 
the expectation values referring to the specified states of the system. From (1-1), we 
can easily see that if the energy A has the transformation property of the inertia mass, 
the stress S(0) must be zero in all cases. One finds, however, that up to the second 


order in ¢, 
S(0)=—<p (1-2) 
27, 


with the mass p of the electron. On the other hand, we should expect that the self- 
energy directly calculated by the covariant procedure” ot by the zv-method” has the trans- 
formation property of the inertia mass. This fact is definitely inconsistent with (1-2). 

J. Yukawa and one of the authors (H.U.)® have clarified the cause of the above 
contradiction. According to their theory, this contradiction arises from the introduction of 
the radius as the cut off factor of the diverging self-energy in conflict with the point 
model of the electron in the theory of the quantum fields ; namely,’ the self-energy of the 


* We adopt the natural unit throughout this paper, i.e, 2=c=1. 
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electron due to the electromagnetic field in the second order in ¢ 


peas NOC OES ae 
cam 27 - (10g Ls 6 ) 


is proportional to /# if only we put J =s and approach 6 to zero (the radius of the 


electron tends to zero). Therefore 


: S(0) ==(# 90H an) =0. 
3 OV 

In our paper we shall prove that she above conclusion holds true in the case when 
an arbitrary elementary particle is interacting with an arbitrary field via more 
intricate couplings in any order of the perturbation approximation. 

In order to proceed with our discussion in a concrete form as much as possible, in 
section 2 we begin with the discussions of the systems of the electron interacting with 
the electromagnetic field via the vector and the tensor coupling separately. Section 3 
deals with the consideration of the electron interacting with the charged and neutral 
scalar meson field via the scalar and vector couplings. Section 4 is devoted to discuss 
generally the self-stress of an arbitrary elementary particle due to an arbitrary field. In 
APPENDIX 2, the process of the vacuum polarization type which gives the non-vanishing 
self-stress will be discussed. 

Recently the applicability of the renormalization theory has been discussed by Sakata, 


“* interaction 


Umezawa and Kamefuchi®” and it has been clarified that the system with the 
of the second kind” requires the infinite number of the counter terms. Since the infinite 
number of the counter terms are required means that elementary particle has the finite 
extention, it becomes an important problem that we examine in the. frame of the. present 
theory whether or not the elementary particle will also behave as a particle in the inre- 
normalizable region. It will be seen in our paper that the self-stress also vanishes in such 
a system. 
We shall briefly write the synopsis of our discussion in the following: 


1) The energy-momentum tensor’ is defined from the Lagrangian / by 


aL aes 
— ee 1:3 
i 9 0¢e Ox, c ( ) 
Lian 


2) The expectation value of the trace of the energy-momentum tensor for the one 
particle at rest becomes the form 


dou Oo" doy 
/ ie dv =( + x Oy + . g fee E 
(| mae) (1 Bling ant Sea oe “) ae 


where {dv stands for the spatial integration and p, x and g mean the masses of the 


source and the field and the coupling constant of the derivative interaction respectively. 
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3) In the system we concern, the quantities with the dimension of the length which 
can contribute to the self-energy are 


[4]=LJ=Z£% and [g]=Z, 
so we cannot help making the self-energy 
Ou= Dh agg” pee (1-5) 


under the condition 7+7—”=1 and with the dimensionless constants a; Therefore one 
easily obtains, substituting (1-5) in (1:4), 


(| Typo) = Op b. (1-6) 
4) We have, for symmetry reasons”, 
1 r 
eee \ Z,,a@v) — (0) } (1-7) 
1 wy a 
sag op + p—Op— ph =0. (1-8) 


Now, let us notice the following fact: in the perturbation calculation, as a result 
of the diverging self-energy we must temporarily cut off in course of the calculation”. If 


we denote this inevitable cut off radius of the elementary particle by 4, the form 


On ae eh al pe 


‘ 


with 74+/—u—n=1 and u=0 is permitted. From (1-4) and (1-7), we obtain 


“_ 


S(O) = x >) 4 aig o" pO. (1-9) 
Even if this series were vanishing, 2 would become the function of pw and x and this 
fact is inconsistent with the assumption referring to the derivation of (1-4) that is 
obtained by the integration with the limits independent of the mass**), Therefore it never 
happen that the series (1-9), viz. the self-stress vanishes. The validity of the foregoing 
procedure by Yukawa and one of us (H.U.)*” in the second order of the perturbation 


calculation has been confirmed by the general dimensional consideration. 


§2. The self-stress of the electron due to the electromagnetic field 


The electron interacting with the electromagnetic field via the vector coupling is 


characterized by the Lagrangian 
1 4, BA, 


L=— Hin +4) oie Fi Ans Be Be (2-1) 
Aw v MY 


* If it is impossible to expand to the series, we may adopt the forms du=u/(u/x, oH) and du= 
pf ul, Su, Us) respectively, so we shall obtain the same conclusion as easily seen. 
** Note added in proof: In this meaning, the discussion of S. Borowitz and W. Kohn in the appendix 


1 of the Physical Review 86, (1952), 985 is incorrect, which we have seen recently. 
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According to (1-1), we obtain 


dA, OA, (2:2) 


T n= poe +te dy Ay + 
Bye ty y ¢ TY eh ax, Ax, 


This is settled not only in Heisenberg representation, but also in interaction representation. 
Now we will calculate the expectation value of (2-2) for the state in which there is one 
electron at rest in the remote past and infinite future, namely it turns out to adopt the 
mixed representation of Dyson, so we may integrate it over all four-dimensional space and 
omit finally the time integral, because to do so becomes to pick up the part of the matrix 
element in which the energy is conserved. 

Throughout our calculation, we will disregard the normal-dependent terms which as 


shown by Koba”, disappear at last*). If we put 


Aza Aw OAy (2-3) 
OVO 
= —1e by, PAy, (2-4) 


the expectation value of 4 for the one electron state is 


(| Adz) =(3) {sa \ae|an. | dx,P(A(2), H(a,) + EGS AGS 


n=0 


Let us consider about a certain term in right hand side of (2-5), so this is that A (1) 
enters into one of the photon lines in the self-energy graph***, and this means that the 
term 


ax 


2{4 OD,(4'—2x) 1 OD,(x—24") 
I) Chan 25 OX) 


is substituted instead of the internal photon line 
A ea). 
2 


Integrating partially and usidg (A-1), we have 


2\2 ODAa'—x) 1 OD;(x— 


ae 
eyes —2i+.D,(x'—x"). 
2 OX 2, ; OX 2 


A(x) has the 7/2 positions to insert in the self-energy graph of the m-th order in the 
perturbation calculation, so 


* Discussion by Koba in the ‘S-matrix form can be developed for the case of the physical quantities in 
Heisenberg representation. We will discuss this point in detail in our forthcoming paper. 
** Throughout this paper, the bold letter means the quantities in interaction representation and ¢ ) ex- 
presses the expectation value refering to the state in which one particle rests. 
*** See Appendix (II) about the “self-energy graph”. 
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(| A(a)dr) Hs | n JPY ate) 


=— 028 99 de), (2-6) 


d(x - ° . 
where Ou) means the x-th order term” of the self-energy in the perturbation calculation. 


In similar manner, we have 
Cae ee 
(7) nea =e XK Pp dx). (2-7) 


0 
In the next, operate oe on the matrix element corresponding to a certain self-energy 
u 


i 


graph, so one of the internal electron lines 


1 / 
4 s,(!—2") 


becomes, by (A-5), 
i\- S,(x!—2) +S, (4—2") dr, 
Zz 2 
or the external electron line (7) is changed into 
; |= Slew) 9 del. 
Ultimately, we have 
PRE pte) =p) By ae) — ip] Be) Sela a) 9 dvds! )”. 
VL 


The second term in the right hand side of this equation diverges, for ¢(x) and S,(x—2"), 
respectively, obey homogeneous and inhomogeneous equations associated with the same 
differential operator. Physically speaking, this term stands for the effect, in Dyson formalism, 
that the electron ‘emits and absorbs the photons for a long time before the scattering. 
Therefore we can eliminate this term by the renormalization (for instance, the renormaliza- 


tion may be performed by the method of Kamefuchi-Umezawa; Prog. Theor. Phys. 7 
(1952), 399). We obtain, just then, 


dip Ae eet bb dx. Deke 
wk Fae) =| 90 ae) (2:8) 
From (2:6), 27) and (2-8), it is easily seen that 


% | Fab) = (2-9) 


* See Appendix (II). 
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in all order of the perturbation calculation. As Oy. is to be proportional to / in this 
system from the dimensional consideration, we observe that the self-stress vanishes according 
ta the consideration at the end of section 1. 

We shall now treat the system that the electron is interacting with the electromagnetic 
field via the Pauli-type coupling.» We have the Lagrangian of this system 


OA, 1 0A, OA 


= —— ay oe ae h HOH (2-10) 
iG (ra at) ES: One De oe. Ary 
When we manage similarly for 
OA, 0An 
T= pogr+ (2-11) 
wpH= HY P+ ao ae 
it is found that 
({ Puy Ww) = sft: OOP + (2712) 
OV: de ’ 


So long as this system is concerned, we have two quantities with the dimension of length 
(lai and tela 

hence we can put 
Ou=>1a,8° 


Therefore the self-stress also vanishes from (1-6). 


§3. The self-stress of the electron due to the scalar meson field 


There was the special situation in the previous section that the field interacting with 
the electron is of zero-mass and neutral. But this section is devoted to confirm the same 
conclusion as the previous section for the neutral and the charged scalar mesons with the 


finite mass x interacting with the electron. The Lagrangian is 


La —Wrg + +4 )}p—— Se) 


OL Ox, 
+f'FO" WH" +e POE», (3-1) 
Vy 


where « is the suffix in the isotopic spin space. In conformity to the same manner as 
in the section 1, we have 


Tyw=UP PEL OP —f*PO*d o+ ®, (3-2) 
with 
OG" Og? 5 
p= 28" OF 5 pegs . 
EB ear O%9 (3-3) 


* The gradient coupling term is meaningful for the charged meson rather than the neutral one. 
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We will evaluate the correction of (3-3) by the interaction 


H= —f*p O*Pp*— oP O2p 2 +normal dependent term. (3-4) 


Vy 


We may again talk about this correction by integrating over whole 4-space to omit finally 


the time integral in same reason as in the foregoing section, so 


(| Odx) = — 15 | 8 a Me) (sore | PP ar), (355) 


(| pe gory grr) =—(p2 | bp de) dx) (3-6) 
By means of (A-4) and (A-5), we have 


Cal b°*dx) = (x ae d°pdx ) (Gey) 


and 
( “| Ppdx) = = )= (EE | #9 ax). (3-8) 


Eventually, from (3-5), (3-6), (3-7) and (3-8), we obtain independently of any 


approximation, 


a0 Bon _,d0L 
F dv) = py 2 a Epil 
(J uy. » L Bye Ax ms Be 
The second term of the right hand side of this equation has been obtained by Sawada” 
in the second order of the perturbation calculation. Since we must use the following 


form of the self-energy 
de are ee tte, 


the self-stress also vanishes definitely. 


§ 4. The general discussion of the self-stress 


The discussion same as in the previous sections comes into existence for most general 
system. We temporarily restrict ourselves to consider the spinor field ¢, interacting with 
other boson field Q,. If we denote the total Lagrangian, the free spinor part, the free 
boson part and interaction part by. £, £ and 2’ respectively, these are given as 
follows : 

=l+£+4', (4-1) 


= —{Dighhant UPs Li i} s Ge 2) 


ie Xx On Onn =r xe Von 2sO} (4 i 2) 


eA 
2 
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and 
L! =/B0gh Qu PO Ys Qew (4-4) 


where Z, I’, X, Y and O are the constants which do not include the field quantities 
and the both masses and the subscripts #4 and vy stand for the derivatives with respect to 
and x, respectively. 


We have, then, the equations of motion 


Vy 


LEP swt UL i hs=f Oi Qa + § Oi7 Pi Can Seed. 
and 

XB’ Ose —® Van Qe=f PO Ps—£ (GiOF Ps) w - (4-6) 
Further, 

Lyup= LPT gg + © VasQsQu—S $0 Qa+ Q; G7 
with 

ORaXE Os, Oar © ps e- (4-8) 


We will develop the calculation of the expectation value of one particle of (4:7) to 
know the relation to the self-energy. As we noted in the section 2, we may talk about 
the matrix element integrated over the whole four dimensional space to omit finally the 
time integral, because the energy is conserved between the states of the infinite future and 
the remote past. As is well-known, the vacuum expectation values (P(%:(+), $;(2")))o 


and (P(Q.(x), Q;(2’))), are the kernels of respective field, so 


ss 


Sage 2) =2P OKs), §))),—— 02) (49) 
j 0 Xpa,+el,, ; 
» and 
Anat 2") =H PCD) WO) 0= apa ase a") (4-10) 
“Las Up y a8 


- with the exception of the normal dependent terms*’. ‘Therefore, we have the relations 
3 . 8 : 
By Sault —#) = ip | igs (e 22) CaS a (al eet (4-11) 
and 
fe) Abs 
12 pa (#1) =21 Z| Agia i Vigd em adele eas aX 


From (4-11), we can see easily that the operation nee on one of the internal fermion 
) 


lines corresponds to insert | 9,1" ig? @x in it as well as xo on boson line to x°{ Vi,0,Q0.d. 
x 


* (4-9) and (4-10) will be proved in our forthcoming paper. 
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From 


(250, + 11,5) 9; (x) =0 
and (4-13) 
(X09, — 2 Yas) Qs (x) =0, 


it is obtained for the external line that 


re) 
B92) =— ie | Sryla—a) yal) de (4-14) 
and 
re) a 
eG =2ix° | A yon (4 — x’) ¥,, O48 ade" 
‘ (4-15) 
=2ix* | QO, (2!) Vip4 vga (a — x) de". 
Thus we are led to: 
(NP lyhjee) se (aA VO. .02) 
| ee + oe + 1) ({ ~.pdx) for one fermion state, 
. x 
(4-16) 


we os 9 + x) ({ Q.0.d2) for one boson state. 


Here Ope is the fae -energy of the fermion due to the boson and dx the boson’s due to 


*) Another part of 7, is, similarly as in the sections 2 and 3, 


(-f| PiOFP; Qn dx) + (| Odx) 


the fermion* 


=(- el Pid: dx), for fermion, (4-17) 


ee al Q.Q. dx), for boson. 


One then obtain (1-2), namely, 


( a +x 2 — & A Ou+yp for fermion, 
7 i 
(| T4,.dv) = : (4-18) 


(5+ — a ,3 ) OxX+x for boson. 
Og 
Using [e] =[x|= Yes a Lg g|=/, we cannot help making the self-energy 


mI = 58" w, i+tj—n=l, x 


* About the self-stress of the photon, see J. Yukawa, H. Umezawa, Prog. Theor. Phys. 6 (1951), 197. 
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S(0) — {< Tyudo ) —E(0)} =0. 


The same conclusion is arranged for the boson-boson and the fermion-fermion systems. 
That the non-vanishing self-stress is obtained by the “ cut off” is also the case (cf. (1-9)). 
Furthermore |if we adopt the interaction like “gO~Q", we easily obtain 


re) fe) A), 
T yy QV =| — +- x= — (7—1 wo} dpe 
(| we ) Re (H dere | de ra 
and 
Op= >) af, Hl" pind 


with 2+7+2(1—7) =1, so the self-stress also vanishes. 


§ 5. Conclusion 


We could start from the most general Lagrangian (4-1) to be sure that the self- 
stress of an arbitrary elementary particle interacting with an arbitrary field also vanishes in 


any order of the perturbation calculation. In order to do so, we derived the generalized 
Pais’ formula 


dou, dou ddp 
oF 17 = +x es -+ yh, 5 al! 
(| pp & ’) L aye a 5 Ae t ( ) 


fos 


which holds true in an arbitrary order of the perturbation calculation, and adopted the 
self-energy dy in all possible forms which can be obtained from the quantities with the 
dimension of the mass referring to this system. Originally the quantities which can ex- 
plicitely contribute to the self-energy are no more than ft, x and g, so it seems natural 
that the form (1-5) of the self-energy given at the end of the introduction should be 
permitted. Unfortunately, however, the “ divergence” inherent in the present formalism 
shades off the conclusion in the dimension analysis based on f2, x and g} because the 
temporary entering of the high momentum X in the theory as a cut off factor is necessarily 
required. The very point gives the non-vanishing self-stress as shown by the dimensional 
consideration in the introduction. If we understand above fact from the reverse side, the 
present theory contains ¢hrough the ‘ divergence’’ not only the quantities explicitely 
included in the Lagrangian but also the quantities with the dimension of the length 
such as the cut off radius and so this factor (on account of the divergence) gave the 
non-vanishing self-stress. Thus the difficulty pointed out by Pais ts not the primary 
proper problem by itself and may be transformed into the problem of the self-energy 
by way of the generalized Pais formula (5-1). Anyhow, it may be said that the 
present quantum theory which is formally covariant cannot avoid the unsatisfactory point 
on the view of the relativity only because of the “ divergence.”’. 


We thank Prof. S. Sakata for his continual encouragement and Mr. S. Kamefuchi 
ofr his valuable discussion and pertinent criticism. 
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Appendix 
(1) On the operators p Q and x2. 
Ou Ox 

((]—2*) 4,(~#— 2’) =210 (4—12’). (A-1) 

(vr ra ') Sx(e—2!) 321 0(e—2'). (A-2) | 
If we operate eo on both sides of (A-1), we have 

(K1—2) x 2 dp(e—2') = 274, (x—x'): (A-3) 

x 

By deviding both sides by [J—z'+7e, we obtain 

xo dy(e—2) =-—2 j Ay(e— 2") d5(@" =2') ax”. (A-4) 

x 
Similarly for S,, we obtain 
_ : 

p2Sp(e—2) = | Sole —2") Sele =a!) de" i (A-5) 

For the external electron line, 
a 
ee +1) 9 (x) =0. 
Ore 

Therefore acne 

1? p(ay=*| Si—2")dx"9 (2. (A-6) 

OV 2 


(II) On the processes of the type of the “ vacuum polarization ” 


The correction of ¢¢ involving the essential pari which is connected to the other 
electron line by a single boson line with zero momentum is just what is usually called the 
cotrection of the “vacuum polarization type” (see Fig. 1). Such the correction of 
gi has had, under certain circumstances, the contribution which is not obtained by 
differentiating with respective to /4 the ordinary self-energy du in which the correction — 
like Fig. 3 is included. However if we adopt the self-energy 0 containing the processes 
aus is just the total one-particle-correction of u\dddv. If we transform 
Op 
the Schrodinger equation 


such as Figs 2,2 


O00 (4 


a(x) (4) ¥ (a) 
with a 
: H(t) =—fG0Qe (A-7) 


y Es) > S(a) ¥ (a), 
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S(a) =exp \-i [aCe as"! ; (A-8) 


the new state vector satisfies the equation 


2 hd (9) -|- Z| {Pa (x) » s (2’) } As (= x") dx! 
0a (x) 4 


wat [ra(4)s Pe(4) {Qa(%), Q: (2!)}e(a—a")de’ | (0), (A-9) 
to the required order of approximation, where 


Ps(x) =$(4%) Op (4). 
It is needless to say that the one particle component of 


{a(*), P9(4’)} (A-10) 


must comprise the terms such as 


P(x) Ow (4) (b(2’) Osp (2") Yo: (A = 11) 
Since in the case of the electron interacting with the electromagnetic field the vacuum 
expectation value of ,(#) vanishes identically by rhe charge symmetry reasons, we used 
to omit the terms like (A-11) from the beginning, but so long as such special condition 
does not exist we ought to consider the processes like Fig. 2 in Dyson formalism. 


> 


Thus the difficulty about the “ vacuum polarization type” pointed out by Sawada®, 
Yukawa-Umezawa” and Epstein” is dissolved again. 


Similar circumstances occur in the one particle correction of x|O,Q,dv (see Fig. 4). 


op (bho <QQ> 


Figs el Fig, 2 Fig. 3 Fig. 4 
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A high energy s-meson can produce z-meson, when it collides with a nucleon by its electromagnetic 
field. The energy dependency of the cross section for this process is analysed from the view point of 
the perturbation method including higher order corrections, when only the pseudo-scalar (direct) coupling 
of z-meson with nucleon is assumed. Next, retaining the character of the cross section thus obtained, 
we assume a phenomenological cross section for this process and apply it to the analysis of cosmic-ray 
burst underground. Then it is found that the consistency between the theory and the experiment seems 
not to be attainable, when only the direct coupling is taken into account. However, some remarks 
are given on the information indicated by the burst experiment underground, before a definite conclusion 


is deduced. 


§ 1. Introduction 


Recent researches have shown that the charged 7-meson is of the pseudo-scalar type. 
For the further development of 7-meson theory, it seems to be important to know about 
the nature of interaction of z-meson with nucleon. As is well known, the meson theory 
suggests two modes of interaction between the z-meson and the nucleon, that is, the 
pseudo-scalar (direct) and the pseudo-vector (derivative) coupling. To analyse which of 
these two interactions is actually realized is interesting from the view point of the present 
field theory. As the renormalization method has been succeeded in the formation of a 
consistent quantum electrodynamics though its substantial defect is still remained to be 
solved, it is very interesting to investigate whether the above method is also applicable or 
not to the region outside the electromagnetic phenomena. 

It has already been pointed out that the Fermi interaction in the /-decay process and 
the derivative coupling in the pseudoscalar meson theory leads to the failure of the 
renormalization method.?? However, Fermi interaction may be replaced by another inter- 
action which comes out through the mediation of other field (e.g. a heavy meson field) 
including only the first kind interaction. On the other hand, while the derivative eae 
ing of pseudo-scalar meson theory seems to be partly supported by the scattering experiment 
of z-meson with nucleon, this information is not quite conclusive, if the higher order 


correction and the isobar states of nucleon are taken into account. In such situation it 


may be necessary to study whether all phenomena which happen in nature can be de- 


sctibable by only the interaction of the first kind.or not. 
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Since the analysis of thé validity of renormalization method is primarily based on the 
investigation about the order of the divergence, it is quite natural that we take the high 
energy phenomenon in order to analyse this problem. We shall study the contribution 
of =°-meson to the cosmic-ray bursts underground which is caused by the collision of high 
energy //-meson with nucleon. A high energy collision of p-meson with nucleon leads to 
the production* of several charged mesons as well as neutral mesons, which gives mixed 
shower. As is well known, the interaction of //-meson with nucleon is only electromagnetic 
and so this process would explicitely show the character of the coupling between nucleon 
and Z-meson. Our purpose is to investigate whether such a weak character of interaction 
as pseudo-scalar coupling can give a considerable frequency of the mixed shower consistent 
with the experiment or not. We shall begin with only direct coupling of 7-meson with 
nucleon. 

First, the problem how the cross section and the energy loss in this process depend 
on the incident meson energy, is studied by means of the perturbation method taking 
account of the higher order correction (§ 2). Next, according to thus obtained qualitative 
results, the phenomenological cross section is assumed (§ 3) and this is applied to the 
analysis of the cosmic-ray bursts underground (§ 4). In order to. make the comparison 
of the theory with the experiment clear, some remarks are given about the experiment of 


the cosmic-ray burst underground. 


§2. The z-meson production by the /-meson 


The results in the lowest order perturbation calculation have already been obtained 
by Fukuda, Fujimoto and Koshiba® and Fujimura.” When only the pseudo-scalar coupling — 
is used as the interaction of 2-meson with nucleon, the cross section and energy loss in 
this process depend only logarithmicaly on the incident (-meson energy and this dependency 
is caused only by the character of the interaction used**, that is, direct interaction, and 
does not depend on whether the 7-meson is charged or neutral. In fact, if we use the 


pseudo-vector coupling and the non-relativistic approximation,” 


the obtained energy loss 
depends linearly on the incident energy because of the fact that the used interaction 
includes derivatives, while the relativistic calculation’ in the lowest order, of course, leads 
to the same result due to the equivalence theorem, irrespective of the coupling used. 

Now we shall inquire about the modification in the cross section, especially in its 
energy dependency, when higher order correction of direct coupling is taken into account. 
In high energies, the energy dependency of the cross section is determined by the momentum 
dependency of the interaction used.” 

The case (4). One m-meson in final state 


In this case, we should study only the modification of the effective interaction caused 


* In the following, we call this as y- 2-process. 


gy: : 
This statement is supported by the fact that the energy dependency remains unchanged when the 
scalar coupling is used as the interaction of’ z-meson with nucleon. 
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by the higher order correction. According to Sakata, Umezawa and Kamefuchi,” the 
momentum dependency of the effective interaction cannot exceed that of the initially taken 
after an appropriate renormalization if only direct coupling is used in the higher order 
calculation. Accordingly, the energy dependency of the cross section remains effectively 
unchanged. 


The case (2). Two or more m-mesons in final state 


At first we take the case of two 7-mesons in final state. (f us 
According to Feynman diagram [see Fig. 1] the differential k 
cross section differes from that in the case of one 7-meson in 
final state by the factor, if 
Wee ae dhe ie Ae : (1) Fig. 1. 
é| P+ 


when one of the diagrams is taken out. € and & are the energy and the momentum 
of the secondary emitted z-meson, respectively. / and /W are the linear combination of 
energy-momentum 4-vectors of the associated particles and the nucleon mass....... indicates 
the factors which appear in the case of one 7-meson in final state. We are interested in, 
only the momentum (or energy) dependency of da, and so the fact that...... is different 
from the reality can be neglected because this difference leads to no different energy 
dependency of do. We obtain, 


dk a 
tie OR 
€ |(P?+ a)?! 


| 
| 


| ereterele | : (2) 


where=indicates the equality of the momentum dependency in each term. When the 
incident meson energy £, is very large (4, > W/, x=7-meson mass), the contribution 
of the integral on df comes from the region |K| ¢€=o0(/,). [e indicates the order of 
magnitude. | 

Let us take into account the integral, 


dk Laurel : 1 | 
=< i(—£dé sin 0d 0 ag\—~ __|.. (3) 
e |P?+ MM’ poe wees Pa 
Separating € and from others in /?, we obtain 
P24 WM) =F, 4-6)? — (t—k)?— M=/12—P—2k(,—Lcos 9). (4) 


/, and U are respectively the linear combinations of the energies and momenta of associated 


particles excepting those of the secondary emitted z-meson. Then, (3) is integrated on 


adcos@ as, 
al 9 9 9 
e g —— = ; Et 
Aas dp | doo 2h Baca) ie : 
=dg dk/21-[Log. Term]. (5) 


Rewriting 7 as | P—A:|, we find that the integral on dé in (5) leads to the logarithmic 


dependent term. 
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Accordingly, the modification of the cross section and the energy loss in the #—7 
process is at most the multiplication by the logarithmically dependent term on the incident 
energy, compared with that in the case of one Z-meson in final state. The above dis- 
cussions are valid in each diagram involved and also valid in the cross term contribution 


of them.* When three or more 7-mesons are in final state, the mentioned deduction is 


applicable step by step.! 


§ 3. Phenomenological treatment 


In the preceding paragraph we have studied the general feature of the energy 
dependency of the #—7 cross section when only direct coupling of 7-meson with nucleon 
is assumed. However, the value of coupling constant is remained as arbitrary. In the 
present situation of the meson theory, we may take it such as to give the total cross 
section of fs— process consistent with the observed value. Then the differential cross 
section with which s#meson of energy /, produces 7-meson of energy between / and 


E-+dE is generally given by, 
AEG (La; Li) Oy > (Gate. WE aad ee, (6) 


if only the direct coupling is assumed to exist between the nucleon and the z-meson. 
d, is the appropriate constant with the dimension of cross section. a, may depend on £, 
only logarithmically. » — 2 is the condition that the total cross section and the energy 
loss in /s—7 process depend on £, only logarithmically. We take nucleon mass as the 
lower limit of the integral (6), though energetically it is 7-meson mass. This choice is 
required in order not to underestimate the contribution from Z'-meson to burst production. 
That is, to make the lower limit greater leads to larger value of the mean energy  trans- 


mitted to 7"meson. In (6) ¥=2 is the value which gives the largest mean energy, 


kl becouse ee Fig” 
Be | a,E*dE-E | | a,B-dE 


M M 


= log (Gigi Nia 
Taking only this term into account, we obtain 
dEo (Ly B) =$,{log(L4/M)}\ Md E/E, E> Mt (7) 


where ¢, {log(/,/J7)}* is put to give the total cross section of ##—Z process consistent 
with the experiment. At 4,=15 Bev, which corresponds to the mean energy of s-meson 


at 60 m //,0 underground, ¢, { (log/,/AZ) }*=2p6. A half of energy emitted with the 


.* In this deduction, we assume the p-meson to be spin 1/2 particle. The qualification in this paragraph 
is essentially unchanged, if -meson is Bose particle with spin 0. 


* On the more general discussion about the meson production in the nucleon-nucleon collision, see ref. (6) 


** According to Fukuda, Fujimoto and Koshiba,®) Lb~ (17/3) log( 2/47). Our larger value E is followed 
by the fact that we take the differential cross section such as to give maximum energy transfer. 
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cross section (7) is transmitted to 7°-meson which decays into two photons. Then the 
spectrum of the photon with energy between % and £+<d% is obtained as, 


dk-o (Ey k) =¢y{ log (4,/M) }*MA— 2/2) dk/R. (8) 


§ 4. Cosmic-ray burst underground 


The #—7 process contributes to the burst production underground, where the #-meson 
is the main component of cosmicray. The high energy collision of /¢meson with nucleus 
may give the simultaneous production of several 7-mesons, resulting to the mixed shower. 
If this process is ‘ plural ”, then the spectrum (8) will be somewhat modified. This 
modification, however, may be effective only to lower the mean energy transmitted to 7°- 
meson and we do not take any secondary nuclear effect into account in (8), in order to 
obtain the upper limit of the 2°-meson contribution to burst. 

The mixed cosmic-ray burst underground has already been observed by George and 
Trent? who have found several penetrating particles under 15 cm Pb simultaneously with 
the burst production in ionization chamber. They have atributed this phenomenon to 
the mixed shower caused by x—7 process and found the observed frequency to be reasona: 
ble if the energy loss in 4—7 process depends linearly on the incident p-meson energy 
in contrast with that obtained in the preceding paragraph. 

We shall analyse this phenomenon in order to make clear whether the obtained 
spectrum (8) can give the experimental result reasonably or not. The following analysis 
is the same as that used by Christy-Kusaka” and we give only the calculated results. 
However it should be noted that the recent study” on the cascade theory indicates the 
cuttent theory to be insufficiently accurate and so we have estimated the relative frequency 
of burst caused by — process to that caused by Bremsstrahlung of “meson, The 
obtained results at 60 m H,O underground are presented in Table I. S and # are the 
size of burst and the critical energy in the cascade theory respectively and in our case 
B~15 Mev. &,(1) and. 


Table I. Burst frequency normalized to those caused by Bremsstrahlung jeg: correspon dat then 


- Burst size=(Bev) 0.5 1.0 2.0 4.0 and s=3 in (8) respectively. 
R (knock-on) 0.76 0.46 0.23 0.12 ge Ge eee naan Bae 
Rx(1) 0.0080 0.0062 0.0040 0.0022 os 
Rx(3) 0.012 0.011 0.0080 —-0.0072 loss in {4—7 process is assum- 
Vine 0.057 0.057 0.057 0.057 ed to be the same as that 

: Rens 0.1 0.1 0.1 0.1 in Bremsstrahlung, which is 


a EEUU EE EEEnSE EEE SENSED 


analogous to that used by 


George and Trent in their analysis. 
Before the discussion on Table I is made we shall give a crude estimation on the 


R,, (3) corresponds to the case when the total cross section of #—z process varies as « (log “o)* 
and results in that the observed cross section at 60m H,O underground should be larger by a factor 4.5 
than that at 20m H,O. The experiment seems to show a factor less than 2 at these two depths, indicating 


definitely s << 3 in (8). 
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cotrelation of 8S with the observed burst size 7~=20~150 given in G.T. Taking ac- 
count of the lateral spread of cascade electron, we find the number w of electrons which 
strike the ionization chamber to be 1/3.5 times smaller than the total number.'? Then 
the observed number 2=50 corresponds to BS=2.5. As is clear from Table I, we find 
that the assumed spectrum (8) gives the inconsistently small frequency compared with 
the experimental value which, in over all size, amounts to about 107 of the frequency 
caused by s+mesons Bremsstrahlung. From the comparison of (1) and #,(3), we can 
~ see that the modification of the cross section by some logarithmically dependent factor 
does not lead to any essential change in frequency. 

On the other hand, we should note that the energy dependency of the differential 
ctoss section taken as same as that given by Bremsstrahlung gives a nearly consistent 
result. G. T. have used the cross section with the same character of energy dependency, 
which is obtained by Williams-Weizsaecker’s method from photo-meson production. The 
good agreement of our calculated result with those obtained by them shows that the 
contributions of process to burst phenomena depend: essentially on only the qualitative 


nature of energy dependency of its cross sections, when once total cross section is fitted. 


§5. Some remarks on the analysis 


In the preceding analysis of mixed shower, we have neglected the contribution of 
nuclear component to the burst size. When /4—7 process occurs, nuclear components may 
be produced together with z-mesons. The slow protons in these components increase the 
apparent burst size caused by z’-meson. We have estimated this contribution according to 
phenomenological nuclear cascade theory’” and found that it amounts at most to 20% of 
burst size caused by 2"-meson. The corresponding burst frequency increases at most by 
a factor 1.5. and our conclusion obtained in last paragraph remains unchanged. 

Next we shall discuss on the experimental results. In the experiment by G. T., 
counters which record penetrating particles are set under 15 cm Pb, above which ionization 
chamber is set. The low energy photon in the tail of the cascade which gives burst in 
ionization chamber can strike the counter tray under 15cm Pb with a considerable pro- 
bability, and this phenomenon may be apparently attributed to the mixed shower. We 
have done a crude estimation on the contribution of the low energy photon. According to 


Greisen™ 


the probability that a photon of cascade which gives burst of size 7»=20~150 
in ionization chamber strikes the counter under 15 cm Pb amounts to 20~802%. If the 
counter striked by the photon (in the cascade initiated by j-meson’s Bremsstrahlung) is 
apart from the counter which the incident /meson penetrates, we may take this phenomenon 
as mixed shower caused by #¢—7 process. In order to estimate what fractions of these 
photons strike the counter, it should be necessary to develop more elaborate cascade 
theory in shower tail. We should remark only that the mixed burst observed by G. T. 
is not all attributed to #4—7 process. Accordingly it may be necessary that the nature 
of the particles that strike the counter under 15 cm Pb is investigated directly with the 


cloud chamber. The use of more thick absorber may also serve to exclude the low energy 
photon’s contributions. 
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Some evidence against the effect of low energy photon seems to be presented in the 
experiment by G. T. In the size frequency curve given by G. ae exponent of the 
curve caused by /+meson Bremsstrahlung is somewhat smaller (=1.6) than that attributed 
to #—7 process (=1.75). If the latter is caused by the low energy photon of the 
cascade tail initiated by s-meson’s Bremsstrahlung, it should be flatter than the former, 


, ee : : 
because the photon’s contribution should increase with the burst size. 


§ 6. Conclusion 


We have analysed the qualitative nature of energy loss caused by 4“—7 process, when 
only the pseudo-scalar coupling is assumed as the interaction between 7-meson and nucleon. 
In this calculation we have neglected the Pauli-moment of nucleon. If the anomalous 
magnetic moment of nucleon is attributed to the interaction of 7-meson with nucleon, the 
qualitative nature obtained in §2 remains unchanged. The experiment on burst under- 
ground seems to indicate that the above obtained nature of energy loss in f#—7 process 
is quite inconsistent and a stronger interaction is necessary between 7-meson and nucleon 
than the pseudo-scalar interaction. However it should be noted that the more elaborate 


experiment is necessary before the definite conclusion is attained. 
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A simple theorem is stated to expand the matrix element for a process concerning any number of 
photons or external electromagnetic fields into the independent gauge invariant terms. It turns out 
that the number of such terms is uniquely determined by the initial and final states of the process, 
regardless of the intermediate states and the type of interaction. We have, for example, 4, 14, and 
10 independent gauge invariant terms for the production of spin 0 and 1 mesons by photons and the 
Compton scattering, respectively. Some of the well-known absolute selection rules for meson decays 
can be also derived from this gauge invariant expansion theorem. 


§ 1. Introduction 


In their recent works on the production of spinless mesons by photons,” "*** Koba c¢ 
al, have shown that the requirement of gauge invariance greatly simplified the evaluation 
and made facile the analysis of the results. In fact they developed the enormous number 
of matrix elements into only four independent gauge invariant terms irrespective of 
the order of approximation. Their conclusion was a direct consequence of i) Lorentz 
invariance, ii) gauge invariance, iii) energy-momentum conservation, iv) spinless field for 
the meson, and v) Dirac equation for the nucleon, and thus it mattered only about the 
initial and final states of the process but not about the method of calculation. Such a 
procedure can therefore be applied wzwfatis imutandis to other cases involving one or more 
photons or external electromagnetic fields. However, since their method itself is very special 
and seems inconvenient to apply to other processes, its reexamination is desirable. 

It is the aim of this paper to observe the gauge invariance from the most general 
points of view and present a method to expand complex matrix elements into their 
fundamental gauge invariant terms. We shall show in § 2 that a simple consideration 
indeed affords us such a prescription which is far more concise than theirs and in addition 
widely applicable. In the next section, the gauge invariant expansion theorem of the 
matrix elements is given, according to which it turns out that the number of gauge 
invariant terms is unambiguously determined by the process, not depending on the method 
of- calculation. We have, for example, 4, 14, and 10 such terms for the production of 
spin 0 and 1 mesons by photons and the Compton scattering, respectively. In § 4 the 
possibilities are discussed for utilizing this theorem to derive the absolute selection rules 


for meson decay. However, as might be expected, the selection rules are obtained only 
for certain simple cases. 


* Now at the Yukawa Hall, Kyoto University. 


** The paper by Koba, Kotani and Nakai (Prog. Theor. Phys. 6 (1951), 849) will be referred to as 
(K.K.N.). 
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§2. Gauge invariance factor 


We shall use in what follows the momentum representation for the sake of practical 
purpose: The general matrix element /7 between given states is specified by the operator 
product y and the c-number coefficient 7’: 


M= Ry. (1) 


Here 7 is a product in correct order of the Fourier amplitudes of the free operators and 
the unquantized external fields. R is to be expressed in terms of given four-momenta 
of participating particles and fields and also 7-matrices.* Since JV is invariant under a 
Lorentz transformation, the transformation property of R is determined by that of y, that 
is to say, it is completely characterized by the initial and final states of the transition. 
Now since we are interested in a photon or an external electromagnetic field, (1) 


may be expressed in the form, 
M=R,, (By )A,(k)y, (2) 


by extracting an electromagnetic potential 4, under consideration from 7. A is a given 
four-momentum which satisfies k?=0 when A, is concerned with a free photon. A,, 
here, behaves as if it were a four-vector with a suffix 2 corresponding to the polarization 
of A,, it may have of course any other hidden index representing further degrees of 
freedom. 


The invariance of J/ under a gauge transformation of A, requires 


Ck, Ra =05 (3) 


2) KK 


which makes it possible to rewrite (2) as 
M=R, A, (ht)! = (Oyet Fy the) ReAy (hk) Y’, (2') 


with 7, an arbitrary non-singular function of the states. If one puts ,=if,/fk, (2’) 
is disguised again into 
M=RyAy(B) 1 =(Bpe Pe ia) Rag PNY (2") 

jf, being a simple function chosen conveniently for each case. Then we can directly see 
the gauge invariance of J7 because of thy (Ouety/f- tha) =0 independent of Wy. 
This means that the requirement of gauge invariance is fulfilled in an individual Feynman 
diagram. But the relation (3) is valid only if one treats ez d/oc all diagrams that belong 
to the same “ gauge invariant class”. At first sight these two statements appear to 
contradict with each other. The doubt is, however, dispelled when one considers (2/’) as 


obtained by adding (2) appropriate terms which totally give zero and then by rearranging 


* The use of f-formalism does not require any essential alteration of the arguments. 
4 As is well-known, this relation in momentum space is not always satisfied if there exist charged closed 
loops in the sense of the Feynman diagram, whilst the similar one in coordinate space always holds. Assuming, 


however, that such an ambiguity might be removed by some procedure, we may start from (3). 
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the matrix elements so as to make clear their gauge invariance, the process being indeed 
performed at a stretch by merely multiplying a factor (Oyat fu/fKthe)- This factor 
is called hereafter a G-factor for A, (Kk) and denoted by Gys (k). We have thus (2’’) 
as a concrete presentation of (3). 

Now, it is very easy to extend this procedure to the cases involving two or more 
A,’s and get the gauge invariant matrix elements with respect to all A,’s concerned. 


5 . > ° . 
The matrix element of a process which contains 7 A,'s is, as an extension of, (2). 


M= Riyal, By Kony) Ay K,) A, (Bp) +++ Aa Hn) - (4) 
The requirements of gauge invariance, 
Gig Poipaite = eed Biphewe = thwe ae (5) 
lead to IM of a desired form : 
MG yy (Key) Gag ey) + Gay Hen) Res....xAy (Hy) Ay By) Aa) 0s (4) 


where the j-th G-factor G,,(/';) stands for (Oo + tfop/Tpk; th jx). 
We shall apply our method, by way of examples, to the 7—7 production and the 


Compton scattering in their lowest order of weak coupling approximation. 


1. The production of spinless mesons by photons 


For the process V+j7-—> V’/+7, its matrix element in ¢fapproximation is, apart 
from an inessential factor for the present purpose, given by 


M=cf (Pp) 9:0) Rush, Up, pv’, ro (wp) A), (6) 
with | ’ 
TAG US MURY Oe La =75 TS p(Pth) rtp + Tutor v'—K)ys ts 

7s. (T1l1— Tl) * 21,45 (t—k) ’ | (7) 
where /, p, p’ and U represent the four-momenta of the incident photon, the initial and 
final nucleon, and the produced meson, respectively ; €;= (1, 0, 0, 0) and e,= (0, 1, 0, 0) 
are two unit vectors in the four-dimensional t-spin space with t,=1; the summation 
over Zz is to be taken from 1 to 4. S, and J, are familiar functions indicating the 


propagation of nucleon and meson. 7,/=1 for scalar y;, and =77, for pseudoscalar ¢;. 
Multiplied a G-factor G,,(4), in which one puts conveniently f=y, (7) becomes 


Rui=Gyucku= irk) ret| Este senns | 


2pk 2p'k 
4+27(7 — x. Ke) Ah Tet B(Tile— Tels) i 
( pk i aie 2kt (8) 


We can thus readily develop the matrix element in terms of two gauge invariant terms, 
(7k) yyr;, and i(4,—p,/phk-hl)y,/, with coefficients not containing 7-matrices. This 
result is of course the same as obtained by Koba et al.” 
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2. The Compton scattering 


The matrix element in c°-approximation is 


M= e's (p') A, (k’) Ruy (k, k’, p, p', 7) A, (Bo (p), (9) 
with 


Se (Kk, kK’, DP; p, 7) Shy Sp (p+k) Tet ior (p—k’) Two : (10) 


S;,, here, being the propagation function for electron. The use of Wo G-factors Gy_(K) 
and G,,(k’), with f=f’ =), allows one to get the gauge invariant expansion of (10): 


Ri (eek, P, i bie e =Gyg (Ke) Gy, (K’) Res 


Ty + * 17k ’) (77k) Tut 


, py. c) , ia!) - 
= ae (r+ ph) CR), C1) 


1 
2pk’ 
§ 3. Gauge invariant expansion theorem 


In preceding section we have shown that any matrix element which satisfies the re- 
quirement of gauge invariance can easily be written down by the use of G-factor in an 
obviously gauge invariant form. We shall here study in detail the general features of 
such an expansion in order to recognize their significance. 

As the cnumber part R in (1) is eventually expressed by external four-momenta 


and 7-matrices only, we obtain 


i inCim (A, ipa) ae (12) 


— 


Here 7,,’s are all possible quantities with the same transformation property as 7 that 
ate built of the available four-momenta and 7-matrices and independent of one another, 
so that they have just the same suffices as KR. A,=1 always, while for 7 1 A, is 
either a product of any number of scalar factors (7P,), (TPo)o0°* , where 9,, J°** 
are external four-momenta, or 4,0 according as RK does or does not contain j-matrices. 
As will be seen below the order of A, and 7., is inessential for the present considerations 
even if they were non-commutative. ¢,,, is an invariant quantity constructed only by 
external four-momenta, not containing 7-matrices. The summation is to be taken over 
all possible combinations of 4, and 7, 

Given any states, between which a transition takes place, one can easily set up all 
possible 7;,’s from the transition property of R. We shall denote the number of such 
T,s by N(T). On the other hand, from the properties of y-matrices the type of A/’s 
is restricted: each /, does not contain two or more identical factors and in addition one 
needs take no notice of the order of different factors in individual /,. Furthermore, the 
conservation law of energy-momentum and the equations of motion for the free particles 
diminish the number of possible A’s. We shall denote the number of thus obtained 
Ajs by N(A). Therefore the summation in (12) is over V(A)M(T) independent 
terms (A, 7,,)’s. Thus we can see that the form as well as the number of the products 
(A, T,,)’s are completely characterized by the initial and final states alone without need 
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of any other specification about the intermediate states, the mode of coupling between 
interacting particles, and so on. The ¢,,,’s in (12), however, depend how to calculate 
R, that is, they have different forms according to the formalism adopted and the order 
of approximation. . 

As a result of the analysis so far, we conclude that R can always be expanded in 
terms of the definite number of terms (4, T,,)’s characteristic of the process, with C,,,'s 
as coefficients. This conclusion is rather trivial but very important. 

When the process is concerned with photons or external electromagnetic fields, A, (#)’s, 
we may conveniently introduce the G-factors to get the gauge invariant matrix element 
with regard to all 4, ( k:)’s. The G-factor then acts only on the characteristic part (17 7.) 
correctly speaking on 7,,,, of R and change it into a gauge invariant term (A, GT,,,), but 
leave Cj, as it stands. Therefore the introduction of G-factors does not essentially modify 
the general expansion theorem of the matrix element stated above. On the contrary, it 
makes the theorem useful because an appropriate choice of the arbitrary function f in the 
G-factor considerably reduces V(7'), though V(/) remains unchanged: V(GT) <V(7’). 
Thus we get the gauge invariant expansion theorem: for a gauge invariant matrix element 
M=Ry, R can always be developed in terms of M(A)N(GT) independent gauge in- 
variant terms (4, G 7,,)’s, namely, 


R=GR= Si, al see ipa (13) 


and this number is also uniquely determined by the initial and final states of the process 
alone, regardless of the intermediate states and the type of interaction. 
We shall apply this theorem again to the y—7 production and the Compton scattering. 


In this time, however, we do not make any assumption about the formalism and the 
approximation. \ 


1. The production of spin O mesons by photons 


The matrix element for this process is, as a generalization of (6), given by 
M=$ (pe ORK, bp, Bs 1) (DP) Ay). (14) 


Here 2, behaves as vector or pseudovector according as @ is scalar or pseudoscalar, which 
is perfectly described by inserting 7,’ in A’, because it needs no special notice at the 
nucleon closed loop,* so that, writing A,=7,/R,’, RX,’ has the transformation property 
of ordinary vector in both cases. 


Now the gauge invariant expansion theorem gives, 
Ry, (ks, 1, P,P’, 1) =F Gua BK) Ral (WL DP, 7) 
. =a Cim (A, Gas Lae ee: - (a5) 


* Brom the Sz over the nucleon closed loop, with which odd number of pseudoscalar mesons are 
coupled, there appears a pseudoscalar quantity, which, however, may be expressed as a certain linear combination 
of scalar quantities multiplied by 75. See the foot note on p. 857 of (K.K.N.). 
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Eliminating first go’ by the conservation law, all possibilities of 7y,, are four in number : 
Mase Pas itaend Tar the former two of which may be disregarded because G,,%,=0 which 
follows from K’=0 and /,A, (Kk) =0, and because Gye fy=0 if one chooses f=p -as 
an arbitrary function in G,,, so that V(G,. 7,)=2. Next, eliminating U by the con- 
servation law, p and p’ by the equations of motion, we may take only 1 and (77k) as 
A/s, so that W(A) =2. Therefore (15) becomes the summation over 2 x 2=4 independent 
gauge invariant terms: 


Pag Gani Guile + Cro} « + Coy (7k) ifs a Co(t7 kh) Vo Noes ( i 6) 


whete Gya= (Ouattpy/pk-iks), c’s are the invariant function of p, K, and ¢, and 
essentially depend on the energy of the incident photon and the angle (or the energy) 
of the emitted meson. (16) shows that 2, in this case always can be expanded in terms of 
only four fundamental gauge invariant terms*, (1,—/,/ph-kl)7,’, (t.—Pp/PR- kr) rs, 
(7k) (1,—p,/pk-kl)y,/, and (¢7k)7,7,', though c’s would have different forms accord- 
ing to the method of calculation. 

It is to be noted that the same arguments hold for the reversed process, that is, 
the matrix element for the radiative absorption of a spinless meson by a nucleon can be 


also expressed by four independent gauge invariant terms. 


2. The production of spin 1 mesons by photons 
For this process, (14) and (15) are to be replaced by 


M=9 (pp) ORiwh, Gp, v', 1)¢(P) Aye), (17) 
' with 
Ry (Kk, &, p, P', 1) =Irs Gus (k) Rha (kh, 6, p, p’; T) 
— ine Cim (A,Gue ee. oe) he (18) 


4 corresponding to the polarization of the produced meson. According to this additional 
degrees of freedom of /),, though (V(A) is unaltered, V(Gy. T,,) becomes 7 in com- 
parison with V(Gy. T,)=2 in the preceding example: with the same Gy, as before 
and the Lorentz relation /,¢,(¥) =0 for the meson, we must take. 737» Salas fl Pee 


Prlas Prva, and #,/, as the Tyse = Uherefore’-we shave 2x7 14 independent gauge 
invariant terms in this case**. 

3. The scattering of y-rays by a Dirac particle (a charged or neutral spin 
1/2 particle) 


Here we have the following expansion : 


M=¢ (py A(k) Ru (h, B,D, py, PA lk) YD), (19) 


* In (K.K.N.) another set of four fundamental gauge invariant terms has been taken, the equivalence 
of both sets being easily proved. 

** Among the 15 gauge invariant terms given by (7-6 
can evidently be expressed in terms of the others. 


)~(7-10) on p. 888 of (K.K.N.), one of them 
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with 
Ry (he, ke’, p, pot) = Gyg(K) Gy, (K') Ras (FB, ! ps 57) 


= Sie ie ee (20) 


alm 


N(A) is still 2. With the convenient choices of Gya(t) = (Oya tip/phe-ik,) and 
G,,(k') = (O,.+ tp, /pk’ -1ky), we can enumerate all possible independent Le Site POL 
example, Yale, Velo» Jas» kiy,., and £44, so that V(Gye Gi, T.)==5- * Thus? it ‘can be 
said that 2x 5=10 independent gauge invariant terms are sufficient to expand any matrix 


element for the Compton scattering into gauge invariant form. 


§4. Absolute selection rules for meson decay 


An interesting consequence of the gauge invariant expansion theorem is that it can 
give some absolute selection rules for meson decay. In fact, if the photons are involved 
in the decay products, the G-factor might diminish the number of characteristic terms to 
zero. In such cases, any gauge invariant expression cannot be constructed from available 
four-momenta and so the decay process are forbidden. Various absolute selection rules for 
meson decay have been already derived from the general principle of invariance under 
space rotation and inversion”. In these derivations the gauge invariance is of course taken 
into consideration but in the sense that the photon has only two independent polarizations. 
Since the gauge invariant expansion theorem is based on the Lorentz covariance, our attempt 
to derive the absolute selection rules is essentially the same as the previous ones. As 
might be expected, our theorem, too, is effective for this purpose only when the number 
of participating particles is small. For many particle decays one cannot say anything 
definite about the selection rules without sufficient informations on the details of expansion 
coefficient, as will be seen in the second example below. This corresponds to the circum- 


stance in the previous considerations that the asymmetry of the final state make it possible 
to find the absolute selection rules. 


1. A meson of spin O cannot decay into a photon and a spin O meson 
The matrix element for this decay process is in general expressed in a form: 
M=A, (kh) eg OR, (Bh, De’ (k4+0), (21) 
where 2, (4, 0) behaves as a vector or pseudovector according as the decaying and decayed 


mesons have the same or opposite parity. 


In the former case, combined with the G-factor for A, (hk), R,(k, 0) can be 
expanded as* 


Ry (k, U) = Gas (i) Re (k, t) i bar Cm (Gps 1) 
=G,.(k) (G4 Rat Co fa). (22) 


With Gye) = (Oye—4,/hb-ke), we have Gygkg=0 and Guala=0 which imply 
BVA ttre.) 0; 


ee a : : ; : 
Since “ in this section does not contain y-matrices and we have A,=1 alone, we omit A; and 
write ¢,, instead of cy, in the expansion. 
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In the latter case, the selection rule is evident because it needs at least three linearly 
independent four-vectors in order to construct the pseudovector 7’, (K, 2) whereas we have 


only two available four-vectors A and 0. 


2. A neutral meson of spin 1 cannot decay into two photons 


The matrix element for the process is given by 


M= A, (k) A, (K') Ry (RB, be) (K+K'), (23) 


where hk, Kk’ are the four-momenta of the decay photons and satisfy (K+h’)*=—2x, x 
being the mass of the decaying meson. ,,, has the transformation property as a tensor 
of third rank or its dual according as a meson is vector or pseudovector. Ignoring the 
cumbersome non-gauge-invariant ambiguity, though it might appear, the gauge invariance 
of the matrix element permits the introduction of two G-factors for A, (KM) and A,(K’) 
to develop Ry,,(#, h’). It is to be noted that the expansion coefficients in this case 
are the functions of x and dependent on neither A nor Kk’, because the only available 


scalar product of the external four-momenta is (Kdt’) which is equal to —x’/2. 
(a) Neutral vector meson 
If we choose f=k’, f/=K as two arbitrary functions, R,,, is reduced to 
Ry, (he, Ke!) = Gy (K) Grp (BR) Rios BB) 
= Gye (Ke) Gy (B’) (¢, By + 05 2’) Gass (24) 


t / . . . 
because of Gyake=Gya b = Gisks= Gis =0. But, as the matrix element is symmetrical 
with respect to two photons, i.e., Ryyy (Kk, kh!) =Ryy(h', We), and c;, ¢ are the function 


of x’ only, (24) is equal to 
(1/2) GuaG yp (C+ 6) (M+ K’) 18 055 
which vanishes in virtue of the relation (+k’),9,(K+4’) =0. 
(b) Neutral pseudovector meson 


-It is most convenient to employ a wholly antisymmetric unit tensor e(pv0a) to 
indicate the dual property of A’yyy in this case. With the same G-factors as (a) Ray, 


can then be expanded into 
Ryuy (ey Ke!) = Gua (Be) Ga Ler € QoBp) by +00 8 Au) ke 
4.0, € (dup) phish, +01 € (uo) ky hoki (25) 
which is reduced, by the above symmetry argument, to 
= (1/2) GuaGril (C60) © (AaBp) (B—R)p + (cst 61) € (482) haha (e+ #) ah 
where the latter term becomes zero, but the former affords us a gauge invariant term of 


the form 


— (1/8) (e465) 4 (Keke!) e (Apyp) (b— > —Fiue (Avoa) kpko t+ hye (Auoa) kkeo}. (26) 
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However, taking account of 4,, Al and @, this changes into* 
— (1/%) (+2) A+ k!) ,€ (pypa) hho 
which again vanishes. 


: ee 
Thus, with but -a little information on the expansion coefficients c,,’s, we can rule 


out absolutely the decay of a neutral meson with spin 1 into two photons. 


§ 5. Concluding remarks 


We have studied the general feature of the matrix elements for the transition con- 
cerning photons or external electromagnetic fields when only the composition of the 
particles or fields in the initial and final states of transition is given but the mode of 
coupling between them is not known. The introduction of G-factors has made it possible 
to transform the matrix elements into obviously gauge invariant forms. Moreover, by 
combining the G-factors with the general expansion theorem which is based on the Lorentz 
covariance, we have been able to show that any matrix element can be expanded in terms of 
a definite number of independent gauge invariant terms characteristic of the given process. 

We wish finally to comment upon the significance of our procedure. Firstly, a 
particular emphasis should be placed on the fact that the subject of our considerations is 
not the inner structure but the superficial feature of a transition. As a result, our 
method of analysis is effective to all present as well as future problems so long as they 
satisfy the requirement of gauge invariance. For example, the inclusion of nucleon isobars 
in intermediate states, the consistent formulation of extended source or interaction, and so 
on, would require no alteration -of our analysis. 

Secondly, the gauge invariant terms themselves represent all possible gauge invariant 
interactions between two given states, so that they may possibly correspond to some physical 
realities. Thus the interpretation of these terms will help the analysis of the results 
obtained by the calculation, as was done by Koba et al. in the 7—7 production where 
four independent terms are interpreted as the interaction of the photon with the current, 
with the magnetic moment of the nucleon before and after the meson emission, and the 
virtual spin effect, and will make easy the introduction of phenomenological interactions 
to bring the theoretical predictions to better agreement with the experimental results. 

In conclusion we should like to express our cordial thanks to Messrs. S. Hayakawa 
and K. Nishijima for their invaluable discussions, especially on the absolute selection rules 


for meson decays. One of us (M.K.) is indebted to the Yukawa Yomiuri Fellowship for 
the financial aid. 
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The diffusion of cosmic-ray neutrons in the atmosphere is calculated by using recent experimental 
value on neutron cross sections for the computation of the age c. It is found that the correct boundary 
condition at the top of the atmosphere is necessary for the analysis of the data at stratosphere. Assuming 
the neutron sources to be stars, the altitude variation and the absolute density of slow neutrons is 
obtained and compared with experiments. 


§ 1. Introduction 


In last several years, detailed investigations on neutron component were performed 
by various authors. They showed that the density of slow neutrons increases exponentially 
with decreasing atmospheric depth, and has a flat maximum near 100 g/cm*. This 
altitude variation is very similar to that of cosmic ray stars. One may thus infer that 
the neutrons are of secondary origin and produced in stars by /V-component. Bethe, 
Korff and Placzek gave an extensive theoretical analysis’ which satisfactorily explains 
experimental data. A comprehensive survey of earlier experimental works and_ theoretical 
extension were given by Fliigge”. 

Although the qualitative behavior of cosmic ray neutrons, i.e. its diffusion, slowing 
down and capture by nitrogen atom, can be understood through these works, recent 
advancement made in this field seems to require more exact calculations which are 
facilitated by precise measurements on neutron cross section covering a wide range of 
energies. 

Refined calculations on the neutron component seem to us worth while on two 
purposes. One is concerned with the primary tadiation and the other with the nucleon 
cascade of the /V-component. 

As for the former we must remark that the neutron component has the largest 
latitude effect among all others. Thus it can be a good indicator for the primary _ radi- 
ations of such low energies as to be influenced by the terrestrial magnetic field. 

Application to the nucleon cascade can easily be seen from the fact that evaporated 
neutrons are produced in every nuclear event even if its energy is not high enough to 
produce a visible track in the photographic emulsion. That is, neutrons can be used as 
an energy-insensitive detector for nuclear interactions, in contrast to associated penetrating 
showers or stats. 

Unfortunately calculations can be performed in a closed way only for the slowing 
down process of slow neutrons by their elastic collisions with nuclei. We have no reliable 


method for neutrons in higher energy region where inelastic collisions or other nuclear 
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transmutations take an important part. Therefore in this paper, we confine ourselves to 
slow neutrons that the age theory of Fermi is applicable. Revised value of age parameter 
z is computed, referring to the recently published value for neutron cross section. The 
boundary condition at the top of atmosphere is examined which has heretofore been put 
simply to zero. These revisions are most significant for the interpretation on high 
altitude measurements. 


§ 2. Age equation 


(1) Age parameter Following Fermi’s theory of neutron slowing down, the age 


parameter tT is defined as, 
r=) Pw) dn/38( = <.cos. Gi 4p) 5 u=I\n(E,/E), (1) 
0 


where 4, and £ are an initial energy and the energy of the neutron slowed down, 
respectively. €, the average logarithmic energy loss per collision, is 

$= 2/ Ag ~ 0.141, 
where Aq is the effective mass number of ait nuclei, 14.6. <cos@> 4), the mean 


scattering angle in laboratory system, is estimated as, 
< cos? > 4p © 2/3 Acg=0.046. 


Z(w) is the scattering mean free path of neutrons with energy £. 


In the previous treatment of Bethe, 


ooae Korff and Placzek” and Fliigge”, /(2) 


was assumed as constant and equal to 


1800} 18g/cm* or 2.6g/cm” above or below &,, 
east the numerical value of /, being taken 
as 10 Kev or 100 Kev. Here we take 
1400 | the latest experimental value of /(2)* 
ae and integrate (1) numerically. This 
pa ig is shows in Fig. 1. In accordance 
with Davis”, we assume that all neutrons 
800 are captured at /,=0.26ev. 
Be The lowest excited states of N"™ and 
O”™ nucleus is known to be at 2.3 Mev 
400 | and 6.05 Mev, respectively. Thus the 
aa neutrons of energy above 2.3 Mev can be 


scattered inelastically by nitrogen nuclei. 


432|H, 100 10. 1 100 10. 10.26 By a detailed study which will be shown 
IMev Kev Kev Kev ev ev ev ev in a following paper”, we can show that 
energy of neutrons é : 
. the slowing down processes by elastic 

Fig. 1. Relation between energy and age. Full line collisions dominate in the energy region 
is obtained by numerical integration, and dashed 


below ~ 4Mey, and inelastic ones, (7, #) and 
line by assuming two constant mean free paths. 


(7, 4) reactions compete at higher energy. 
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(2) Diffusion equation We shall first calculate the Green function X(t, 2, 2’) 
for the age equation, i.e. the solution with a monochromatic plane neutron source at an 
atomospheric depth 2’, 


0 2 
Mice b= (sc, 22" 
& ae ( ) Ae? ( )» (2) 


under an initial condition, 


and boundary conditions, 
(cr, 2, 2/)— 0, as g— cc, for all r, (2a) 


Pee eh nore 7). 


. at 20, for aller. 2b 
3 1—<cos4 > 4y az co 


The condition (2b) follows from that the total incoming flux of neutrons should be zero 
at the top of the atmosphere. 
Except near the top of the atmosphere, an approximate solution can be obtained by 


the simple boundary condition, 
v(t, 2, 2')=0, at 2=0, for all -z. 


This approximation was used by Fliigge”, Davis? and others. Then the equation does 
not explicitly contain the mean free path /(7), and is dependent only on the age 
parameter rt. Its solution will hereafter be denoted by %, and is given by, 


- oo of —— 1 —- (z—2")° ; == Sled): )| 
Hoes Sa =| ow ays ) exp Ae g G) 


The exact solution of (1) with (2b) can not in general be obtained analytically. 
In the case of a constant mean free path, Marshak” gave the following solution, 


— Aexp( Ar?+ A(e-+2"))(1— OA ve + Ete) ))), (4) 


\ 


A=3/21, 


where 


and [= 1/(1— < cos > ar), 


. . é 2 . 
and P(x) is the Gaussian integral. In practical cases, A’c is much larger than one, 


and Gaussian integral is well approximated by its asymptotic form. Then we obtain, . 


t= }_[e(- Meat} ) «(QE F Ne EE) (5) 


x=X,+ ax, 


or 
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< 1 gto 
V4 


e+e)" ; 
oes ee sy. (6) 
Var 2AtHEet+s 


4c 


exp( = 


(3) Validity of approximations When both # and are much larger than VT, 
% can be well approximated by the first term of as 


1 ~— 3 exp(—-E=2)). ne) 


At depth smaller than 2” 7, no approximation is permitted and the correct setting of 
boundary condition is necessitated. To see the behavior of solutions, we calculate Z and 
Z, for several values of 2 and 2’, and show them in Fig. 2. Here we take // V 7 =0.45. 


Fig. 2. Density distribution 
for plane sources at various 
altitudes, ¢’. ¢ and /¢/ are 
atmospheric depths measured 
in unit of 2’ t. Full line 
is with correction and dashed 
line is without correction. 


1.0 2.0 3.0 
t=Z/2V rt 


In practical case for air nuclei, the mean free path / can be approximated by two 
constant values, i.e. 18 g/cm* and 2.8 g/cm” for higher and lower energies than Z,, 
respectively, H, being 0.57 Mev. The above value of //W > =0.45 corresponds to /=18 
g/cm* and s=1570(g/cm*)’, which is the age from 4 Mev to E,. Therefore 7 tepresents 
the density distribution of neutrons with energy £, diffused from the plane source of 4 
Mev neutrons. z 

The age from £, to 0.26 ev, the mean energy for capture by N™, is 280(g/cm*)”, 
and it is much smaller than the age from 4 Mey to &.. Therefore we can suppose that 
the density distribution of slow neutrons does not differ greatly from the above obtained 
7% except for s < 280 g’cm*. Comparison of Z with Z, shows the necessity of the correct 
setting of the boundary condition. for the analysis of slow neutrons at the upper stratosphere. 

(4) Reciprocity From the symmetry of Green function X(z, 2") on zg and 2’, 
we can have another interpretation of 4. That is Z(s, 2’) gives the contribution rate 


of source at 2 on the slow neutron density at 2’. When we measure the slow neutrons 


at stratosphere, we find from Fig. 2 that most part of them come ftom the sources at 
z~<t. Therefore many neutrons which are produced at smaller depths < 


<Vt, turn 
out to escape out the atmosphere during the slowing down processes. 
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§ 3. Altitude variation 


At greater atmospheric depths 7 < 7, the altitude variation of slow neutrons will 
be completely determined by the distribution of neutron sources. On the other hand, in 
the stratosphere we can suppose from the preceding discussions that it greatly depends on 
the diffusion process, and not so much on the source function. To see these facts more 
clearly, we shall calculate the altitude variation of slow neutrons for a certain soutce 
function S(2’). 

As the main part of neutron sources can be considered to be nuclear disintegrations 
observed as stars, we have taken the form of source function S(s’) as to represent well 


the altitude variation of stars. 


‘ fyexp(—a/a), for 2’ <a, 


S@)=| (8) 


Joexp(-2'/4), for 2 >a. 


For example, S(z’) with a=100 g/cm* and 4=140 g/cm* reproduce fairly well the ex- 
perimental curve of photographic work of Lord”. Now. the neutron density ~ (2%, 7) 


can be given as follows, 
T (2, r)a| ae'X(, Ee J SKS!) (9) 


At greater depths >< V7, Z(c, ¢, 2’) can be approximated by 4, in (3). Thus we 


have for 2 >a, 


P (2, ct) ~¥,(z, Tt) =| dh (t,-2, 7¥SE) 


= (J,/2)exp(—a/d) [20 (2/2V ce )-P((e—-@) /2V ez )—P((sta)/2V 7 )] 


+(Jo/2) exp 2/2] exp(—2/2) (14 o(s-a-**)[av=)) 


4 


—exp(z/)(1—0((2+a42*)]2 v= ))| (10) 


For larger z, , has an asymptotic form as, 


(2, 7) ~ Jexpl (=/#) — (2/4) (11) 
and it depends on # in the same way as the source function S() through the factor 
exp(—2/4). np 

Exact calculations are necessitated for smaller depths. In the approximation of constant 
mean free path, the Green function X4=1,,+0% is given by (5). After the integration 


; ; taal 
in (9), we have the following correction terms for the neutron density / : 


Y= ,+0f, 


Y 
r=) 


ov =/, exp(—a/A) Je{ifav e+) or (= 57/47) 
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-(2/(4 Sz + oe) yexp(— (-+a)*/4z)} 


(a 


: — exp[—(e+2)*/4z]| 


eet 
+JAA/QUA-1) fexp(—a/2) 5 AV? +(at2)/2V 7 


a G ene exp(=/2) exp(2/2)(1-((a+2+7") 2 )). (12) 


jvA oT 


As was shown in § 2 (3), this approximation can be valid down to energy &,. Applying 
the numerical values, =18 g/cm” and c=1570 (g/cm’)*, we have the density of neutrons 
of this energy £,. Fig. 3 shows the results for a=0 and 100 g/cm’. We can see 


Y//» 


100 ”200 300 


atmospheric depth (g/cm?) 


Fig. 3. Density distribution at E=Z,. I; a=0, with correction. 

II; a=100 g/cm*, with correction. IIL; 2=100 g/cm?, without 

correction. 
that the altitude variation does not depend sensitively on the value of a as was expected. 
In the following calculation, we take a2=100 g/cm”, throughout. 

To calculate the density of slower neutrons, we must solve further diffusion processes 
down to Z,=0.26ev. From £, to #, the age is 280 (g/cm?)® and the mean free path 
can be approximated by a constant, 2.8 g/cm”. Except near the very top of atmosphere, 
%<v280, 7 can again be replaced by %,. In the case of very small depth we use 
the Green function with constant mean free path. 
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We can now obtain the 
complete altitude variation of 
slow neutrons combining this 
0.4 with the previous result as 
source function, and show 
the result in Fig. 4. The 
T-spectrum of neutrons is 
also obtained at a given 
depth by varying 7 in 
Y (2,7) which was calculated 
above. This result is shown 
in Fig. 5. The spectrum 
0.2 at 220 g/cm” is almost flat 
and it shows that the equi- 
librium between production 
and absorption is already 


reached at this depth. At 
smaller depths, the rate of 


0.1 


high energy component be- 


comes larger compared to 


low energy ones. This is 
—_ 


100 200 400 due to the fact that some 
atmospheric depth (g/cm*) 


Fig. 4. Density distribution at H=/o. 1; with correction. ; 
Il; without correction. course of slowing down pro- 


neutrons escape out in the 


III; reproduction of curve II of Fig. 3. cesses. 
Ys, t) is currently 
called as slowing down 


oR density. The energy spec- . 


trum (2) A)de, ie. the 
Zw density of neutrons with 


energy between and 

E+dE is related to Y(2, 7 

by the following formula, 
O(¢; B\dE=P (2,7 


1 dk 
ve UE 


x 


0.26ev lev 10ev 100ev 1Key 10Kev 100Key 1Mev 4Mev 


energy of neutrons 


Fig. 5. Slowing down density of neutrons. Parameter 
the depth in g/cm®. Z must be read as z. 
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§4, Comparison with experiments 


We have seen from previous calculations that the elastic collisions in energy region 
4~0.5 Mev are most predominant for diffusion processes of neutrons. But unfortunately 
we have little knowledge on the energy spectrum of neutron sources, and thus we are 
hard to obtain an accurate estimation for the age t. On these neutron sources, we 
shall discuss in a separate paper together with the inelastic collisions and other nuclear 
transmutations. Here we shall discuss the altitude variation and absolute rate of the slow 
neutron density under the assumption of monochromatic source of 4 Mev. Comparison 
of the experimental with calculated values will give us some information on the above 
question. The source energy 4 Mev is taken because, as_was shown earlier, it seems fo 


be an upper limit for the applicability of the age theory. 


100 
80 
60 


Fig. 6. Theoretical and 
experimental altitude de- 


40 pendence. I; theoretical 


30 with correction. II; theo- 


retical without correction. 


AY 7; Yuan’s experiment. 


10 


100 200 300 


count per minute (Yuan's apparatus ) 


atmospheric depth (g/cm?) 

(1) Comparison with experiments of Cd-dijference In Fig. 6, we reproduce 
the experimental value of Yuan" taken by Cd-difference. This can be compared directly 
with the slow neutron density Y(s, 7) which was calculated in the previous section and 
is shown as curve I in the same figure. The maximum of our curve I occurs near to 
110 g/cm” in accordance with the experimental value of Yuan, 114 g/cm’. From this 
agreement we see that our simplified model can give good estimation for the age 7. 

Curve II is obtained by the approximate solution /”, with zero boundary condition. 
The difference between I and II shows the importance of the correct boundary condition 
for the analysis of data taken at stratosphere. 

The deviation at depths greater than 200 g/cm® is perhaps due to the difference 
between our assumption of /=140 g/cm? and the absorption mean free path 156 g/cm” 
of slow neutrons obtained by Yuan. If we took ~ 155 g/cm” for /, a complete 
agreement could be obtained, and the experimental value of 2 for stars and slow neutrons 
may have this order of uncertainty. As we are intending mainly to discuss the altitude 
dependence at higher altitudes, we will not discuss this point any further. 

(2) Comparison with experiments of enriched and natural BF, difference 
For the case of 1/7 detector of this type, some cares must be taken for the change of 
energy spectrum of neutrons. The counting rate at depth 2 is proportional to 


ace jpeeteys 


abs. 
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where v is the velocity, and /,,, is the absorption mean free path for B™. @(2, EB) is 
the neutron density with energy between £ and E+E, and it can be expressed by the 
slowing down density Y(z, -) as was shown in § 3. Then we have for the counting rate, 


aE Le ay | aE 
ao (as ye Cer Gl (as 7m), 
\ E ( A pe ( ) Bee 


Qos. 


‘a 


We have already calculated VY (2, 7) at several depths in § 3. Performing the integration 
numerically, the effect of change in energy spectrum can be estimated. It increases with 


decreasing depth, but amounts to only little even at smaller depths, as is shown in Fig. 7. 


Fig. 7. Comparison with 
experiments of 1/v detector. 
I; theoretical altitude de- 
pendence for Cd difference ; 
reproduction of curve I of 
Fig. 6. II; theoretical al. 
titude dependence for enriched 


H 


and natural BE, difference. 
III; Staker’s experiment. 
@; Davis’ experiment. (ex- 


counting rate in arbitrary unit 


perimental values are not- 
malized to the theoretical 
0 100 200 300 curves at the maximum). 


atmospheric depth. (g/cm*) 


The experiments of Staker et al.” and Davis” are of this type and their results are 
shown in Fig. 7, together with the calculated ones. The result of the latter author agrees 
well with the theoretical one, though it is limited to depths below 80 g/cm*. On the 
other hand, Staker’s value is much larger at small depths. It seems hard to give a 
theoretical account for this deviation, though his experiment was carried out at lower 
latitude, 30° N. 

(3) Absolute counting rate Now we investigate the relation between the rates of 
slow neutron capture and of star production. According to Lord”, the production rate of 
stars with two or more prongs is about 2300 per day per c.c. of emulsion at atmospheric 
depth 100 g/cm® and geomagnetic latitude 50° N. As this figure includes stars of light 
as well as heavy nuclei in emulsion, we convert it to the star rate per gram of gelatine 
assuming the geometrical nuclear cross section. From this we can estimate the star pro- 
duction in air at this altitude as 0.69 per gram per minute. 

If we assume that 7 neutrons of 4 Mev are produced in every stars on an average, 
we can obtain the source function. This is given by (8) with a=100 g/cm’, 4=140 
g/cm? and /,=1.41 7 per gram of air per minute. We can readily obtain the absolute 
density at various altitudes by inserting the above values in preceding calculations. 

Many experimental workers gave the absolute slow neutron absorption rate in air per 
unit time and mass. “This should be directly compared with slowing down density ¥ (z, 7) 


at the age c,. At the maximum of altitude variation, =114 g/cm*, we have 
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W (114 g/cm’, t,) =0.550 2/gram of air, min. 


At this altitude, Yuan” gave 1.37 per gram of air pet minute. Comparing between these 


two values, we have, 
1=1.37/0.55=2.50. 


At the same latitude, the experiments of Davis” and Korff and~Hamermesh”” ae 
about half the value given by Yuan”, though the correction remarked by Lattimore” is 
made. On the other hand Simpson™ gave, for the integrated capture rate, 8 per cm” 
column of atmosphere per second. The corresponding rate of Yuan is 7.1. This agree- 


ment and the reasonable value 72=2.5 will support the absolute rate of Yuan. 


§5. Concluding remarks 


We have analysed the slow neutrons in the atmosphere, and obtained altitude variation 
which agrees well with experimental data of Yuan. From comparison of absolute density 
we have the neutron multiplicity 7 ~ 2 per star. These facts will show that our model 
on neutron sources gives a good estimate on the age 7, in spite of its rather simplified 
form of monochromatic sources. 

Thus, we can apply this model for the discussion of other problems concerning slow 
neutrons, such as latitude effect, time variations and so on. ‘These analysis will be given 


in a following paper”. 
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As is well-known, the nuclear magnetic relaxation due to the lattice vibrations of the crystalline 
solids has not yet been completely clarified since both theories proposed by Bloembergen and Pound 
seem to be valid for the special kinds of crystalline solids. In view of these situations, therefore, we 
have here presented theoretically a new mechanism of the nuclear magnetic relaxation in crystalline 
solids in which the crystal electron plays an important role in the intermediate states of the second or 
third order transition processes. Such a mechanism for the nuclear magnetic relaxation may be considered 
to be actually realized in all the crystalline solids. The orders of magnitude for the nuclear magnetic 
relaxation times are found to be in good agreements with the available experimental observations in view 
of our general theory being based upon the rather simplified model of Wilson for the . ctystalline 
insulators. ; 


$1. Introduction 


It is well-recognized that the direct coupling between the nuclear spin and the crystal- 
lattice vibrations, through the magnetic dipolar interactions of the nuclei, fails completely 
to account for the relaxation times commonly observed in crystals at low and room tempera- 
tures. In fact the times of the nuclear spin-lattice relaxations in solids appear to range 
between about 10~* and 10° seconds according to the available experimental observations,” 
while, Waller’s theory” based upon the magnetic dipolar interactions of the nuclei has 
yielded extraordinary large relaxation times, for example, 10" seconds or more, at room 
temperatures, for F'” nucleus in CaF, in contradistinction to the measured values of a few 
seconds. On the other hand, according to Bloembergen, Purcell, Pound and others,” the 
measured relaxation times in liquids and certain kinds of solids appear at least qualitatively 
to be interpreted through the nuclear magnetic dipolar interactions although, in the men- 
tioned substances, rotating or jumping constituent-nuclei or complex groups in solids and 
Brownian motions of molecules in liquids have resulted in shortened. relaxation times. In 
the above mentioned substances, therefore, the average displacements in the thermal motions 
of nuclei responsible for the nuclear magnetic absorption seem to be quite large compared 
with those of the thermal vibrations of crystal lattice, which leads to the relatively large 
coupling between the nuclear spin system and the thermal motion of the former class of 
substances, i.e., the shorter relaxation times in accordance with the experimental observa- 


tions. Furthermore, in the metallic crystal, the situation is a little different” from the 
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other kinds of crystals, in which the relatively large magnetic dipolar interactions between 
the nuclei and the conduction electrons near the Fermi energy have resulted in shortening 
the mentioned relaxation time in accordance with Bloembergen’s experimental observation” 
in metallic copper. 

In view of these situations, Bloembergen” has recently proposed the so-called spin 
diffusion theory in which some kind of paramagnetic impurity atoms, contained in crystals 
naturally or artificially, may take an essential role of greatly shortening the relaxation times 
of the non-metallic crystals, and, on the other hand, Pound” has stressed the fact that 
the electrical interactions of the electric quadrupole moments within nuclei with the nearby 
charge distribution within the crystal have actually shortened the nuclear relaxation times. 

Now, although the mentioned mechanisms, due to Bloembergen or Pound, for -the 
nuclear spin-lattice relaxation are actually valid for certain kinds of crystals, still those are 
not considered to be most commonly realized in almost all the crystals which have been 
observed so far. We, therefore, shall present here a new mechanism for the nuclear spin- 
lattice relaxation in crystals, in which the magnetic dipolar interactions between the nuclei 
and the crystal electrons in filled band, and the electrical coupling between the crystal 
electrons and the lattice vibrations take essential parts simultaneously in the nuclear spin- 
lattice relaxation processes, and, further, the transitions of the crystal electrons are taken 
place in the intermediate states alone, being called the virtual transitions. Similarly to 
Waller’s theory, we have to work out two kinds of the transition processes of the above 
nature ; one is the direct process (the second order transition) in which one phonon is 
emitted together with the simultaneous Umklappung of nuclear spin, and the other the 
Raman process (the third order one) in which one phonon is emitted and another phonon 
is absorbed in the nuclear spin Umklappung in a similar way to the scattering process of 
light.* At first sight, one would expect the direct process to be the most predominant 
one as it is a process of the second order in contrast with the Raman process. But all 
lattice waves can cause a certain transition by the Raman process, whereas the direct process 
in our case requires a lattice wave of a definite phonon according to the conservation law 
of energy. Further, the number of the Raman process rises rapidly with the temperatures. 
At higher temperatures, therefore, the Raman process will be expected to be the more 
predominant one, while, at lower temperatutes, the “direct process will predominate. In 
the present paper (Part I) we shall confine ourselves to the direct process of the nuclear 
spin-lattice relaxation and in Part II the Raman process shall be dealt with. 


$2. General formulation of nuclear spin-lattice relaxation 
due to lattice vibrations 


We shall consider the system of nuclear spins in combination with the systems of 
crystal electrons and lattice vibrations. The total Hamiltonian for our problem, therefore, 


may be written as 


* In the theory of paramagnetic relaxation due to Van Vleck the similar processes have been worked 
out although the detailed structures of the transition process are essentially diferent from ours. 
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Here -§ ins i i zi 
e Dy denotes the system of nuclear spins in an external magnetic field /7, being ex- 


pressed by 
Dy= — yw D> outs (2) 


: ~ : 
in which pyo,; is the nuclear magnetic moment operator of a nucleus situated at the 7-th 
lattice point within the crystal and me the well-known Pauli spin matrix vector. We shall 
here suppose, for simplicity, the magnitude of a nuclear spin to have 1/2 since the follow- 
ing computations are aimed to give an order of magnitude for the spin-lattice relaxation 
time and, further, they are easily generalized to the case of the nuclear spin greater than 
tf 2s 


For the crystal electron in the periodic field /(”), it follows, as usual, 


= 


§,= —#/2m-d+ V(r) . (3) 


where’ J denotes Laplacian operator with respect to electronic coordinates and mm the 
electronic mass, %~-Planck’s constant divided by 27. Since we adopt, for convenience, 
Wilson’s insulator model for the crystalline solids,” the electronic energy band system 1s 


supposed to be consisted of a filled band and an unoccupied one in the neighbourhood of 


the Fermi energy, two bands being separated from each other by a forbidden region of | 


finite breadth. The corresponding eigenfunctions and energies shall be given in the next 
chapter. 
, is the energy of lattice vibrations, which is expressed by 
$=  (Vo,+ 1/2)ho~ ; (4) 
qi 3 


g denotes a wave number vector, 7 specifies each of the polarizations of phonon (¢=1, 


longitudinal and 7=2, 3, transverse ones), Zw a phonon quantum and JV... the number 
qi qt 


of a phonon specified by 7 and 7.. Its average value at thermal equilibrium is governed. 
by Planck’s law. 
N-, = (exp(hw./kT)—1)~, oe) 


gq 
where / expresses Boltzmann constant and 7 the absolute temperature. 


The sum of the magnetic dipolar interactions between the nuclear spins / and 7’ 
will be given by 
Sy = o5 p2(a,on/Ri—3 (0, Rur) (oy ECR EGR # (6) 


isu 
Ry designates the mutual distance between the equilibrium positions of the lattice points 


J and 7’. 


Since the mutual distance between any two nuclear spins may be influenced by the 


thermal vibrations of crystal lattice, a part of the nuclear magnetic dipolar interactions 


dependent upon the thermal displacement of lattice points may be written as 


BS 19 r= > pa ASD var, wr (OX Uy, 2+ the second order term, (7) 
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where §Syar,u, denotes a summand in (6), Xy the x-component of Kis geseutie 
difference of the 1-components of two thermal displacement vectors of lattice points 7 and 
1’. The coupling (7) is well-known to be responsible for a possible mode of energy 
transformation between the nuclear spin system and the lattice vibrations, which coupling 
has actually been taken into account in Wallet’s theory” of spin-lattice relaxation. < 

Similarly, the magnetic dipolar interaction between the nuclear spin situated at XK, 


and the crystal electron spin takes the following form 


7 —R,|*—3 (ay: (7 —Ry)) (o.- (—R))/| y—R)i (3) 


> > 
< 
OD we= Hy He (Guy? Fe/ 
> — f 
Here 4,0, and ftyoy designate the magnetic moment operators of an electron and a nucleus 


respectively, and 7 the position vector of a crystal electron. 
Finally, the mutual interaction of crystal electron with the lattice vibrations may be 


expressed by 
O%,,= —u grad V(r) +1/2 (a grad) (w grad) V(r) +, (9) 


as is well-known in the theory of electrical conductivity in solids.'” In (9) the deform- 


able ion model has been adopted and x is the thermal displacement vector, being expressed 
by 
1= Gr? pa os (a>, exp (igr) +a, exp(—igr)) ; (10) 
qe 
in which G* denotes the total number of atoms involved in the crystal, es, the polariza- 
tion unit vector of a phonon specified by 7 and 27. a, and a are the emission and 


absorption operators of a phonon, whose nonvanishing matrix elements are 


N=.| a 
(N2,\4 


qt 


N.,—1)= (No, —1|a5,|N2) = Vana, /2Mo-.. (11) 


0’ represents all the remaining interactions, which do not concern us here. 
As easily seen, the order of magnitude of the magnetic dipolar interactions among 
the nuclear spins (yy) becomes U)=p4x/ (lattice constant )*~10~~, while the magnetic 


energy of a nuclear spin itself is found to be /,=py/7~10~*/7. Therefore, as far as 
the following condition, 


OE ee Sls LITO gauss, 


is valid, we are permitted to treat approximately the nuclear spin system as a decoupled 
one and the effect due to the coupling (6) may be approximately represented by an 
appropriate, local magnetic field acted upon the nuclear spin. 

As shown in Waller’s theory for the spin-lattice relaxation, the nuclear magnetic 


relaxation due to the coupling (7) becomes remarkably slower so that the available experimental 


results can not be accounted for satisfactorily. Furthermore, since we are now considering 
the nuclear spin system embedded within the non-metallic crystal, the coupling (8) alone 
can not be useful for the nuclear spin-lattice relaxation on account of the energy conser- 
vation being invalid in such case. 


In view of the above situations we shall here propose for the nuclear spin-lattice 
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relaxation to be induced through the second or the third order transition processes due 
to the sum of the couplings (8) and (9), i.e., 


8H =0H.r+0Byxe, (12) 


in which the crystal electrons may be supposed to take part in the intermediate transitions 
alone.* 


Thus we-have 


J) Gas) 43) 


(| 0% 
Ae 


papas 


for the second order process and 


19 = ys _ ©1691) PSD G49 1F) 
(ae IE) = 2 (EE) Ea Ey) 
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j 
for the third order one, where z and f designate the initial and final states, and 7, 7’ the 
intermediate ones. Further, £;, A; and 4; are the corresponding energies of the un- 
perturbed system. 0{/’ represents the second order term of 09, in. (9). 

Now, for the former case, the nuclear spin-Umklappung may be considered to be 
accompanied by the emission of a single phonon, whereas, for the latter, to be accompanied 
by the emission of one phonon and the absorption of another phonon simultaneously, on 
account of which we shall designate the former by the direct process and the latter by the 
Raman process in the following. The energy conservations corresponding to the above two 
cases will be represented by i 
Qt Ne, (15) 
and 


2 py T=h (w,— Oy) (16) 


respectively. 
According to the general theory of quantum mechanics, the transition probabilities of 


spin-Umklappung for any nuclear spin involved in the crystalline solids may be written as 


Qa m ala 
ae eal Ga y Or (af, sind, S112 | db ()OHIf)\2 7) 
i 2n A $ Ul; 


0 0 —n/la 


for the direct process and 


* To proceed a systematic computation of the problem according to the order of magnitudes of the 
we should take into consideration the magnetic dipolar interactions among the electron spins 
themselves, which case will require us to treat all the crystal electron spins as a single coupled system. Still 
in this case, the transition process under consideration will be actually realized through the interactions described 
in (12) of the text. The whole procedure of computing the transition probabilities is quite similar to those 
of our case of Hartree approximation for the crystal electrons and the essentially similar results regarding the 


various interactions, 


relaxation times should be expected. 
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for the Raman process respectively, in which sin#,d0,d¢, and sin 6, d4,,abq denote the 
solid angles along the direction of propagation of an emitted phonon and that of an 
absorbed phonon during the Umklapp-process of avy nuclear spin within the solids. The 
integration over / means allowing for all the contributions from the electrons in the filled 
band to the mentioned transition probabilities. The factor 2 before the /-integration is 
the statistical weight due to the electron spin of each level of electronic energy band in 
the crystal. The state densities of the final states, to which the transition probabilities 


are proportional, are easily found to become 
Og= (Ga/27)'w7 [hus -sin9, 20,0, 
for the direct process and 
pr= (Ga/27)wfog (hus us sind, d0,d9, sin 49, A, 19 dhe, 


for the Raman process respectively, which relations have been made use of in the above 
expressions (17) and (18). For the Raman process the contributions from all phonons 
are taken into account in accordance with the conservation law, as expressed by the 
integration over w,, the range of integration being restricted by the energy conservation 
(16). Furthermore, 7; represents the propagation velocity of a phonon specified by 2, 
and a the lattice constant. 

As far as 2fty/1<kT, the spin-lattice relaxation time 7, may be represented by 


1/2 7,;=W,+..W,, h 19) 
as shown by Bloembergen, Purcell and Pound.” Generally speaking, however, the direct 


process will predominate at very low temperature (/17, >] V.) but at higher temperatures 


the Raman process will be the more frequent one (I17,<II’,). 


§ 3. Matrix elements involved in the direct transition process 


For the general formulation of the theory of spin-lattice relaxation in crystalline solids 
we shall here adopt the simplified model of crystalline insulators due to Wilson, in which 
the highest filled band is supposed to be of ws one and the lowest unfilled band to be of 
np one respectively. 


The corresponding eigenfunctions and energy values’ are given by 


i, (7) = Ga ps d, (r— ag) exp (2 hea) ; (20) 


9, 


E(k) =F, +4,—28,(cosak,+cosaky+cosaks) , (21) 
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sand 


Poi) =G™ 3 bos 7 ag) expGkea), (F=H, 7,2 (22) 


pee | k) = E,, + Us+ 27, cos ak, — 2/35 (cos. ahs + cos ahs) 

Ey, (2) = Ly, + dy+ 27, cosak,— 28, (cosak,+cosak,) ¢, (232) 

yom (2) = E+ Uy+ 27, cos ak, — 284 (cos ah, + cos ay) 
‘where vu, >0, 4, >0 and §,>0,°8,>.0, 7,>0 ate the energy displacements and the 
‘energy breadths due to the interactions of a crystal electron with other ions within the 
crystal. As is well-known, the above results have been obtained through the Bloch’s 
tightly bound electron approximation method, similar to the Mulliken’s 7CAO method 


of approximation in molecular structure. ¢,; and ¢, are atomic orbitals around each ion 


‘within the crystal, satisfying the following wave equation of a single electron 
[—#°/2m “A+ U(r) |$.= Ei 9, ? [—#/2m- A+ U (7) 1$,5= £95 ? (24) 


in which (/(7) denotes the potential energy due to an ion within the crystal, and £&, 
and £&, are atomic energies belonging to ws and 7p levels respectively. As usual in the 


central field of force (/(7), the atomic orbitals may be written as 
G(r) =R Ar) / V4, bye) = Ry (1) +2 /r- V 3/40 
by (7) = Ry(r) -y/r- V 3/47 ¢ (25) 
b,.(7) =R,(r) + 2/r+ 3/40 
in which R,(v) and R,() denote the normalized radial eigenfunctions corresponding to 


ns- and 2f-levels respectively. 
Furthermore, the crystal field (x) may be considered to be given by 


Vir) =U (rag), 


in which g specifies each of the lattice sites occupied by ions within the crystal. 


The matrix elements of 6, and 0%,, requisite for the direct process are easily seen 


to be of the following type 
. (Mins May E,(k) | ODxe| en's Mey Las’ )), 
Git, Ms, E,4(2) | OBxe| Mn’, Mts, L(A) )s 
(Z,,(2), N| 0.1 |Z(4), Vo £1) 


and 


(E,(4) 2 i ODer, [Bons (2) ? No 25 1) ? 


in which #2,, 7t,' denote the magnetic quantum numbers of a nuclear spin before and 


after the transition, and 77, the magnetic quantum number of a crystal electron respectively. 


By the use of (8), (20) and (22), we obtain 
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Mn!» Ms, Eni(h')) 


(Wtay Ma Es (2) | OB. 


Siese "pt Hex Sh exp (— iC" g g! —kg)a) 


9 “gh 
x { (ttm | Fy | Mtn!) (07,| Gel 2s) Ay (E> &') — 3Bi(8 8) bs (26) 
where 
ANG: B= | HC 08) P08 )/\P—a @27) 


Big g)= (eee (m,| 6, lm) )( toa (Mn | Gyy| 7725’) ) 


| 


|r—an |7—an | 
=> — 
x $.(7—ag) Gp( 7 — a8") dias (28) 
re an |* 


= 
and 7 denotes the specified lattice point on which the nuclear spin under consideration is 
situated. 


Since, as easily seen, we have 4; (n, n)=B, i, 1) = 0, the most predominant A; (z, 2) 
and 4;(g 2k o! shall be taken into _consideration, in the following, among the various 
quantities of A,(¢ oe) and 4,;( Lk g’) belonging to the nearest neighbour-pairs of ¢ ¢ and 


g with respect to i, the less significant ones being neglected approximately. 


Thus, it follows 


A, (n, eu =A,(n, n+7) =A.(ty NER) 


eenres Bla faery 2422) R, (“e+ @—a)?) ee 
2 J oe ie pit f ( ) (+2) ?( e+ (g—a)*)'? 


(29) 
and 


A, (ni, n)=A,(n£f, n) =A (nth, 2) 
V3 
D, 


=+%3 


[ae | RPE CRORE) (30) 


ee ah (p Se 2 
in which the cylindrical coordinates (2%, 9, g) are adopted and the _integration with respect 
to y has been carried through in the above expressions. Further, :. 7 i denote thevauit 
vectors along the principal axes of the crystal. 

ee we have 


Fyz| Mn’) “/; 
(110, |ez| 77) (4%ta| 0 nye|27¢n') > 5 (31) 


| (tle) (ttn |O yz | My!) + (705|Fex| 1725) (11tn|F xe|7n’ ) | wf 


(oi oaliat h tile el 
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ob = (770,|Fey| 1245) (772n|F yy |%n!) Jo » (32) 
BAN, RE h) = ae (105|Fex| 2705) (922m |F xe|7n') + (11,|Fey| 725) (114 | 05517!) aay 
4 (|e) (2tn| Ol 0!) Je (33) 
i c i a) ay LES ®(2—a) 
h= oe | 4 dz R,( vp +2) Ro “oe 4 (2-2) uf ; 
EE) eG ay 
(34-1) 
Pie Sky a eet 2" (¢—a) 
=o St ado Te. Vo+s°)R Vo? Pappy 0 > 
Ss V3 | J a ( \ ) v( f ( a) ) (e427) (e+ (g—a)?)? 
(34-2) 


and 


By (n + i, n) = . { (vel eyl7) (Htn|F yy| Mn!) + (4725|O 2 | 725) (172| Gen!) K, 
a (7105| Fez |7705) (9tn|F yz |27n!) Ke 5 (35) 


Bin £7, ny=t (1105|Gcz|25) (1n|Fye| Men!) + (925|Fex|2725) (Wn | One| Mn! )} Ky 


oe 
2 
Be. 
4 
3 
+— — 
be 


Ox, |Mn' Ko , (36) 


(717|Gey| ts) (ty 


B. (a+ k, 1) = ee | (tl eel.) (1t| 6 yx|22n!') + (125 |Fey| 725) CA) i 


- (25|Fce| ms) (tn|F yo| Men’ ) Ky 2 (37) 
ak re t / 2 Bs B\ Na ponies a “es 4 
ee az kR, + (27—a R ye ) A = ? (38 1) 
ke | an | (VP + Cay) Ro V+ 2) Coa 
: (oa) co ps? 
1 2 = 2 ao 3 
Reg re Re + (z-@) )R( VF ks *) (e° a ; (38-2) 


—-o 


Since each axis of the coordinate system (1, 7, 2) is along each of the principal 


axes of the crystal and that of (X, Y, 7) is supposed to be the quantization coordinate 


system of nuclear spin, Z being along the direction of an external magnetic field vag the 
direction cosines of the former with respect to the latter shall be represented by Uiyihaveds 
(sity, Mt, Ms) and (743 Mg, 1s) respectively. 


Thus, we have 
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6,=loxtlhoyt+laoz 
Oy = MF x +My y+ M30 z ( , (39-1) 


O,=N,OxANg Oy +NeOz 


0 —2 pe PLEO. : 
Cale ay a1=(5 6 X o2=5 ey. (39-2) 


Taking into account (39-1) and (39-2), we have, after a simple evaluation, 
(£1/2|¢2| + 1/2) (—1/2|ony|1/2) 4 41/2] eee] 1/2) (—1/2|em.|1/2) 

= ¥1,(4,—th) ’ 
(+1/2|e,,| 1/2) (—1/2|ey,|1/2) = £4,(4,—w) 


and 


(40-1) 

(1/2|¢,,| 41/2) (—1/2|oy.|1/2) + (+1/2|o.,| 41/2) (—1/2| oyna] 1/2) 

= F m,(m,— tmz) , 
(41/2|a,,| 41/2) (—1/2|ey,|1/2) = + 725(,—7mz) 

(40-2) 


(41/2\¢.,| £1/2) (—1/2|oy,|1/2) + (41/2|6,| £1/2) (—1/2|oyy|1/2) 
= F 2,(2,—in,) 
(+1/2|o,.| 41/2) (—1/2|oy,|1/2) = +1,(2,—éne) 


(40-3) 
and, further, 


(my) 6 x1 Mr! ) (1m, |5,|1,) = O55 (= 72") (41) 
Substituting the equations of (29)—(37), (40-1)-(40-3) and (41) into the ex- 
pression (26), we get finally, for the required matrix elements, 
(—1/2, m,, E(k) |ODine| 1/2, 710.5 E,,(#') = 972-26 Ry exp(—i(#’—#) na) 
x {+1,(4—i)} {[_/cos(2,!— 2, )a—F ] sink, + sin be 2, )a cosa). 
(42+1) 
(—1/2, m,, E,(2)|OQye 1/2, 4, Ey, (2) )= op 1G [te Hy exp(—i(R’ — 2) na) 
x { £m5(m,—imy)} {[_Jcos(k,’—k,)a—K ]sinkyat+/ sin(z,!—h,)a-cosk,ah, 
(42-2) 
(—1/2, m,, E(k) |ODne|1/2, 77055 E,,.(R)) =9/2-iG-*u, ty exp (—i(# — 2) na) 
x { +1,(%,—iny)} {[_J cosh,’ —k,)a— K | sink,a+/sin (2! —k,)a-cosh, at, 
(42-3) 
(—1/2, ,, E,,(k') |8® ye|1/2, Tope (2) )=—9/2- iG~* 1, tty exp( (ik! —h)na) 
x {+4,(4—i.)} {LJ (2,—k.)a—K | sink,a+/sin(k! —k,) a-cosh,a}, 
(42-4) 
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(—1/2, tty En, (B)|O® nel 1/2, ey Ey(2)) = —9/2-1G> 94, fty exp (i (#’ — B) na) 
x {+m,(m,—imy.)} {| /cos(&,—*,)a—K | sink, a+/sin (h,'—%,) a-cosk, a} , 
(42-5) 
(—1/2, 1% E(B) |8S nel 1/25 ey Es(2)) = —9/2 1G 7g pry exp (iL — 2) na) 
x {+7,(2,—in,)} {[ cosh.’ —h,)a—K | sink,a+/sin(h,’—k,)a-cosk,a} , 


42-6 
where ( ) 
x Tan sre PO a em os 
seit ce Foon de \ dz RV +27) Rp(V e+ (z—a)*) 
0 —o 
p(z—a)(2°—") : 
(+ Cs 2 (43-1) 
eee tz +e)> 
(43-2) 


The actual evaluations of / and K may be carried out through the rather lengthy 
but elementary procedure, which results shall be described in the Appendix. 
The matrix elements of the first term in (9) may be written as 


(EB), WBE), Not l= — GE VEN +1) /2Meoy: Ks (44) 


with 
Ke | Foy (7) (Ca,grad VU) G*(7) exp (Figryae (44-1) 


by using of (10) ead (11). Putting (20), (22) into (44-1), it follows* 


Iig=at Peg SID IOD \ b, (r+ ma) (ex, grad U(r) ) by, (n+ in'a) exp (+ igr+ i(k’ —k) an 

+ i(km— H nt!) a) dt . 

edominant contribution to K; is easily seen to come from the term with 
b, (7 +ma) and ¢,,; (r+ml! a), namely, the one 
the less significant summands in the 


The most pr 
a maximum overlapping of atomic orbitals 
denoted by m=m'=0. Neglecting approximately 


above expression, we get approximately 


=G » exp (i(h’ ey awa). (7) (ea, grad U)) bs) exp(F79”) )dz, 


-(s, (r) (ex, grad U(r) ) Bj (r) exp( +2 Bs aty* Oy a 


on law of energy, 24yH= hw,,=hu,;g, the wave length 


As seen from the conservati 
on on account 


1/9 of the emitted phonon becomes much larger than the atomic dimensi 


* The coordinate origin is situated on the n-th lattice site. 
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of the smallness of 24/7 in our case, which situation leads to exp(Figr) 1 ‘in the 
Furthermore, on making use of the well-known relation 


above integral of Xj. 
| )eagrad U(r) $n) de= m/l (E,—B.)* | (F) Car) bos @)ae s 

we obtain finally 
(Eys(2)) N2|8Ge1|Ea(@)s No 1) = — GYAN, +3) [2Ming 2/1 (Ey Be)” 
x [bu A) CrP Be, 2a (45-1) 

Similarly we have 

(Z,(2), N2|09.1)Z 
x | (7) CAB) debe oo (45-2) 


mI Cer No+1)=—G*?VK(N, +0) /2Meog- m/l (Ey— ye 


§ 4. Transition probabilities of the direct process 


The transition matrix element in the direct process under consideration may be written, 
from (13), as 
@|OD|/) 
etl: Mey Fa(2)|O® wel 1/ 2, Me FE DE ah +9), Nyl9Ger|E,( 2)» Ny+1) 
a 2 pty HH + By) — Egg (+9) 
fos (4,(4), Vol De1| Aoi (A= 9)» Wan oe 0 Mey L E,§E—9)|0@vel1/2, ma BAB) 
sete — hog + Eb) — Ey b= 9) 
‘f which may be ttansformed, after substituting (42), (43), and (45) into the above 


equation, into 


GlOD|f) =42-S [x(t [- 


& 


(/cosg,a—K) sink,a+/ sing, a-cosh, a 
2pyH+ E(k) — Ey. (k+9) 

4 (Joos qia— K)sin&, pes Sar cos fa | 
= diy H+ B,(R) —Eqe(b—9) 


(J cos q,a— K) sin k,a+/J sin g,a cos kya 
2p T+ Eb) Ey (+9) 
4 (J 08 qua K) sink,a—/ sin q,a-cos:ky a | 
= 2fty T+ Eb) Ey (B—9) 
+ Zin y—in)| — (J cosg,a—K) sink,a+/ sing,a+cos kya 
2uy H+ E(k) ~ Ey. (k+9) 
ay (/ cosq,a—K) Sl at MBIA IES |l. (46) 
—2p¢yll + E,(&) — E(k 


+ Vm,(7n,—imy) | - 
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in which the energy conservation hw,,=2UyH has been made use of and the following 
abbreviations are adopted. 


L=— GO m/e (Ey — BY?! VGN, +1) /2Miog 47) 
S=—9/2-1GFuyp, exp(iga) (48) 


and 


x $,.(7) } 
v =|) (Co -F)4 yy (%) f ae. (49) 
Z be (7) J 

Putting (25) into (49), we obtain, after carrying through the angular integrations, 


XS, F 9 Yee, _* 3 Z=0s. R > (50-1) 


R=1/ V3 | RG) RP) Aar (50-2) 


As for the electronic energy band. of the crystalline insulator the following relation 


may be considered to be satisfied ; 
4E—E,—#,+ 4,—4,>8,, By and 7s, (51) 


on account of which the denominators in each term involved in (46) may be expanded 


into the power series as follows. 


(4 2pyH + E(k) — Ey. (R49) — {1+ (ea (2) + 2pyH)/4E 
+ (Gi1(2) + 2ptyH1)?/4E*} /AE 
(+ pty + B(h) — Ey £9)) {1+ (Ca2(2) 2H) /4E 
+ (eao(4) + 2pyH)?/4E% /AE 
(£2, H+ Bb) — Ey. (£9) {1+ (Can (@) + 2ftyH)/4E 
+ (€4,(2) +2 py H)?/4E?}/AE | 
with the following abbreviations ; 
fey (2) = —2(P, cosak, +7. cosa(h; +9;)) —2 (8, cosak,— Py cos a (ho +9o)) 
— 2(f, cosak,— 3, cosa (hs + 93) ) 
ea0(Z) =—2(f, cos ak, — 9) cosa (4,4£91))— 2 (8, cos aky+ 7, cosa( y+ 9s) ) 
—2(f, cosak,— fy cosa(hs +s) ) 
Bacon A 8 cna (8,58 9,)) 228 coo aby Pcosie (25D) | 
—2(f, cosak; +7. cosa(k3+49s) ) 


(a> (52) 


BA(S:3) 


On putting (52) and (53) into (46), we obtain 
(§05|/) = 4 L- S/4E*-{ XL (4, —ild)[F, sin ahy enn (&) —€.4(B)) +9, c08 ah; (Ea (2) 
+6_,(£)) + 2m, dE cosak,+ 4 pty HE, sinak,+§, sinak (ef,(e)—23(2) 


- 
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+4 py H(e,:(2) + é_ (#))) /4AE+ 41 Cosaky: (e2,(2) Hts 2,(2) +4 ty (ex (4) 
_,(2)) + 821°) /4E\+ Ym, (1m, —ims)[§, sin aks »(€49(2) —e_(F)) 
+4, cosak a(e.0(2) 4+e_ »(2)) + 27,4E cosaky+ 4f4y H6, sinak,+§, sin ah,(€29(A) 
—e 2 (h) 4 Apty H(€49(A) +e. (h))) /AE+ no cos aks: (c2,(k) +E 2,(k) 
4 4ptyH(€43(A) —e ate) + 82H?) /4E\+ Zn,(1,—m 2) [€, sin ak, (e,,(A) 
leah) + 3 COs aks(€43(2) + e_(h)) 427, 4E cos ak, + 4px lS; sin aks 
+6; sinak,(e#,(2) —e a) + 4 ftw Eaa(2) —e_,(4)))/4E +, cosak, 
x (e2,() +e 24h) +4 pay (esa(b) 2-02) + 8¢8?)/4E}} » (54) 
in which 
E,=Josag,—K, m=/sinag, 
E,=Jcosagza—K, yo=/sinags( - (55) 
€,=Jcosaqg;,-K, 43,=/sinags 
On making use of the phonon wave length being much larger than the lattice constant 


a, i.e.,-a9,<1, 49,<1, ag3<1, the cosine or sine terms of ag, @Qs, @g3 may be ex 


panded into the power series, 
sinag,~ag,, cosag,y~1—(aq;)"/2,  ete., 


the higher order small quantities being neglected approximately. 
Thus, we have 


ala a/c x/a 
[ a, { db, | dbl G\OB|f)P=|L-SP/ABY: (2/2) "6K OBE, 
-n/a —-x/a -a/a 


x[Xto+ (aq)? Sata (92 +93) Dil + ms (1 ms’) >, ,L2ue+ (492)" Di 

+0°(ge+92) Delt neA—ngyer [dot (aqs)° Dit &(9P+ 92) die] 

+4 (Ls Ms Co» eo yon Jot ms Ns ea Com 4293+ Ugly Ce 495%) Lis} » 
(56) 


where 
Do=4ex(J—-K)’, 
D1 =378(J— K+ [9 (B+ 72) + 12 (Bi Be) + AEP + BEL 
— [4x H*+ 67(8, +72) J J—-4), 
Die= 283 (J—K)’, 
Se= (824-72) J—K)?— 2723 Bs— 289+ 1) T—K) + Bi +72)? + (Bi Be)” 
+4(8,+72) (B:— As) 7° | 


(56+1) 


The integration of (56) over the directions of propagation of an emitted phonon 
may be easily carried through by taking account of 
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™=q sin J, cos$,=a,/u;: sin @, cos 9,= 2p H/hu,;-sin G,, cosh, , 

g=¢sinG, sin d,=w,/1;-sin 9, sing, = 2/Ly H/hu,-sin @, sing, 
and 

Qs= 9 cos 4, = w,/uU,+cos0,= 2 pty H/ hu, cos os, 


together with the directional dependencies of e. , e+ and ec. 
Qt, x Qty b 


qt, 


After carrying out the above mentioned procedures involved in (17), we obtain finally, 
for the transition probability of spin-Umklappung for avy nuclear spin contained within 
the crystalline solids, 

pai! ‘ a : Li, — £, 


Wy 2 uid ojigtt) ( 
ce Toe (fy be)? (2h HT) i 


g) exp(22yH/hT) 
f,—E,+4.—4, ) exp(24yH/kT) —1 


Db 
=) Xo 
is 


+( ey Gee a) S,+2(. cere =) 2 ty HT a) S| 


x exe —1,) +s (l—ms) +22 (1— n2)| E ( + 
ul, 


ue — ue Tats Re i 
2 
4+4(Lome+ mine + nsit3)( = + a )( Mise a) 53, : (58) 
uy Digs 


Since the corresponding transition probability to the reverse process of the spin- 
Umklappung mentioned above is clearly seen to become Il”, exp(—2pyH/kT) ~ W, except 
for the extremely low temperatures, we have, for the nuclear spin-lattice relaxation time 7, 


due to the direct process in the polycrystalline solids,* 


m i, — £, ) Rp? 2p 2pyH/ kT) 
M \ £,— E+ 4-4, exp(2fyH/kL’) —1 


ROT oF ; 
Tota (pg ie,) Qn) 
a oer ah 


1 2\. Py Be ey Pee, ) ae ee) 
x {2( is =) Zot 5 ( e A h a) zat 5 ALLOK 


Ug Wteries 


x (2H a) So : (es ed ee aps . had 


PAs 5 h 


on account of the relations (/,2(1—J/,2) +7(1—m’s) +ng(1—ms) ) ay =2/5 and (Leas 
+ meng +s ls) ay=1/5. 


* As clearly seen in (58), the transition probability due to the direct process of nuclear spin-Umklappung 
appears to become zero in case of an external magnetic field directed along one of the principal axes of the 
crystal (/;=1, m3=73=0, etc.), which leads to infinitely large relaxation times in contradistinction to the ex- 
perimental observations. Such situation, however, is not so surprising, because the approximate expressions of 
the matrix elements described in (42) are responsible for such unfavourable results; which are easily observed 
to be removed by proceeding, to a higher approximation, the evaluations of the concerned matrix dlemens or 
by refining the crystal model in our case in accordance with experimental observations. In order to estimate 
the order of magnitude of 7’; for the polycrystalline solids, however, we shall be allowed to adopt the expression 


of (59), 
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§5. Numerical results and comparison with experiments 


In order to estimate the order of magnitudes of 7;, we have to evaluate the integrals 
of R, K and /, in which the explicit specifications of the electronic energy band structure 
in the crystalline solids are required. For that purpose, we shall assume tentatively for 


the highest filled band and the lowest unfilled one to be 3s- and 3-bands respectively. 


The radial eigenfunctions of the corresponding atomic orbitals may be written as 


Ra (r) =ayz(2(4Z—s)/3an) wit V6! : (r/an)° exp(— (Z—s)r/3an) (60-1) 
and 
Ray (r) =an(2(Z—5') /34an) 121/61. (r/an) exp(— (Z—3')r/34an) (60-2) 


by the use of Slater’s method of shielding constant,’ in which the best fitted analytical 
functions to the numerical data of Hartree’s self-consistent field method have been worked 
in accordance with the experimental results. 7c is the nuclear charge, s and s’ the screen- 
ing constants for 3s and 3/ electrons respectively, a), the Bohr orbit. 

By use of (60-1) and (60-2), the integral 7 is easily evaluated as follows. 


R= V3-896 ay| (Z—s) (Z—5')/ (2Z—s—s')*J?/(2Z—s—S), 
R= 0.675-107-"| (Z—s) (Z—5') / (2Z—s—3')?} /(2Z—s— hey (61) 
Similarly, we are able to evaluate both integrals of J and XK, which results have been 
described in the Appendix on account of the rather lengthy expression. 
Furthermore, the following appropriate values of the various physical quantities involved 


in (59) have been provisionally adopted for the numerical estimates of the spin-lattice 


relaxation time for the polycrystalline solids. 


--@=2.5-10 2 cm, #=1.0541-10-” erg-sec (Birge’s recent value), 
[4g=0.93-10-" erg- gauss’, fty~2.4-10~” erg- gauss ', 
m=9.1-10-* g, M~4.04-10-"% g, Z=12, 
ty~2.5-10° cm-sec™', /T=10' gauss, 


4E~10ev, B.~7o~3 ev, 


Oy=Uj[Uy I= (E,—E,) / (By E+ ty) Y= (G4) / 4-5) SA. 


Using the abbreviations mentioned above, our formula for the nuclear spin-lattice 
relaxation time 7; becomes, for 2uUyH<kT, 
27 a 


= ; 9 mw DANY 7 Ny 
fe, en ee (Harte)? "ROBT [2.(14+20,)/108- Diy 4 2(3-+28,8)/S1! 


OTe ake PD ft id ae 
x( = a B+ 4 (+403) /52-( “ER a) Stet 4 (8-1) /5u 


2 
2¢n Vos 
ee ae (62) 


from which the following numerical results for 7, have been obtained. 
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Table 1. Numerical Values of 2, J and K The case “of -¢5 = 005 


nn... eee 
S=9-15, 5/=11 | R=0.46-10-"6 | 7=-0.49- 10% | A=—0'54-102 
" — for 3f electron, correspond- 

s=5/=9.15 R=1.63-10-14 | J=—2.84-10%5 | K=1.08- 102 


ing to an isolated atom 
a + fe 


in accordance with Slater’s 


means the partial shielding 


Table 2. Numerical Values of 7, tule, while the case of 


rene = ~ S=9-15) sand ys ilu tee 
| s=9.15, s/=11 | 51/015 presents the complete 
8,=1.4 | 0.5./7" As. Gt 6.5/7 a, shielding for 3 electrons, 
| the latter of which seems 
0;=2.0 | 0.1,/Z7" sec | 1.1/7 sec 


to be mote favourable for 


the electrons within the 
crystals from the theoretical viewpoint. These two cases, however, have been worked 
numerically to clarify the effect upon 7, of the crystal electron binding to each ion within 
the crystal. 

Thus, the order of magnitude of 7, according to our formula are observed to become 
of about 107'~10 sec near the temperature 7~1°K. The close examination of our 
formula, however, reveals that the mentioned order of magnitude of 7’, depends strongly 
upon the various physical quantities characteristic for the crystalline solids under considera- 
tion, i.e., the sound velocity, the electronic band structure (/,, 8, 72), the corresponding 
eigenfunctions, etc., and, thus, it appears to vary rather widely through the small changes 
of the mentioned quantities, i.e., by a factor of about 10° or 10~* compared with the 
above mentioned numerical estimates at low temperatures according to the various kinds of 
crystalline solids. On the other hand, the nuclear spin-lattice relaxation time is oe 
experimentally to range between 107-4 and 10° seconds at very low Pompecatares: 12 e%, 
T,=280 sec (7=1.2°K), 67 sec (7=4.2°K) for the nucleus of Fie in CaF; .0t 8 
sec (7,=2°K) for the nuéleus of Li’ in LiF or 7,=10~10~° sec ES for 
the proton in CaAl(SO,).-12H,O and so on. Our numerical esunates of 7) are cae 
seen to be qualitative agreements with the experimental observations e fe of ue varipues 
simplifications regarding the electronic band structures and the approximations involved in 


the concerned matrix elements. In this connection, it should be stressed that the remarkably 
short but favourable relaxation times in our theory, compared with that of Waller’s one, 
have resulted from the relatively large interactions of 0,, and 0,y together with taking 
account of all the contributions of crystal electrons within the 35-band. 


The variations of the relaxation time 7 with both the external field // and the 
temperature 7” shall be discussed in detail in Part II since the obsetved variations of 7; 
with the mentioned quantities are considered to be ascribed to both processes of Direct and 
Raman types as shown in (19). Tee 

Furthermore, it should be remarked that Bloembergen’s mechanism of spin diffusion 
to paramagnetic impurities involved or Pound’s mechanism due to quadrupole pee, in 
nuclei may be considered, for some specified crystalline solids, to be superimposed upon 
our relaxation mechanism described above, in which case the rather complicated behaviours 
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of 7, with H and TJ will be considered probably to appear but the radical modifications 
in the order of magnitude of 7; are not expected in such case in view of the relaxation 
times due to each of the mentioned three mechanisms being shown to be roughly of equal 
order of magnitude. 

In view of the mentioned situations, therefore, our proposed mechanism for the nuclear 
spin-lattice relaxation in the crystalline solids may be concluded to go on a right direction 
in elucidating the still completely unsettled phenomena of the nuclear magnetic relaxation 
in solids. The further refinement of our general theory proposed here will be highly 
required owing to the circumstance that the nuclear magnetic relaxation in solids is one of 
the most interesting but still unsolved problems in such field. 

Finally the authors are indebted to the Science Research Fund of Education Ministry 
for its financial support. 


Appendix 


(2+ yr (2+ (g—a)?)'? 4 


0 


Ja v3- | dp | be RY PAAR APH =a) pO na) Os Ae 


co 


f= 1/ V3. | dp | dzRj(V p+ (s—a)*) R,( V 0? +2") Oa : 


On performing the change of variables p and ¢ into » and ie 


0 —o 


9 
P= +2", y= or+ (z—a)’, 


with 
pdodz=rr'/a-adr dr’, 
it follows 
a at+r oe} r+a 
JaAlev 3a. | | a \ pe ar | ar'\ RY) Ro XP —12—@) 
0 a-7 a r—a 
x 13(P?—1r? +07)? —4a 7 [v3 
and 
KE1/8V3 a {far \ dr! + \ar \ ar'\ R (7) R,7)' —r +") 
0 a=r a r—-a 


x 3(r—r2 +a)? —40r}/r. 


Substituting (60-1) and (60-2) into the above integrals, we get, after a rather 
lengthy but elementary calculation, the following results. 


The case of sxs': (Z,=(Z—)/3¢n,-2,= (Z—S') /3aq). 


i = - g 
me (Z,a)""(Z,a)"" tex ee (11524 36000 ee) : 
45V3 a f pC ) : (Zay + (Za)! /(Z,2) 


a _{f 48 528 3312 14304 | 40320 , 54000\,_- 
e294 : Za 
es Zitpenaa oe eae (Zeal aa / (Z,a—Zpa) 
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512 2928 9648 Reese aes OOeE 1024 
=(# Gee ie alt (Z, me) 4 0 nae e feta 
3168 4032 : 864 864 , 
ame “OZ e eatt al Ae 


1696 7968 25968 28 0007s. Bae 
—exp(— Z, a)-{(16+ 2° + s + ate 
: CT NEA CAE 8 eR C47) cae CD be Cate Za Aaa 


Sa (4844 ae 1968 , 6528 | 13680 pene) Peake ( 
og Za? Ga * Zaye ae 9-2)" + (26 


544 1888 4032 4032 :) 84 864 
~ : /(Z,a—Z,a - (964° aa 
Bp OLS, a) ul 2,8) -< (2,2) * a (Za) 


864 48 528 3312 14304 40320 
" VV Za-Z,a)'h “tp ACES ee e ie fe 
(Z,a)* gane ae ee (Z,a)® 


54000 19h? re 
= Za ee iA 512, 2928 9648 + 22082) (Za zea 


(4,a)° Pot (Fay Awana Za Ze) 
160 1024 3168 4032 7 ooo 84 864 
Bia iZa) (Zia (Zz, i uae Z, @ fate Re EE 


864 .. 3) 40 1696 7968 25968 
Fa 7 Zz 16 
7 CAs ome saa ya 2 va) {( ee seg eee 


54000 54000 TERS 
os Bean) Gero (0e7, 


1968 , 6528 , 13680 
Taye a 


13680 ) 1888 4032 4032 s 3 
Z,A+Z, + 9642) oh ee Z,a+Z,a 
ea aay ( ae ve coy a) 
St: 864 864 96 L152 
+( eS Me LA CE ea oe CR eats 13) Rael aN S28 CEC 


7776 36000 116640 . 241920 pious 
w. 3 ty eA 4 we 5 6 a ax p(— 
( pf) (4,2) (2 72,4) (Z, be) 
18000 58320 120960 . 241920 2 
+ ar ae = a + ex (— Zp) ° Ll S a)° 
Ca Cae Za Gayl 
576 3888 - 18000 . 58320 120960 est Z 
48+ 7 at - P = ey Lp Z,a+2Z,@) 
x (Op eA, Lise) Zaye 1 kZ.ay° 
A 576 3888 18000 . 58320 120960 
— Za) Z,a/(Z, )? {48 + : a 
oka a/( pa) DE (Za) Wes a) (Z,a)' (Z,a)® 


120960 5 a 
Wen ay BA 2t—Z,0)} 


576 3888 
PAST) OS aes 
ce ) | (Z,ay- 


—2z 


ERG = \ exp(—)/u-du. 
136080 ee) 


=a & ayy a)'!*{ —exp(— Z,a){(2592-+1 (Za Zay “(Za)* 
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: ; 23760 , 498960 1088640 a)'} ? 
Ee / 4 4 3 (CA. Serpe ner 

% (2,4 1)/(Zzay'+(14 + Zaye (Za)! ay ee p(—4Z, ) 
1 41024 8448 40992 | 112320 reeaalal) A Aro ee 64 
eine Za) NZ a)* CA (Z,a)° CA aM ? 2,0 


976 6048 1657575 23760 224 1472 4320 
: Lp4—Z,Q)°+ : - + ——— 
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Note on the Saturation Properties 
of Nuclear Forces 


S. Endo and H. Kanazawa 


Colledge of General Education, Tokyo University 


July 8, 1952 


In a previous letter!) to the Editor of the Physical 
Review, one of the authors has concluded that in a 
heavy nucleus the ordinary part of nuclear forces “>a 
vanishes if we take account of the exclusion principle, 
but this conclusion is not correct. HH. Miyazawa 
pointed out to us that when two nucleons exchange 
the mesons of zero momentum the exclusion principle 
need not to be taken into account, i.e. in this case 
we must put (1—/(/;))(1—/(/2)) =1 instead of 
zero, and /”,,q does not vanish. 

Further, T. Kinoshita and H. Miyazawa” found 
a possibility to account for the saturation properties 
of nuclear forces in the following way: the mass of 
mesons in a heavy nucleus is different from that in 
a free space, and the difference is proportional to 
after the Fermi gas model of nuclei, where ? is the 
maximum momentum of the Fermi gas. The binding 
energy per nucleon /V is given by 


ey eve 
101 


+aP*| JS (r)dv+PXx, 


where a is a constant which depends on the exchange 
character of the nuclear force and BX is the exchange 


—pr 


term. If we make use of /(7)= » we get 
ta 
P3 
~for the ordinary term; as y is equal to o+ 


4ra 


const, x 73, has a maximum. Employing the 


Serber potential, Kinoshita and Miyazawa showed 
that the binding energy per nucleon is equal to 5 


aN 
Mey if we put d4=35 (=) » where /9 is the value 
si () 


of ? obtained by taking the nuclear radius equal to 
the experimental value and is about 210 Mev. 
In order to verify the saturation properties of 


nuclear forces, we must furthermore show that both 
the spin-parallel nucleus and the neutron cluster are 
unstable or at least metastable. We have calculated 
these binding energies per nucleon by employing the 
following forms of nuclear potential ; 


(I) Vyr= Vipp=Vay = g 


47 
£2479 —pr 2 
a PoP £ie. ( 3 =0.479), 
Pe v 47 
eh ieee Ey Pe ae 2" 
I v= of t ‘ 
Gl) Vye 7: - : 
So =0.479), 
47 
r Peet Z ye 
Vepp=Vyy=— Sa (0,4) (a,4)— ’ 
a te 


9 


me 
(£1_=0.0209 : 
47 


The result is as follows: 


ti peena ett 
104 . 8 
3 [ 7) =— 9 g(Bp) te standard 
pee Ase nuclei. 
Ep tious 
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3 for spin-parallel 
| en) + (Pi) | aa ed 


neutron clusters. 
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pret dae ho Bune = ones 
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P\3 
When we put on—40( 7.) , WV for standard nuclei 
0 


has a maximum at P=, and /Vq,~12.2 Mev. 
WV for spin-parallel nuclei and neutron clusters has 
a maximum at P=140 Mey, and /V’,,,.,-~~ —0.9Mev. 
So we might conclude that these nuclei are unstable. 


Mir gi gs 
II _— ia ee 205” 
Cn) 10U 8x =i w) 


g(P. fs for standard 


nuclei, 


gi? 1 
Oo RP 
x) f( 2) 


_(£2484).3 
87 4 87 


—W= 2 ais —(£ ‘25 
1047 87 


o2 2 f aa 
-(2 pe ) 2 (Pp), or spin. 
m/167 


87 6 parallel nuclei, 
By aes, 
—Wa2t__£: 3 9( Py), 
1017 67 167 


for neutron clusters. 


PN3 
When we put 6 p= 497) , V for standard nuclei 
0 


has a maximum at P=P), and Wiygz~5.7 Mev. 
Also in this case /V/’s for spin-parallel nuclei and 
neutron clusters are negative. We can safely assure 
that the former is unstable or metastable even after 
taking into account the approximation of the Fermi 
gas model and the latter is unstable. 

Our conclusion is that the saturation properties 
of nuclear forces are comprehensible considering the 
change of mass of mesons in a heavy nuclei. 

The authors wish to thank Mr. H. Miyazawa 
for valuable and helpful suggestions which he gave 
about this calculation. 


1) H. Kanazawa, Phys. Rev. 86 (1952), 428(L). 
2) T. Kinoshita and H. Miyazawa, Private com- 
munication. 


A Note on the S-Matrix in the 
Theory of the Non-local 
Interaction 


T. Ouchi 


Department of Physics, Hiroshima University 


July 9, 1952 


We can define S-matrix in the theory of the non- 
local interaction either by the formal integration of 
the field equations after the method of Kallén!) and 
Yang-Feldman”), or by the extension of the chro- 
nological operator of Dyson modifying after the inves- 
tigations of Matthews®) and Koba.”) _(Hereafter the 
modified operator is denoted by /* after Koba.) But 
the above two S-matrices can easily be shown to be 
equivalent in the actual computation. 

By the method of Yang-Feldman, Rayski®)*) has 
recently calculated the S-matrix for the electromagnetic 
and spinor fields with non-local interaction. In- 
dependently Shono-Oda*)**) have investigated the 
same problem and derived the .S-matrix with the >* 
-symbol. Their results differ in the electron self- 
energy, though in the other points they coincide. It 
is our purpose to examine the origin of the discrepancy 
between them 

For brevity’s sake, we discuss in details only 
one type of non-local interaction which is discussed 
by Rayski in § 1 of A and also by Shono-Oda in 
§ 2 of B. The S-matrix in B is given by ?*- symbol 
as follows, 


= | (Lael ae!) 


PRL! Gepty) 5) Gata) )s (1) 
L' (4,4) =), (4)4@-—2) 4,4); 


where y(x) is the regularization function which is 
denoted by /(«) in Rayski’s paper. The expression 
of the electron self- ~energy derived from (1) by 
Shono-Oda is 


omy (x) = —— HE NiaSs (x—2’) 
p (4—4') rh (2) dz"), (2) 
and that derived by Rayski is 


amp (x) =— [rf S(e—2) 


DPF (x—2') + S (4-2) D® (4—4')] 
1.9 (4") (da). (3) 
Concerning this expression, Rayski says that the 


electron self-energy is divergent because the second 


* Hereafter we refer this paper as A. 
** Hereafter we refer this paper as B. 
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term in (3) is left unchanged and diverges. However, 
these terms should not be integrated separately, but 
it must be united together and parametrized in a 
suitable form. For this purpose, it will be most 
natural to adopt the method of parametrization used 
successfully in the local theory. 


Using the relation 


ion 
(27)" 


-p (fo exp (ibx) (dk), (4) 


F(o)=1 and D®* (x) =- 


the integrand of eq. (3) is parametrized in the 
momentum space as follows, c 


Oph) +m) 72 ‘(py eee 0(’) 


ke (p—h)yP +e 
a Ae k)* +m") 0(#*) | 
ke ee hk)? +m? 
x F?(£") 


=—| a o[@a-9) 


+ ((p-4) + )y VOR), (5) 


where /(22) is the Fourier transform of the regulariza- 
tion function and in the actual evaluation we may 
take the form of /(£2) as 


F2 (2) =2/ (+2). (6) 


Then, introducing the well-known translation of the 
origin su>ku+/ 7 and observing the relation 


| (dk) O (2 + Ae (B) 


ae cE) (—1)Pat. 
: a We (dk) (4+ Aye in ’ (7) 


Eq. (3) is reduced to 


es 
Om (x) = | ayRe| (db) 
j (27) "Jo - 
(ph + irpy—m) F(k+ py) (e+ my) 


| (ap) p)exp (ip). @) 


On the other hand, with the aid of the integral 


representation of Feynman 
F(2) (BUS +m) = Saye 9) 
+ Bt my FE), (8) 


and the relation 


pe —21 
©) = Gay 
‘lim |e a Oo exp (zx), 


and making the translation of the origin in the same 
manner as the above, eq. (2) can be reduced to 


Omyp (x) = a ay| (dk) (ark 


+ippy—m) I" (h+ py) (E+ m'y") 
-§ (dp) f(p) exp (px). (2’) 


Thus we can immediately infer that Eqs. (2) and 
(3) are identical. 
factor as reference(6), Eqs. (2) and (3) do of course 
converge, which is against Rayski’s conjection. (But the 


If we take such regularization 


footnote in page 1293 of Rayski’s paper might mean 
implicitly this circumstance.) 

The above discussion can also be applied to the 
case of another type of non-local interaction discussed 
by Rayski in°§ 2 of A and also by Shono-Oda in 
§ 4 of B. And it can be easily shown that their 
expressions of electron self-energy both coincide and 
converge against Rayski’s conjection. 

The author wishes to express his sincere thanks 
to Prof. K. Sakuma and Mr. N. Shono for their 


useful discussions. 


1) G. Kallén, Arkiv for Fysik 2 (1950); 371. 

2) ‘C. N. Yang and D. Feldman, Phys. Rev. 79 
(1950), 972. 

3) P. T. Matthews, Phys. Rev. 76 (1949), 684: 
Phil. Mag. 41 (1950), 185. 

4) Z. Koba, Prog. Theor. Phys. 5 (1950), 696. 

5) J. Rayski, Phil. Mag. 42 (1951), 1289. 

6) N. Shono and N. Oda, Prog. Theor. Phys. (to 
be published.) 
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Note on the Structure of the 
Interactions between Unstable 
Elementary Particles 


SeOneds’ 


L[ustitute for Theoretical Physics, Kanazawa 


Oniversity 


July 21, 1952 


Indeed the appearance of many unstable particles 
makes us imagine there are some sorts of regularties 
among the mass spectra of elementary particles’). 
Under this situation attempts to select and classify 
the interactions between so called Megalomorphs 
should be pursued. Such an approach was recently 
proposed by Pais”). Here we treat these problems 
in a little more general way. As is shown typically 
by decay modes, every elementary particles seem to 
be connected with each other by direct and indirect 
couplings. At present, two sorts of stable matters 
are known, namely nucleons and light stable particles 
(electrons, neutrino, y-ray and possibly s°-meson). 
Here we may tentatively assume that no stable particles 
heavier than nucleon exist. The natural decays 
the interactions between parent and daugnter particles. 
Starting from known particles, we can assign each 
unstable particle a number 4 which defines the mode 
of interactions with nucleon and lighter stable particles. 
Thanks to B-decay (w7—>f/+e+yv), p-decay (p-e+ 
y(p°) +y(m)) and z-decay (n7>y+v(py°)) we can 
deduce successively the following interactions pheno- 


menologically 


e 
( Ls i= (V+ N )+light stable particles 
oye = 


+(¥ or #*), 


where JV denotes nucleon and /V anti-nucleon. We 


write the coupling 


A¥B*EC FB eceees VN ENG. anas 
L+M4+N+- LA+B+CH+:. 


As regards the couplings between photon and charged. 
particles we treat them as usual). Then if we know 
the decay schemes, we can deduce the following types 


of coupling between unstable particle 4 and nucleons 


and lighter stable particles 


Am particle nucleon+ anti-particle 


nucleon + lighter stable particles. (1) 


We assign a number A=7z—7 to Aas A(A). Even 
when we cannot identify all decay products, if we 
adopt a possible 2 for unknown particle, we have 
the possible 4 for parent particle. Next we consider 
the most general interactions such as 4(A,)*B(A,)* 
COG) © LAs BTS, NO where ees 
L,M,N,---- are Bosons and Fermions, and this in- 
teraction is assumed to satisfy every conditions for 
elementary interactions. In these interactions only 
the cases where 


— (A, +4, + e+ +++) 
+ (A +AnAAn + ++) =0, (2) 


are allowed, because otherwise the conservation of 
nucleons cannot be assured and the stability of matter 
will ultimately be destroyed by this interaction. From 
the scheme (1) we see that those particles lighter 
than nucleon should have A=0. It should be noted 
that the A-value does not relate a priori to the spin 
of that particle. For instance, both decay schemes 
A°-+p+n- and B°>p+y- lead to A=1 but A® 
and 4° have different statistics. In the latter case 


NNB° coupling is forbidden according to the rule 
(2). Moreover, there may be particles with A=0 
which are heavier than nucleon. That is, if C°—> 
x+-++x- can occur then C° have A=O and is heavier 
than nucleon (77,~12007,). In general we cannot 
exclude the possible existence of the particles with 
|X| >2, though our present knowledge tempts us to 
deny such possibilities. As an application of our 
rule, we briefly treat here the problems of newly-found 
heavy particles.4) As regards /”°, v° and t-mesons, 
they were discussed thoroughly by many authors®). 
Here we also comprise x-mesons"). Most probable 
decays are V°->p+a- (or p++). vont +n- 
(orz+-a-+y) and x>p+2y (or e+2v). We don’t 
consider the possible existence of short-lived parents 
of these particles. Then hitherto known Megalo- 
morphs are divided into 

1) The nucleon family (k=1) 

Vo (1) (nucleons), 4, (1) (/”°-meson) 

2) x-meson family (k=0). Strong coupling with 
nucleon family. I[)(0) (z-meson), 1,(0) (v°- 
meson), J/,,(0) (%-meson), y-ray. 

3) Electron family (A=0). Weak coupling with 


nucleon and z-meson family and their mere 
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decay products, -meson, electron, neutrino, 

possibly .°-meson. 
From the above assumed decay scheme, x becomes 
Fermion but belongs to z-group. If the short-lived 
parent of x exists, x can be a mere decay product 
and may be attributed to electron family. But we 
are not sure same families have the same statistics. 
There remains the possibility that the classification 
with 4 is a first step and each group have various 
statistics as an fine structure. As regards the x-decay, 
it is remarkable that a universal interaction with the 
same coupling constant among all spin 4 particles 
leads to consistent life times of x-decay (10~" sec.). 
Next, we consider all possible coupling between 
nucleon and z-meson families. For brevity, we confine 
ourselves to the couplings of the type 4; (Aa) Bj (Ay) 
Cx (Ac)- 


odd rules 


A, ayy) ot 1,740 Forbidden 
t+j7+hk=even strong (G 
t+7+k= odd 


From selection rule (2) and Pais’s even- 


1), (3) 
odd Ae ~10"); 

the only allowed couplings involving x-meson are 
TI, (0) Tn (0) 1p (0) (s¢vong) and 1, (0) IT, (0) IT, (0) 
(w ak). That is TT,,(0) TIn(0) IT,(0) is so weak 
that the decay 17, (0) IIo (0) +70(0) via J7,,(0)H,,.(0) 
TT)(0) have a long life time (10-9~10-" sec.). As 
x appears in pairs in these couplings the value of 


remains unsettled. The only couplings responsible 


for x-production are II,(O) IT,,(0) TIy(0) and x 
may be produced in pairs as, 


N4+N—>N+N+x+%, 
N Noll 
Nano N+x+x 


ede ioge 


through 


Threshold energies of incident nucleon and z-meson 
in laboratory system are about 3.2 Bev. and 1.7 Bev., 
respectively. Of course, the pairwise production should 
be checked in experiments. More comprehensive and 
general study along these lines is in progress. The 
author takes great pleasure in thanking Prof. S. Ozaki 
in Kyushu University for his encouragement during 
this work and Messrs. S. Hori and S. Sasaki for 
their valuable discussions. 

1) Y. Nambu, private communication. 

2) A. Pais, “On the /-particles’ to be published. 
The author wishes to express his thanks to Dr. 
A. Pais for sending his manuscript before publica- 
tion. 


3) This shows that A=1 for nucleon. 

4) Especially, see the reports of Bristol and Rochester 
Conference. The author is indebted to Dr. C. 
C. Butler for the communication of his results. 

5) For the treatment along the lines here adopted, 
see Y. Nambu ez. a/., Prog. Theor. Phys. 6 
(1951), 615, 619; S:-Oneda, ibid. 6 (1951), 
633, 1014. 

6) C. O’Ceallaigh, Phil. Mag. 42 (1951), 1032; 
R.B. Leighton and S. D. Wanlass, Phys. Rev. 
86 (1952), 426. See also the reference (4). 


Isotopic Spin of Nucleons and 
Leptons and Anti-particle 
Coordinate 


T. Hamada and M. Sugawara 


Departmeut of Physics, Hokkaido University 


July 21, 1952 


Owing to the existence of anti-particles, nucleons 
and leptons have three charge states, +e, —e, and 0, 
Tt seems, therefore, to be unsatisfactory to consider 
nucleons and leptons to be particles with isotopic 
spin $0. 
is not the case and we can assign 4 to the isotopic 


In this article, however, we show that this 


spin of nucleons and leptons. 

Because the formulations are the same for nucleons 
and leptons, we consider in the following only the 
lepton case. We denote electron and neutrino fields 
by ~, and ¢, respectively, and lepton field by eight 
component spinor Y, which has the form 


rly 
eo f(T. 


(1) 


We expand ¥Y in the form 


2 (1) Ke (1) ue 
¥ (0) = wag Be a as | | 
RO AS [+a o| = |+ He | co | 
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sob [ 2 [eceel o,f eae] Soleo 


(4) (; y(t 
where (es (20) and ve (a) are four component 


spinors and form a complete set of normalized 
orthogonal eigenfunctions of Dirac Hamiltonian 


1d 
ra toe They sanciy") 
+ © (9) = Kn (ac), 
a. ix (#) te (x), 
1 
=> apt = Kv? (a), (3) 
z 
1 e) (a) so 
(u aa + Pm)uk (x)= 


alt 
(0? + K*)?2u@ (a), 
PAI Sno aeics 
a— ——+ 8m) v® (a 
( zt OX P ) x (#) 


=— (m+ K2)202 (2)5 (4) 


and further if KC is parallel or antiparallel to =-axis, 
they satisfy 


GUD (HL) = +5 (H), 


o.Uq (H) = + UR (#), (5) 
ou? (a) = —ue (ax), 
o.212 (ar) = 0 (a). 


The commutation relations between we Boe ae, 


and is are 


{AP*, AD} ={Be*, Beib= law ag! 
Loe, 63} \ =0,0 KR KI (6) 


corresponding to 
{Ps(a), Fo(x’)} a’). (7) 
Upon introducing occupation number operators 


(Gi (a) * @) a7T@ — PO* BRM 
We =A cA We Be veay? 
7 (4) — f(a) * 7,4) 
Nome DORs 


= Oe,0 (= 


(8) 


(ead SUE NCD 
gi Og ARs 


the total energy and momentum of the field are given 


by 


\vr (or (a s Re + pit in, 
7 
1—tT. 
+ P23 m, )¥ (0) dz 
= Fa) eda 


Ss S," (NON eyo +N®.—2) 
+ DEO" Cie tig + oe +n —2), (9) 


where 2° = (mi: + K’)' and 
ky = (m2+K?)', 
and 


jr) 1 2 w(e)av 
4 OX 
= K (N®+N2— No: 


+ KU 418 7 FS) ee aay 


—N®,) 


When we are only concerned with the field quanta 
whose momenta are parallel or antiparallel to z-axis, 
zcomponent of the total spin angular momentum is 


given by 
{2 * (x) 0,8 (x) du 
=HANR Ne +N%,—NEx) 


+E0W- n2) + n0,,—n). - (11) 


From Egs. (9), (10), and (11), it is clear that the 
particles represented by the occupation number Ne (" 
for example, are electrons whose energies, momenta, 
and spin directions are RO, JK, and parallel to 2 
axis respectively, and so on. Especially NV ee and 
we are occupation numbers of anti-electrons and 
anti-neutrinos whose energies, momenta, and spins are 
Ror ki, IK, and parallel or antiparallel to 2-axis 
according to ‘=1 or 2. It is the purpose of this 
article to see how the isotopic spin and charge of 
these particles (especially of anti-particles) will be. 
For this purpose, we have only to calculate the 2 
component of total isotopic angular momentum and 
total charge in quite the same way as (9), (10), 
and (11), namely 


(0 * (0c) 7,8 (a) dv 
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(VO+ NP -VE—NE, +2) 


—> 
K 

Bye ( = 7 tnt tee 2); Ab2) 
K 

and - 


—e(B* (0) TOW (wo) do 


=—61(N9O 4+ NO —-NGQ- NS +2). 
K (alea 


‘From (12) and (13), it can be said that anti-particles 
are in states of oppositely directed isotopic spin to 
the ordinary particles and anti-electrons have charges 
of opposite sign to electrons, while anti-neutrinos have 
no charges as well as neutrinos. We can say electrons 
and anti-neutrinos (or anti-electrons and neutrinos) are 
in the same isotopic spin state. 

Here we must answer the question why exclusion 
principle does not apply to the system containing one 
electron and one anti-neutrino, namely why it is 
permissible for one electron and one anti-neutrino to 
occupy the same spin and momentum state at the 
same time. 

Remembering that, zz one-electron theoretical case, 
we must distinguish Aosééive energy state from negative 
energy one which have the same momentum and 
spin direction, we must distinguish “ Aarticles” from 
their “ andi-particles” in positron theoretical case. In 
order to describe leptons unifiedly, we must introduce 
another coordinate which specifies whether leptons are 
in “particle states” or in “ anti-particle states ”’, 
besides ordinary space-, t-spin-, and spin-coordinates. 
We shall call these new coordinates “ azti-particle 
coordinates”. With respect to all of these freedoms, 
electrons and anti-neutrinos are subject to the exclusion 
principle, but not with regard to space, c-spin, and 
spin freedoms only. As an example, we shall consider 
a positronium. Even if we do not introduce t-spin 
coordinate, an electron and a positron are different 


from each other with respect to anti-particle coordinate. 


Therefore, it is permissible for a positronium to be 


both in 15 and 3S states: 


1) V. Votruba and M. Lokajicek, Phys. Rev. 86 
(1952), 260. 


2) The system of units in which 4=c=1 is used. 


Analytical Representation of Spin 


T. Yamamoto 


Department of Physics, Hirosaki University 


July 21, 1952 


The spin operators and their eigenfunctions are 
usually represented by matrices.) It is possible, 
however, to represent them analytically in several 
ways.”) For instance the spin operators are assumed 
to be the following differential operators of the two 


independent variables » and w, 


es Ai( cos o-p we —sin w 0 *), 


Op Ow » 
: ; fe) fe) 
Se 0+ O——-+ o0— ) 1 
y=A(sin op Oy (1) 
ages 
Z Ow 


which operate on the analytical spin eigenfunctions 
V4 — Vo Cae v= a: Ree (2) 


where o and w are not any concrete angle variables”), 
but only abstract coordinates of the inner freedom. 
Then it is easily proved that all the properties, which 
the Pauli spin matrices have, are reserved as follows. 
One obtains from (1) as the commutation relations 


SS ya pee (cycl.) (3) 


and from (1) and (2) as the operational rules 


(4) 


from which it follows that 


9° 


S204=S04= Stog= re (5) 
(CSaSy 415) 5,) a = On evel NG) 


It seems that the last formula (6) can hardly be 
derived {rom other models of the rotating sphere. 
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Now the spin operators (1) are formally trans- 
formed into those of the angular momentum : 


See oe Jon = ©) 


z o¢ les 
th pe 
z Z \ an oé ’ 


where &, 7 and ¢€ are given by 
F=psin w,n=—p cos ow, C=ip. (8) 


But it must be noted that £, y and ¢ are not 


mutually independent but related to each other by 
Path 0, (9) 


which suggests us that the concept of the spin may 
be interpreted as an angular momentum in the 
complex space of zero radius. 


1) W. Pauli, ZS. f. Phys. 43 (1927), 601. 

2) EF. Bopp und R. Haag, ZS. f Naturf. 5a (1950), 
644. 
N. Rosen, Phys. Rev. 82 (1951), 621. 
T. Takahashi, J. Phys. Soc. Japan 7 (1952), 
307. 


Anisotropy in the Antiferromagnetic 


MnO, 


K. Yosida 


Department of Physics, Osaka University, Osaka 


July 26, 1952- 


It was pointed out by P. W. Anderson!) that 
two superstructures are possible in the antiferroma- 
gnetic crystals of a rutile type; in one structure spins 
at the corner sites are antiparallel to those at the 
body center sites, and in the other the corner lattice 
and the body center lattice are further divided into 
two antiferromagnetic. sublattices. According to the 
neutron diffraction studies?)3), MnF, and FeF: belong 
to the superstructure of the 1st kind, and MnO; to 


that of the 2nd kind. 

FP. Keffer!) has shown that the anisotropy in MnF, 
arises mainly from the magnetic dipole interactions 
which make the spins parallel to the ¢ axis in the 
case of the Ist kind as the unit cell dimension along 
the ¢ axis is considerably shorter than that along the 
@ axis in the rutile structure. It is, however, expected 
that in the superstructure of the 2nd kind the magnetic 
dipole interactions make the direction of the spins 
perpendicular to the ¢ axis since-++and—spins line up 
alternately along this direction. 

In the antiferromagnetic crystals of a rutile type 
forming the superstructure of the 2nd kind, the 
crystal lattice is divided into four sublattices, each 
having parallel spins. Extending the treatment by 
F. Keffer!) for MnF, to this case, the internal field 
at the lattice points on each sublattice arising from 
the magnetic dipole interactions can be written as 
follows : 


Fi, (13 — DM x F D oMo,+ O,.Mox 
ale PMix, (1) 


HX 1 ) = P.Mi,+ DO .oMay, + OD .Moy, 
ate PM (2) 


etc. 


Here H(z) and M, are respectively the internal 
field and the total magnetic moment on the 7th 
sublattice (1 and 2 relating to the two corner sublat- 
tices and 3 and 4 to the two body center sublattices) 
and Wa; and Dcz represent the following lattice sum : 


O.=— a 3)? [1—3 cos’ (x, 713) lrg (3) 


4 4 5 Ls 
0 ..=— 7 St —3 cos’ (2, ig) ere (4) 


where the summation is taken over distances between 
a lattice point on the 1st sublattice and its neighbors 
j on the 7th sublattice and /V/4 is the number of the 
magnetic ions on one sublattice. 

By use of the internal field (1) and (2), we 
obtain the difference between the parallel and _per- 
pendicular susceptibilities to the ¢ axis above the 
Curie temperature as 


Xn La =X t= [Pa Oy+ re DP.» 


as O.— 3 of Dg P 4]. (5) - 


260 Letters to the Editor 


Below the Curie point, we can put M,— — My, 
and M,=—M, and so the anisotropy energy FF 


becomes as 
fr =e MW ( ”.. we .,) vee ( P.o— P.») | 
(4 +775)» (6) 


where J7 is a magnitude of the magnetic moment of 
one sublattice and 7, and 73 are respectively the 
direction cosines of MM, and M3 with respect to the 
c axis. This expression of the anisotropy energy 
shows that the directions of Mf, and My are inde- 
pendent of these of My; and M,. 

Lattice constants of MnO. are c=2.89A and 
a—4.44 A‘), Using these constants, the value of 
0. —@, calculated by the Ewald-Kornfeld method” 


becomes as 
@ i= 0125 
O.- 0.=7158, (7) 
D5 O5= Ou — Oy= —5.14. 


Then the difference between two principal suscepti- 
bilities above the Curie point and the anisotropy 
energy below the Curie point in the case of MnO; 
are given by 


Wie La 2 88 Vi Va (5) 
FH=21.46 M*(72+4+75)- (6’) 


These calculated values of 7% —z.1 and /’ show 
that below the Curie point the preferred direc- 
tions of the spins in MnO, lie in the plane per- 
pendicular to the ¢ axis and so the susceptibility 
along the ¢ axis is larger than that along the @ axis 
both above and below the Curie point, differing from 
the case of MnF, where x —z1 changes its sign 
about at the Curie point, provided that the other 
parts of the anisotropy are small compared with the 
magnetic dipole interaction part. 

As shown by (6/), the magnetic dipole interac- 
_tions give rise to no anisotropy in the plane perpen- 
dicular to the c axis. This anisotropy would be given 
by the part arising from the crystalline field. The 
anisotropy Hamiltonian per spin arising from this 
origin can be written as 


DE ESAS) anne) 


where &-and y-axes coincide with the directions of 


(110) and (110) for the spins on the corner lattice 


sites and for the spins on the body center lattice 
sites €-and y-axes exchange their directions. Above 
the Curie point the 2nd term gives no anisotropy”) 
and the 1st term would be masked by the magnetic 
dipole interaction part (5’)”). Below the Curie point, 
the Ist term will again be masked by (6’), but the 
2nd term gives rise to the anisotropy in the plane 
perpendicular to the ¢ axis. As the é-and y-axes for 
the corner spins are each orthogonal to those for the 
body center spins, the preferred axes of M, and M, 
are orthogonal to those of MM; and JM, and each 


moment takes a parallel orientation to (110) or (110). 
This anisotropy in the basic plane would, however, 
be considerably smaller. 

The susceptibility expected by the above considera- 
tions is qualitatively in agreement with the single 
crystal susceptibility measured by Bizette and Tsai®. 
In order to estimate the value of the critical field”) 
it is necessary to calculate the constant /. However 
this field strength would be expected to become 
smaller than that of MnF, where the anisotropy 
relating to the critical field arises mainly from the 
magnetic dipole interactions. 

Thus, as pointed out by F. Keffer!) for MnF, 
the magnetic dipole interactions are important for the 
anisotropy in the antiferromagnetic substances. Also 
in CuCly 2H2O, the relation between its superstructure 
and the preferred direction seems to show that these 
interactions are primarily important for the anisotropy 
of this substance. 


1) P. W. Anderson, Phys. Rev. 79 (1950), 705. 
J. H. Van Vleck, J. de Phys. et Radium 12 
(1951), 262. 

2) R. A. Erickson and C. G. Shull, Phys. Rev. 83 
(1951), 208. 


3) R. A. Erickson, Phys. Rev. 85 (1952), 745. 


4) EF. Keffer, Phys. Rev. (1952) to be published. 

5) W. G. Wyckoff, Crystal Structures, Interscience 
Publisher, IWC., New York, (1948). 

6) H. Kornfeld, ZS. f. Physik 22 (1924), 27. 

7) K. Yosida, Prog. Theor. Phys. 6 (1951), 691. 

8) H. Bizette, J. de Phys. et Radium 12 (1951), 
161. 
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Comparison of Born and Heitler 


Expansions in a Scattering 
Problem 


N. Fukuda, T. Kobayashi, Z. Maki 
and M. Sato 


Physics Institute, Tokyo Bunrika University 


July 29, 1952. 


In their analysis of the scattering by a static 
potential, Jost and Pais!) indicated that the Born 
expansion for a nuclear potential would have no 
useful domain of applicability, though the series might 
be convergent. 


As an example, these authors compared, for the 
case of high energy /V-/ scattering by a central 
Yukawa potential, the total cross section ¢ and the 
angular ratio A =d(180°)/da(90°), obtained from 
the second Born approximation, with the correspond- 
ing correct values computed previously by Christian 
and Hart”). The agreement was, however, not only 
quite unsatisfactory but also unreasonable, since the 
total cross section came out to be considerably greater 
than the correct one. 

Using the damping formalism*)4) we have reexa- 
mined this example. The integral equation for the 
reaction operator FX and the potential /” has been 
solved by successive substitution method  correspond- 
Jost and Pais! 
identified the integral equation for the scattering 
amplitude R and V with that for HK and V. This 
identification is of course equivalent to the omission 


ing to the Born approximation. 


Table 1. Total cross section for Yukawa potential.* 
/2y: Energy of the incident particle in the laboratory system; o; and 2: Total 
cross section in first and second approximation. 


ET 


Mee ret eae With damping effect Correct value 
£o( Mev) $s — > : : a: ~- (Christian 
o; (mb) gd (mb) o, (mb) a2 (mb) and Hart) 
40 191 378 110 Ji53 2311 
90 88 140 53 66 90 
180 42 56 28 33 
270 DT. 33 19 22 


Table 2. Angular ratio for Yukawa potential*. 
R,=de, (180°) /do, (90°); Ry=do2 (180°) //o9 (90°). 


Without damping effect 
Ey(Mev) eek ois: (Jost_and Pais) 
RK | Ro 
40 Ze 1.8 
90 Hr 4.1 


With damping effect Correct value 
eS : (Christian 

Hee Re and Hart) 

Ip) ile) 1.26 

5.6 4.6 32D: 


*The same potential has been used here as in Sec. II (b) (even theory) of the reference 1. 


of the damping effect and we can use their expressions 
directly for our K. With the approximate K so 


obtained, the damping integral equation was solved 


exactly by decomposing J? and K into partial waves, 
thus taking into account the damping effect com- 
pletely). Contributions from /= 6 to BR were 
ignored, since they were estimated to be negligible 
for o and give only a few percent correction to the 


ratio R. 


Results are given in Tables 1 and 2. For com- 
parison, the values of Jost-Pais!) and Christian-Hart”) 
are also tabulated. 

Thus we may conclude that, in the high energy 
N-P scattering by a static potential, (1) the damping 
effect is really considerably large and (2) it plays an 
important role because it remedies the unreasonable 
situation which appeared in the Born approximation. 
But our approximation method employed here is, as 
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a whole, not yet very authoritative due to the lack 
of an appropriate method of approximation for the 


reaction operator A. 


1) R. Jost and A. Pais, Phys. Rev. 82 (1951), 
840. 

2) Richard S. Christian and Edward W. Hart, 
Phys. Rev. 77 (1950), 441. 

3) Marvin L. Goldberger, Phys. Rev. 84 (1951), 
929. 

4) N. Fukuda, Prog. Theor. Phys. to be published. 
Our K=—G of Goldberger. 


Diffusion of the Nucleonic 
Component in the 
Atmosphere 


A. Ueda and. El. Hasegawa 


Department of Physics, Kyoto University 


July 31, 1952 


Diffusion of the nucleonic component in the 
atmosphere is investigated by many authors based on 
the hypothesis of the nucleon-cascade. One of the 
authors showed that in: deducing the formula two 


kinds of the treatment are possible as in the cascade . 


shower theory in the earlier paper. In spite of the 
clear physical meaning of the results the method of 
the successive collision is so inconvenient for the over- 
all aspects of the diffusion that we resort to the 
method of the Mellin-transformation which has been 
developed recently in that subject by many authors2). 
In these treatments two mean free paths (m.f.p.) 
appear, one is the collision mean free path, and the 
other is the absorption m.f.p.. It is, however, assumed 
that the collision m.f.p. is equal to the corresponding 
value of the geometrical cross section and the absorp- 
tion m.f.p. is equated to the experimental value. 
Therefore, many sorts of the theory can co-exist which 
give the same results and the necessity of the concept 
of the nucleon-cascade may not be guaranteed. 
These considerations suggest that we need the 
more direct evidence of the nucleon-cascade theoretically 
and experimentally. Recent development of the 
emulsion technique gives the apparent evidence of the 
secondary high energy nucleons up to 1 Gey pro- 


duced in the high energy nuclear collisions?. In the 
present note we show that the more careful treatment 
gives the fine structure of the difusion of the nucleonic 
component such as the variation of the absorption 
m.f.p. with energy and atmospheric depth. These 
results can interpret the experiments semi-quantitatively 
This fact may support the nucleon-cascade hypothesis 
on the theoretical point of view. 

For simplicity, we say only on the nucleons 
(protons and neutrons) and the argument of heavier 
nuclei is omitted. Including the latter, the circums- 
tances are not changed so much (except for the 7- 
ratio)*). 

The nucleons in the atmosphere are classified as 
follows 5) 

A-nucleons: above 1.5Gev. Their nuclear interac- 
tions are observed as showers in the emulsions or 
penetrating showers in the counter or cloud chamber 
experiments, and caused the secondary A- or B-nucleons 
and mesons. (One half of the 1.5 Gey nucleons 
colliding nuclei can produce the meson and «the other 
half cannot.) 

B-nucleons : 400 Mevy~1.5 Gey. 
interaction can hardly result in the meson production, 
but always cause the production of the secondary C- 


nucleons. These events are observed sometimes as 


Their nuclear 


showers and otherwise stars. 

C-nucleons: 50 Mev~400 Mev. Their nuclear 
interactions cause the production of the low energy 
secondary nucleons which are observed as stars. 

D-nucleons: below 50 Mey. They are the final 
products of the chain of the nuclear interactions 
occurting successively in the atmosphere. 

Since comparatively simple model of the nucleon- 
cascade may be applied to A-nucleons, here we 
treat only the subjects concerning with these nucleons. 


It is assumed that the spectrum of the secondary 
nucleons is of the form 


VEE, dE =N-V(B/E)dE/Ey (1) 
where “9 and & are the kinetic energies of the 
incident and the secondary nucleon, respectively, and 
NV, the number of the emitted nucleons, is of the 
order 2, which corresponds to the survivals of the 
incident and the recoil nucleons in the nucleus. 

Simple calculation shows that the altitude depen- 
dence of the nucleonic component with the primary 


spectrum of the form a/~(T+1) is approximately 
represented as 


a exp [—{1—V(r-+1) ja, 


2 
Vy +1) =fis*V(s) ds, @) 
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Now, the primary spectrum of the nucleonic com- 
ponent has the knee at about 60 Gev. Above this 
energy the power 7 is assumed to be 1.8 and below 
this energy 0.9. Experiment gives the absorption 
m.f.p. of the burst producing nucleons with secon- 
daries with the total energy 60 Gev to be approxi- 
mately geometrical.*) This fact, combining the above 
discussion suggests that 


1—V (2.8) ~65/70. (3) 


The value 65 g/cm? corresponds to the geometrical cross 
section and 70 g/cm? is obtained from the barometric 
efect of the burst frequencies by Stinchcomb. Nextly, 
the absorption m.f.p. of the penetrating showers 


detected by th> counter trays, of which agents -have 
mainl, from several Gov up to a few ten Gey energies, 


) 


is about 120g/cm?.®) In that energy region the power 


of the primary spectrum is 0.9 and therefore, 


10-1 


1D 


sec~! ster~!) 


7 10-3f 


Vertical differential intensity (cm 


Guan 200 
Atmospheric depth (g/cm*) 
The slop of the dotted line cotrespords to 120 
gicm?, and that of the line with energy 60 Gev to 
80 g/cm’. 


400 600 800 1000 ° 
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1—V(1.9) 65/120. (4) 


(3) and (4) give some restrictions to the spectrum 
of the secondary, i.e. the form of the /(2,£). 

Precise calculation gives the following results : 
(a) Absorption m.f.p. is gradually elongated with 
decreasing energy of the nucleons, from nearly the 
geometrical value to the experimentally observed value 
on the penetrating showers. 

(b) For the energy slightly above the geomagnetic 
cut of energy, the slope of the attenuation curve is 


steeper above tha mountain altitude than below,!” 


where it becomes almost equal to the amount defined 
by (4). (Strictly speaking, calculated value is by a 
few percent shorter than 120 g/cm.) 

(c) For the nucleons with energy slightly below 
the knee, the attenuation near the top of the atmes- 
phere is decided by (4). The deeper the atmosphere, 
the steeper the slope of the attenuation curve becomes, 
and finally the slope reaches the value corresponding ~ 
the geometrical cross section. 

The figure shows the typical case where we choose 
Heitler-Janossy spectrum as (Z,/“y) and Vis taken 
to be 1.65. Then 1-/7(2.8) and 1-/”(1.9) correspond 
to the absorption m.f.p. of 80 g/cm? and 120 g/cm* 
We find this choice of JV gives slightly 
shorter m.f.p. for the low energy nucleons than the 


respectively. 


experimental value. 
Thus the simple model of the nucleon-cascade 


‘here adopted seems to be able to interpret the 


difusion of the nucleonic component to the considera- 
ble extent. The full paper including the comprehensive 
discussion with respect to B- and C-nucleons, primary 
heavier nuclei and 7-/ ratio will be reported in this 
journal. 

In conclusion the authors. should like to express 
their sincere thanks to Prof. T. Inoue for his continued 
encouragement, and Prof. S. Hayakawa for his 


valuable discussions. 


1) H. Kita and H. Hasegawa, Prog. Theor, Phys. 
4 (1949), 376(L). 

2) For example, H. Messel, Phys. Rev. &3 (1951), 
Pica 

3) U. Camerini, J. H. Davies, P. H. Fowler, C. 
Franzinetti, W. O. Lock, D. H. Perkins and 
G. Yukutieti, Phil. Mag. 42 (1951), 1241. 

4) K. Sakihama and S. Takagi, Prog. Theor. Phys. 

6 (1951), 1017 (L). 

S. Hayakawa, Kagaku 22 (1952), 278. (in 


Japanese). 
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We had classified as follows : 

Above 2 Gev, B-nucleons: 400 
Mev~2 Gev, C-nucleons: 60~400 Mev, D- 
nucleons; below 60 Mev. 

However Hayakawa’s classification has been 
published and is essentially not so much diferent 
from ours that we use his classification. 

U. Camerini et al. loc. cit. 


A-nucleons : 


the Editor 


7) 


8) 


10) 


J. R. Winkler, T. Stix, K. Dwight and R. 
Sabin, Phys. Rev. 79(1950), 656. 

T. G. Stinchcomb, Phys. Rev. 8&(1951), 422; 
T. Kameda and M. Wada, Prog. Theor. Phys. 
7.4952) al: 

B. Rossi, Rev. Med. Phys. 20 (1948), 537. 
T. Kameda and *M. Wada, loc. cit. 
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A New Attempt on the Self-Energy Problem of the Photon 


Osamu HARA and Haruo SHIMAZU 


Institute of Theoretical Physics, Nagoya University 
(Received July 22, 1952) 


The self-energy problem of the photon is investigated using an idea of renormalizing the light 
velocity. It is shown in § 2 and § 3 that the self-energy 4/ and the alteration of the light velocity 
due to the interaction dc are connected by the relation 


E+A4E=p(e+Ac), 


where Z, , and ¢ are the energy, the momentum, and the velocity of a free photon respectively. In 
§ 4 ¢ is renormalized on the ground of this relation, and a theory of the interaction of the electro- 
magnetic and electron fields is given in a form which is invariant under Lorentz and a gauge trans- 
formation, and is free from the divergence of the self-energy of the photon. §5 is devoted to the 
description of the Lagrangian formalism of the theory. Calculations in this paper are restricted to 
the ¢? approximation. 


$1. Introduction 


The divergence of the self-energy of the photon has been a dead-lock in quantum 
electrodynamics and many attempts have been done to overcome this difficulty. But none 
of them seem to have gained a final success. These attempts, including Schwinger’s’” 
theory, Pauli-Villars’” regulator, or Umezawa et al.®) -Feldman’s” mixed fields, are all 
aiming at to annulate the self-energy terms. Are they, however, the only ways in this 
problem ? We want to propose in this paper another one based on quite a different idea of 
renormalizing the light velocity. 

Let us begin the discussion with a re-examination of Einstein’s classical work on the 
theory of relativity. In his theory the vacuum was considered as a medium to transmit 
electromagnetic waves, and, accordingly, the propagation velocity of the light in vacuum 
appeared as an important natural constant to determine the structure of the space-time. 
After the accomplishment, however, the theory of relativity seems to have been considered 
too formally. Although it is on one hand a framework of all physical laws, we believe 
that the content of this theory also can not stand apart from the evolutions of our 
recognition about the nature. Thus it would be a reasonable conjecture to expect that a 
profound reform brought about by the introduction of the quantum theory must permeate 
into the theory of relativity. Consider, for example, the interaction of the electromagnetic 
field with the electron field. The vacuum is then defined according to Dirac’s positron 
theory as a state in which all negative energy states are occupied. This state is, however, 
nothing. but a sort of Fermi gas at the absolute zero of temperature, and it may be expected 
that the refraction index of the vacuum deviates from unity and so the propagation 
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velocity of the light is altered from that of no interaction. Here we must point out 
that what Einstein used as a signal in his theory corresponds to the light in this Fermi 
gas, or, in other words, the photon ‘ clothed’ with virtual electro-positron pairs, so that 
the constant c appearing in Lorentz-transformation must be regarded as the velocity of 
this clothed photon. This means that Lorentz-transformation, and, therefore, the structure 
of the space time is altered as a result of the interaction, and that it would be necessary 
in the investigation of the self-energy problem of the photon to take into account this 
situation. 


The fest mass of a. particle is determined from its energy and momentum by the 
relation ; 
B= pet pec, (ia 
Therefore 
E=pe (142) 
is the condition that the particle should have a vanishing rest mass. As to the photon, 
(1:2) is of course satisfied if there is no interaction. When interactions with charged 
fields are introduced, the self-energy terms appear and (1:2) seems to be violated. It 
should be noted, however, that c is also altered as a result of the interaction, for, the 
advent of c in (1-1) or in (1-2) is through Lorentz-transformation, and c¢ appearing 
there was the velocity of the clothed photon. Hence the photon will be observed to have 
a vanishing rest mass even when we take into account the contribution from the self-energy 
terms, if the alterations of / and c satisfy 
E4d£=p(c+4c).* (1-3) 
This is because in the actual world Lorentz transformation should be constructed using 
¢+Ac instead of unobservable c. The self-energy terms will be ignored in such a situation 
if we replace ¢ by c+dc, and the contradiction to the invariance of gauge will disappear. 
Thus we can hope to use for our problem the renormalization technique proposed by 


Tomonaga” and Schwinger’ just as in the case of the self-energy problem of the electron. 
Writing the Hamiltonian of the electromagnetic field as a function of ¢ in the form 


Hie) = AiceAe — 2 de 
C 


we replace c+4c by the observed value of c, ¢,,, and treat /(c,,) as a Hamiltonian of 
the free clothed photon, while d///dc-4c will serve as a new counter term to cancel 
divergent effects produced by ordinary interactions. In this way we shall be able to reach 
to a theory of the interaction of the electromagnetic and electron fields which is free from 
the pathological divergence of the self-energy of the photon without endeavouring to annulate 
the self-energy terms. 

It is the purpose of the present paper to discuss the possibility of this program. We 
calculate in § 2 and § 3 the alterations of the energy, the momentum, and ‘the velocity of 


* Alteration of # may be conceivable. But as will be seen in § 3, 4 vanishes at least in the ¢® ap- 


proximation, and therefore we disregarded it from the beginning to simplify the discussion. 
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a photon due to the interaction with the electron field, and it is shown in the beginning 
of § 4 that (1-3) is satisfied at least in the ¢® approximation. In the remainder of § 4 
we develop a renormalization procedure outlined above. It is found in the course of the 
process, however, that we can not follow Tomonaga or Schwinger’s idea literally. The 
cause is the mathematical ambiguities contained in the calculations of JZ or of 4c, and 
it becomes necessary to admit that the counter term in our theory could not be canceled 
exactly by replacing ¢ by c,, in the Hamiltonian of the free clothed photon. Thus our 
theory might result in the introduction of a new interaction, and it is required to confirm 
whether such an interaction can be taken into the theory consistently. This is done in 
§ 5, where a Lagrangian formalism of the theory is given employing a quantization procedure 
proposed by Kanesawa and Koba. Concerning the contributions to JH or to 4c from 
charged fields other than the electron field, or the self-energy problem of those fields of 
vanishing mechanical rest mass other than the electromagnetic field which could be used 
equally as signals in Einstein’s theory, we give only a brief discussion in the concluding 


remarks of § 6. 


§2. The velocity of a clothed photon 


The velocity of a particle is usually calculated from its energy and momentum using 


p/E=0/e. 
This relation can not be used in our case, since, calling in question Lorentz transformation 
itself, we do not know the right value of c. Therefore let us calculate it directly from 
the equation of motion of the field which describes the clothed photon. 

It would be convenient to give here a general description of the formalism which 
will be used in this paper. In order to make the gauge invariance explicit, we adopt the 
one in which the electromagnetic field is decomposed into the transverse, longitudinal, and 
scalar components. The decomposition can be conveniently expressed by introducing an 


arbitrary time-like unit vector 7”, as 


A, (4) =, dA (x) — (0/0%y,+ ny @)A' (x) +2, (4) - (2:1) 
A(x), A'(2), and (4%) are operators which satisfy the equations of motion 
EAC 03 
OA’ (4)=0, (25 2) 


prs G0, 
and the commutation relations 
[A(2), AG’) =the D(4—-*#'), 
[A'(x), A (a!) =the D—-#), (2-3) 
ete); WM, (2’) |=the 0,, Dia—+4’) +ihcn,n,D(«—2x') 
—ihe(0/d%,+% 2) (0/dx, +n ad) D(«—2'), 
where D(x) is defined by 
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D(x) =D(s), (2-4) 
and DD (x) =0, 


and we used an abbreviation 


d= (0/043). 
Y,, (#) satisfies further 
ny U,(*4)=0, OUX,(x)/Or,=0- (2-5) 
Under the gauge transformation 
Ay (2) Ag (2) +3:A(2), (2-6) 
[aAte) =05 
A(x), A’(x), and YL, (x) transform as 
A(x) > A(4) A(z), 
A (x) > A(x) A(z), Os) 
W.(7)— WU, @) - 


Therefore (A(x) —A’(x)) and %,(~) remain gauge invariant, and the gauge invariance 
of the theory is made ea if we can express all physical quantities with (1 (+) —A’(x)) 
and Y, (7) only. 

With a subsidiary condition imposed on the state vector PY [a] 


(A(x) —A'(4) ) Pl e]=0, (2-8) 
the Schrodinger equation is given by 
eal Cateye) Bla (2-9) 
0a( x) 
with 
H,(#) = ——~ juz) L,(), (2-10) 


and Hey =— | (4 SE) en dD -2)) + OA aar! 


while the energy-momentum four vector is expressed as 


P\a\= Rh le) FP al 25° tols (2-11) 
with 


DINO ELNORE LAO LAC) (054 


OX», Oe, Ot, OXy O%s 


| 
+ fare FeO EO FOO | ssa 
ik 


=| do, + j,(2) Uyl~), ae Biesse) 
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and 9 i 
1 [o]=—= | do, do;'aD (4—2') ae Mee fylX) 2 iy (x'), (2-14) 
a € € 


The operator that describes the clothed photon is obtained by constructing the Heisenberg 
representation of 2f,(17), 


M,. (2) =S[o] U.(2)S[a], (2-15) 
where S[o] is an unitary operator which transforms the field variables in the Heisenberg 


representation into those in the interaction representation. It is defined by the equation 
of motion 


ee OS| al 
he 9) = (A, (x »(x)). 
the 3a(z) (A, (4) +A .(2)) S[e], (2-16) 
and the initial condition 
S[ = oo l=1). (2-17) 
The explicit form was obtained by Dyson” as 
o 9G G (%1) 
S[ol=1+ (—i/fe) | UF.) +H.(2) d+ (—i/te)* | de, | H+ 2@)) 
x (1, (42) + Ae (#2)) dry toe : (2-18) 


2, (4%) includes all effects of the interaction between the photon and the electron, and is 
the one that will describe the clothed. photon correctly. 
The equation of motion for 2%, (4) can be obtained from 


OF (2) =S=Fo] OF(x) 
Ox, O02, 


With /(v) =d, (4) /d%,, it is found that 
OM, (7) = (é/te) STol {LA (1) +H, (2), 9%, (2')/ax,']do,’ S[a]. (2-19) 


S[a]+ (i/te) So | He) + 77(4), FQ") doy! Slo]. 


The integration of (2-19) yields 
D2 @)= eee {ps + yty)Ji(4) — (- + yd) 7) (x)} : (2 +20) 
c OG 


where j,(7) is the current vector operator in the Heisenberg representation 


Gul4)=S7 [alfa @) Slol= jul) + W/te) | Li AVG) de +, 


(2-21) 
v(x) is defined by 


soe), : 
g(*) =| i +ind') 5, O2ER*) aa, (2-22) 


Ary 
and we utilized an identity 


eel? 
| @/8x,+md) CRE par ay De ED) 


Ory 
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in the course of the calculation. The right hand side of (2-20) represents the transverse 
part of the current vector Fee Indeed we can show easily 


| ONS ny) Jy(*) Be (0/dx.+myd)e(*)} =0, 
and 


( . try) {Ove tty) Py(4%) + (0/04, +My d)9(2)| =O 
vy 


The equation of motion for the field of the clothed photon in the free space is obtained 
by taking the expectation value of (2-20) in the vacuum state of the electron. Remem- 
bering that the vacuum expectation value of 7,(%) vanishes, and anticipating the form 
(2-25) for 07,(«), the result is simplified to 


CBE, (2) ) yee ——— 9) (2-23) 


in the ¢ approximation, where 
o 


aygle) = (i/te | Lala) Ae) de Ya (2-24) 
is the current induced in vacuum by the photon. It is a well known fact that, under the 
present stage of quantum electrodynamics, we can not avoid mathematical ambiguities in 
computing 07,(41). Hence we write the form 


1a) fered fe) 
25 ESTE As 9 P é 
Z ult) 2a é(— ee ) eC 2)5 (2-25) 


2 

with the aid of an undetermined operator €(1/7-0/02,). The insertion of d° is merely 
to make €(1/i-0/Ax,) dimensionless, and €(1/7+70/Ax,) is a scalar quantity which 
shoulders the ambiguities due to the singular character of / functions. Different expres- 
sions have been given to €(1/i-/0/dx,). It vanishes according to Schwinger’s theory, but 
diverges quadratically in the usual perturbation calculation. We remark, however, that, 
whatever the form of €(1/i-70/d%,) may be, 07,(%) remains gauge invariant and satisfies 
the conservation law of charge on account of (2-5). 


Expanding (7), Ql, (2) in Fourier series 
W, (4) =A, (Ly) eer, 
2.) =a (Ee, ee 


let us consider hereafter a single component with a wave number #,. Substituting for 
07,,(4) the expression (2-25), (2-23) takes the following form for this component 


(310+ ke) MW, (hy) =2 (rp hy)s (Fy) My (Fu), (2-28) * 


which is written as 


* We replaced in the right hand side of (2-28) Wy(%y) by Wu(%n), since the difference is only of 
the order ¢® or higher. 
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‘¥ oot ky bi 
(Sai + eee )at,(4,) <0. (2-29) 


The equation (2-29) shows that the velocity of a clothed photon with a wave number # 
is altered to 


c+ de=(1—F(2,))c, (2-30) 


as a result of the interaction. 


§ 3. The energy and the momentum of a clothed photon 


The energy and the momentum of the system can be calculated, including all effects 
of the interaction, by taking the expectation value of P, [ol]; 


(P[e})=(¥ [oP [e] Ye). (3-1) 
Assuming that the interaction is switched on adiabatically at o=— co, we can write 
Piola oleae oe (3-2) 
with S[o] given by (2-18). Inserting (3-2) into (3-1), 
(Ple])= @l— eS“ [oe] P,[¢] Sle]? [— ]). (3-3) 
Y | — co] being a free state by definition, the problem is reduced to the calculation of 
Slo] Plo} Sle]. 
Employing an explicit form for S[a], the part of S~'[a]P,[o]S[o] that contributes 


to the energy and the momentum of a clothed photon is found as 


S“*[o] P,[o] Slo]=P.° [a] + (/Ae) j [7.(2), P.Colldx, 


+ (¢/ ac)? | de, { [A (2), [Ai (41), Plo e% 


+P,” [a]-+ (i/fc) J [H(x1), P,” [ol] dx, (3-4) 


in the ¢° approximation as before. 
The calculation of (3-4) can be facilitated by utilizing the fact that P,|o] 1s: a 
translation operator for ¢(x) and Y,(%) : 


i/h[ p(x), P, lal\= 9b (4) /0x, , (329) 
i/4(U. (x), P, [o]]=O%, (x) /Ox - (3-6) 
The proof of (3-5) is given in Schwinger’s paper. We can also verify (3-6) in 
an analogous way. 
We first observe 


; /a\ [2 (x) » OL, (2") /Bxy! B(x") /Aay/co,/ 


an ie OU aera Nh oy, Oa 2) 
6 ohne Ox, 
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SWS 9 ! 
_(8/ax, + ma") (8/821, 0,4") D (42! a ae, (2!) 
Os, OT 
aD (4—2x') aD (+—~x’) 
(reeeree + Me My Saar 
D(4—-#') | A,! (2 Yo 
oan 


aS (0/dx. +i; a’) (0/dx\,+ na’) iA a 
Ly 


The second terms in each bracket vanish by virtue of (2-5), and the third terms 
are also shown to vanish by the same reason after an integration by parts, which is 
permitted since (0/dr,+7,d@") is a spatial differentiation and do,’ is a spatial integration 


Hence 
4 [ace 8D BY ay 
ey ax, 
Si[il Fenn 4 9D(z—#') drt, (2) ) da, 
o Ole nee Ox, ax, 


iA Ue (x), P(al\=| \ aD(#—x') 0%,(2’) oy aD(4—2') OX (4) 
o OX, Ota, hau 
ies Goel? S rt’) 
aD(4 : xv) Ort. ce aa! 


O%5 Oar 


and 
Ot 


N 
a= ony 


which can be written as 
. oD (4— z') aryl. (x) e Se (x) 
c/#( MN. (xv), Pole =\e —— =D 7-3 La is 
Jl (#7) L j] : ar. ax! ( ) dx,!3z,! | (um 


It is easy to show that this expression is independent of g, and we find, by choosing as 


a a space like surface through +, that 


i/A[U.(2), P,” [o]]=O% (x) /8x, - 


It is a direct result of (3-5) and (3-6) that we can write 


; \ [H, (2), P.” [e]}]dx,= | ACES. (3-7) 
For the calculation of the next term of (3-4), it is convenient first to rearrange the 
factors in the form ; 
o G(01) 
fhe)? jen des H,(a), (H()> P, [oll] 
6 (41) 
[2.4 ) Aim), PL lel]-Ls a) a2), Po lal} are 


=) (fie)? jen] \i 
| [A (42), [Ai(), PY [el aes dx... 


Tee te 
rae) 


o 
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The first integral does not contribute to the result, since Y[—co] is an eigenstate 
0) 
of P, [a], and the second is transformed into 


/te)| dog | (2h), Ha) er 


on account of (3-5) and (3-6). We thus find as the contributions to S~'[o]P,[o] S[o] 
from PL [a] 


Loe (a]+| 7, (x)do, +" (i/he)| do, | UH, (x), H,(x) ]dx;.- (3-8) 


The evaluation of the contributions from P, [a] is very simple, and the result is 
—| FT aydee afi) | da, | Wee Gy lar. (3-9) 
Adding (3-8) and (3-9) 


S“[o] Plo] S[o]=P."[o]— 2 Gi/te)| dog! UG), Hee. (B-10) 


Picking up from (3-10) those terms only which contribute to the energy and the momentum 


of a clothed photon, 
S [a] Pla] SL=P. C12 f 5) +MY) do G14) 
CvG 


using 07,(%) given by (2-24). 
Thus, taking a flat surface for o, the energy and the momentum of a clothed photon 


are obtained to be 
£4 dE=(0*[— 2] (—iP,[o]+ val {87,,(2) Up (x) + Xp) dfn (2)} dv) ¥[— ©); 
Cvs 


pj+ 4p,= (U*[— 0] P; F[—@]), (3-12) 
(7=1;2,3). 
With 07,(%) assumed in the form (2-25), and 7, chosen as (0, 0, 0, i), we finally find 
that the energy and the momentum of a clothed photon with a wave number /,, are given 


by 
E+4#£=(1—€(4,))£, 


and p+ 4p=p. (3-13) 


§ 4. Renormalization of the light velocity 


Collecting the results (3-13) and (2-30), and remembering that Hinstein’s relation 


E=pe holds for the free parts, we find that 
E4+4E=p(ct+ 4c) (4-1) 


is satisfied between E442, p, and c+4c. This is just what was anticipated in the 
It should also be noted that this identity is not suffered from the mathematical 


introduction. 
We shall develop a concrete 


ambiguities which were encountered in the calculation of 07, (4). 
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renormalization procedure of the light velocity in this section on the ground of this 


identity. 
The Hamiltonian of the electromagnetic field is given by 
oN \2 
Fie =1| (24+ v= | { (curl 24 (= )f ae. (4-2)* 


Regarding (4-2) as a function of c, we can rewrite it in the form ; 


H(e)= H(c+ de) — 2 de 4 


€ 


The indicated calculation can be performed unambiguously if we restrict our attention 
to a single Fourier component of (7) with a wave number #,. Inserting for Jc the 


value given by (2-26), 


H= >| | (el *+- e are z- a) = 2(=)e eC oes = 


We replace c+4e by co, and treat 


PieniS =| {cur M)2-+- 2(=)| di (4-3) 


as a Hamiltonian of the free clothed as while 


YD 2a ws 


is regarded as a new counter term to cancel divergent effects produced by 7, (x) Yl, (7) inter- 
action. Some remarks are necessary in removing the restriction imposed on the above deriva- 
tion of (4:4). As repeated in previous sections, ¢(#,) is an ambiguous quantity and we 
do not know whether it is independent of #, or not. If it depends on fy, it would be 
difficult to perform the above renormalization procedure consistently for all wave numbers 
since neither c nor c,, is likely to depend on #,. To avoid this difficulty, it is 
necessary to give up to relate the counter term (4-4) with Jc in the Hamiltonian of the 
free clothed photon. That is, in generating the interaction adiabatically, we consider that 
c is altered to c+J4c, and at the same time we add, logically independent of the altera- 
tion of ¢, a new interaction term (4-4) to the ordinary interactions. Although if ¢(/,) 
is independent of £,, the effect of the alteration Of ¢ is just canceled by the new interac- 
tion and no new interaction is introduced, this cancellation can not be assured under the 
present stage of quantum electrodynamics. Thus our renormalization procedure differs from 
that of Tomonaga or Schwinger in that it results in the possible introduction of a new 
interaction. With these remarks in mind, let us consider (4-4) as a counter term in our 
theory. This can be written at once in an invariant form 


SAU ei ee ee 
=~ Ay(2) 6 (S eal A, (x), (4-5) 


. . . . ' 
* Q used in this section without vector suffix means the space component of %u(.). 
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and in our theory the interacting system of the electromagnetic and electron fields is described 
by the Schrodinger equation 


thc ee ={- : ae (7) UH, (4) — : ne gaged DE 2) al) 


Wighbates eg at af ; 
<jala")das! — a Uy (2) (= 5 ee) vol, (4-6)* 


where (7) and (+) are the field variables which satisfy the equations of motion and» 


the commutation relations of the form of (2-2) and (2:3) in which ¢ is replaced by 
the observed value. 


Disregarding a meaningless four dimensional divergence term, the new counter term 


(4-5) can be written as 
1 [pe(1__9 A YAS 
I) (es rN TS, a) RE Ree fe Ole 
22 i ( s as, L(%) Lu) +, (4) as ( ; os 2t.(7)| : 
which is further transformed, remembering the definition of 07, (4) (2:25), into 


oe 1@jy, (7) (4) = (4) Of +)} < 
c 


This is nothing but the minus of the one photon part of the second order contribu- 
tion to the interaction Hamiltonian caused by 7,(7)Q,(4) interaction. Therefore the 
effects of the induced current, to the one photon part of the interaction Hamiltonian 


which were the origins of various difficulties vanish entirely in our theory. 


§5. Lagrangian formalism of the theory 


In view of the analysis of the preceding sections, we assume that the Lagrangian of 


the interacting system of the electromagnetic and electron fields is given by 
Dee 7. (Ay) +) €(— —2-)-dily(#) + oxB(x) (x), (5-1) 
é fe Z oie 


where 


I= BAS) prays As 0 +x) b(e i (7 sos +x)! (x 

[es pe I 96) —— =! (7 Y (x 

fy D OX, CFs OT Oty )s Le 2° Ni OXs | 5 
oY! 


is the Lagrangian of the free fields, c and x the observed values of the light velocity and 
: 1 il) 

the electron mass respectively, and we appended with —_d, (7) € (= =) aN, (v7) a 
c ue 


mass counter term 0x (x) ¢ (4). 

Owing to the complicated nature of €(1/2-0/0%,), it is difficult to write down the 
canonical formalism. We therefore perform the quantization following a generalized 
procedure proposed by Kanesawa and Koba. According to them, the Schrodinger equation 


of the system is assumed to be 


* Strictly speaking, normal dependent terms are necessary on the right hand side of (4-6) to secure 


the integrability. But it is easily shown that such terms are of the order ¢® or higher, and are neglected for the 


time being. Detailed discussion will be given in § 5. 
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z pt eee x,0|\P la), (5-3) 
ie SEL — pha (a 


where L[v,a] is determined directly from the interaction Lagrangian density / (1) so that 
it satisfies 


OL xsa\s Ole | et Friel nie 5.4 
0a (x) 0a (4x) hc LL h El¥'.e) : 


when + and +’ are space like to each other. Variables contained in L(x] are the solutions 
of the free field equations and satisfy the same commutation relations as the free ones. 


The solution of (5-4) was found in a power series of ¢ 
L[20]= 3 em { SAGE har [zc]}. (5-5) 
corresponding to the interaction Lagrangian density which was assumed in the form ; 
ie Sa (x). (5-6) 
i= 


Ine (5-5) LOC | 4,0|\(w=1, m1, 27-90), ate) equal) tog 7). — 1, 2 
(5-6), and other coefficient L™-” [2,0 ](7 2, or n=1, m=m+1,---) are determined 
successively term by term from L%™"-” [x,0|(u=1, m=1, 2,---m). It is verified first that 


Walgn=% 
ye exaa > L Onn) (m—n-B [x’,o]] 


oe OD(4—2# 
= ys! [ LQ [2] + 8 (m 1x, N\(4,—4,') oi vee} G = ) 
J=L11 Oty, Ot, 
3)(n) (m—n 3)(2)(m—n ) a*D 4—x') 
HALLS, N+ RDO MLE, NM cea!) + -| SOE, | 
Ly p O- 
eos a (5 Wid Tek 


where /y,[4, V], /y,,[4, V]--- mean respectively the second, the third--- rank tensors 
composed of the field variables and their derivatives at the point x. The notation 
>i [+, x’] on the right hand side is used for the expression obtained by changing x 
ceamis 


and +’ in the first term of the same equation. The explicit form of (5-5) is written 


down with these /y,[4, V], Fay [e, Ve a 
m Il 
Liye |e en Se Se 
hc n=2 m=2 J=1 
Reaver ee hee n}+(%, PAA +, BOD) EQ x, NV | 
kon Oz 
ale (MM, x0 + MM Onc +a My, Ove) Ae one le N\+ 2 ee | ‘ (5-8) 


Starting from (+), and using (5-7) and (5-8) repeatedly, all terms of the series 
(5-5) can be calculated to any desired order. 

Application of the above discussion to our system can be done at once where the 
interaction Lagrangian density is given by 


* Vy means the normal vector of the space like surface o. 
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L(a) =~ jw) Aaa) +4 


AU (x)2+ XG (L)P(x). (5-9) 


, The field variable satisfies the ae equations of motion and the commutation 
relations 


BA, G4 y=0, 
(re5, 44) =o, (5-10) 
[4,.(4), 4,(¢) \=7h00,,D @— 2 
[Ye(2), Go(a!)]= Sue"), (5-11) 


in which we must use observed values for ¢ and x. 


It is convenient to perform a canonical transformation 


Po] > U[o}¥[o], 


elec Ot eden (5- 12) 
beforehand. After the transformation, Z(2) is transformed into 
— a7 7-1 
Pea LOG 1a ine [ale 
; da(x) 
CE es ee if (2? try) Be 2) eae 
Cc a 2 Ore c é 
+My Ju(eya(A(x) —A'(2)) be + AY EAN Le) AN (4) + Ox(x) f(). 
(5-13) 


It should be noted that in the transformed interaction Lagrangian density 1() and d’(x) 
appear only in a combined form (A(x)—A'(4)). A characteristic feature of this 
combination is express by 
[A(z)—A' (2), A’) -A'(#’) J=0, (5-14) 
which is a direct result of the commutation relation (5-11). Thus, in constructing 
Py AF; Ae ee eZ Nye from (5-13) according to (5-7), no term appear which 
contain A(x) or A’(%). 
Therefore we can write Z[x,0| in the form 


Lie, a= jut) Uy (%) +\(4 pag tte) De—#) a jul#) a f(a!) do! 
“rafal d AC) —A@)) + bay (2)-# (> Gd e@) 
+ dxh(x)p(2) + W[4, 6], (5-15) 
Wx, o|= oa) ew™ (x, 0], (5°16) 


with IV™[x, ¢| which does not contain ‘A(2) or A’ (x). 


* JV [x, 6] vanishes in (5-16). The reason is the commutability of ju (x) U(x) with jy(*7) Wy. (x7) 
for x and x’ which are space like to each other. 
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We further impose a subsidiary condition on PY [o]; 
(A(x) —A' (x) )P[o|=0.- (5717) 
The compatibility of (5-17) with the Schrodinger equation is obvious from (5-14) and 
from the fact that zw ”[x, ¢] does not contains A(#) or A'(x). With the solution of 
Lx, ¢]| obtained in the form of (5-15), and under the subsidiary condition (5-17), we 
finally find that the Schrédinger equation of our system is given by 


ite Pll — {3 5, (2) U2) — \(} = +144) 
Cc ae 7 


0a (x) 


xD (4— oe IF (4) fh (2') do", 
€ c 


— La, (#)-¢ (— 2). dy (2) — dx (x) (x) — Wie, al ¥[o]. (5-18) 
& Cin ta, ) 

In our theory the interacting system of the electromagnetic and electron fields 
is described by the Schrodinger equation (5-18) and the supplementary condition (5-17) 
constructed from field variables which satisfy the equations of motion (5-10) and the 
commutation relations (5-1). The result of this sections coincides with those of the 
pteceding sections in the é approximation. We thus arrive at a complete description of 
the interaction of the electro-magnetic and electron fields which is manifestly Lorentz- 
and gauge invariant, and is free from the divergence of the self-energy of the photon or 


the electron. 


§ 6. Concluding remarks 


Thus far we have shown a: possibility of dissolving the self-energy difficulty of the 
photon by the idea of renormalizing the light velocity. Our attempt may seem strange 
at first sight. Lorentz transformation, however, was a result of recognizing that it is a 
nonsense to conceive of the structure of the space-time without reference to the actual 
measure to define it. Thus it seems to us a very natural course to use, if we admit 
Einstein’s philosophy, the observed value of ¢ which includes the effect of interaction, as 
a natural constant to characterize Lorents transformation, although objections may be raised 
against this positivistic standpoint. 

In § 4 we remarked that our renormalization procedure might result in the introduc- 
tion of a new interaction. It is quite a open problem whether such a drastic modification 
of the current theory is really necessary, and even if our attempt is on the right way in 
its essential part, we would have to resort to future theories to manage the divergence of 
4c. With all such unsatisfactory features of our theory, however, we want to emphasize 
that the self-energy problem of the photon would not be settled by computing the self- 
energy alone, for, whether the rest mass of the photon vanishes or not is a question decided 
by whether Einstein’s relation H=/fc is satisfied between 7, ~ and c¢ or not, not by 
whether the self-energy vanishes or not. Thus it would be necessary for the ultimate 
solution of the problem to consider the effect of the interaction upon the momentum and 
the velocity of the photon in addition to the computation of the self-energy, and, in 
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particular, it seems inadmissible to ignore the alteration of the velocity so long as the 
self-energy terms survive, for, as will be seen from the calculation of § 2 and § 3, they 
are both the result of the induced current and are inevitably related to each other. 

In this paper we discussed only the interaction of the electromagnetic field with the 
electron field, but the situation is essentially the same even if we take into account 
any kind of charged field provided that the interaction is introduced in a gauge invariant 
way. In such a case dc becomes a sum of contributions from all charged fields which 
interact with the electromagnetic field. Further, considering the effects of higher order, 
even neutral fields give contribution to 4c. For example, contributions from neutral meson 
field would appear in the eg” approximation from its interaction with nucleons in the 
intermediate state. We must, therefore, conclude that behind the observed value of c the 
mechanism of all interactions of all elementary particles that exist in the nature lie hidden, 
and the contributions from them are all condensed into this value of c. 

We finally give a brief discussion on those fields of vanishing machanical rest mass 
other than the electromagnetic field. If there is no interaction, any field that has a 
vanishing rest mass could be used as a signal in Einstein’s theory. When interactions are 
introduced, their propagation velocity will be altered, and, if the alterations are not the 
same for all such fields, there would be a paradoxical situation, since it would imply the 
existence of different values of c to be taken into Lorentz transformation. The situation 
is not so troublesome, however, for if we do not consider fields with spin higher than 
3/2, electromagnetic field is the only one that possesses invariance under a gauge trans- 
formation. Thus, for example, although the mechanical mass of the neutrino is presumably 
zero, its self-energy can be interpreted as the rest mass, and, when we take into account 
the effect of the interaction, neutrino loses its qualification as a signal in Hinstein’s theory. 
The photon has a peculiar character in that it has exactly a vanishing rest mass even 


when it interacts with other fields, and is the only one that can be used as a signal. 
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We worked out the dielectric constants of xo and x of the alkali-halide crystal on the basis of the 
quantum theory of solids. We have used the variational method of Slater and Kirkwood in our 
energy-calculations and adopted Landshoff’s method for evaluating the exchange integrals among the 
non-orthogonal wave functions. The relation among the various theories, due to Shockley, Mott and 
Frohlich, of the dielectric constant of ionic crystal have been clarified from the viewpoint of our theory. 


The numerical results for LiF are in good accordance with the experiment. 


§ 1. Introduction” 


Many of the characteristic properties of polar crystals, i.e., the behaviour of the 
conduction electrons or the existence of defects in the lattice will, after all, sensitively 
depend on the dielectric properties of the crystal. So we see it is essentially required to 
elucidate the dielectric properties of the mentioned crystals in detail on the basis of the 
quantum theory of solids, since the available theories of dielectric properties are usually 
based on the rather phenomenological considerations. As a preliminary to the general 
formulation of the theory we shall here work quantum-mechanically the simplest case of 
the dielectric constant of ionic crystals in the homogeneous external fields of both high 
frequency and static natures. 

As is well-known in the classical theory, the relation between the polarizability («) 
of an ion pair and the dielectric constant (x) for high frequency field is represented by 
one or the other of the following two formulae according to the assumptions of the 
effective field FF,” around each ion of the crystal. Namely, we have 


%—1=47NVa _ (the Drude formula) ......... (1) 
and | 


%4—1/%+2=47Nu/3, (the Lorentz-Lorenz formula) (2) 


where /V is the number of ion paits per unit volume. These formulae are well-recognized 
to depend on the field that is assumed to be effective in polarizing each ion. Let us 


denote by P the polarization of the medium and by the external electric field, then 
one of the assumptions, 


Fg=l, (3) 


leads to the Drude formula (1), and the other one 
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Fg=F +P, (4) 


to the Lorentz-Lorenz formula (2). 

‘The justification of the assumption (4) has been given by Lorentz and Fowler, using 
the simplified model of point-dipole lattice, in which the field at any one lattice point due 
to all the other dipoles within the crystal may be evaluated. As far as the above mentioned 
-model of crystal is used, the Lorentz-Lorenz formula is shown to be valid for the lattice 
of any cubic structure. 

Recently, Mott has developed the theory of the dielectric constant on the basis of 
Born’s lattice dynamics together with the detailed discussions of the observed values of 
alkali-halides. According to him the Drude formula has been shown to give a better 
agreement with the observation compared with the Lorentz-Lorenz formula. Furthermore, 
he pointed out that the assumption of the point dipole is by no means guaranteed for 
the contribution of the nearest neighbouring ions to the effective field, because the ion 
clouds are somewhat overlapping with each other in the actual cases. Taking account of 
these circumstances, Mott proposed that the effective field is given by the modified formula 


Fg=P 4 5P, (5) 


where 7 is the numerical factor less than unity. As one is not able to derive the value 
of 7 within the frame of the Mott’s theory, the value of 7 has to be determined to 
obtain a best fitting with the observed value of dielectric constant, according to which 7 
has been shown to become almost zero in alkali-halides. 

According to Shockley, on the other hand the Lorentz formula may still provide 
correctly the observed value of %, for many ionic crystals, if the polarizability of each ion 
is given a suitable value. In view of the unsettled situations regarding the effective field 
within the crystal, we shall attempt here to work the problem in question on the sound 


basis of the quantum theory of solids. 


§2 The method of computation 


Now we show our method of computation of the dielectric constants for the cases of 
LiF and MgO. We may be allowed to assume tentatively that these substances are 
almost purely ionic crystals in working the dielectric properties. As is well-known, we 
have the relation between the dielectric constant x (or %,) and the energy change 4& 


under the influence of a homogeneous external field 2’ 
AE=— uF? (6) 


and . 
x—1=47Vy. (7) 
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In order to compute the energy change 4, we have now two methods of treatment, one 
is the usual 2nd order perturbation method and the other the variational one, the latter 
of which has been used by Hasse” or Slater and Kirkwood” for calculating the polariza- 
bility of He atom. We shall here make use of the method of Slater and Kirkwood to 
calculate the total energy of the crystal with the external field. Now the total energy of 
the crystal without the application of an external field consists of three parts : 


ia Pi tte tag (8) 


where E, is the energy of the positive and negative ions in free state, £, the electrostatic 
mutual interaction energy among them and £, the exchange energy between the ions. In 
the previous papers”” we have actually calculated the total crystal energies for both LiF 
and MgO, and then determined the available forms of wave functions of negative ions by 
the variational method. When the external electric field #” is existing, the total crystal 
energy changes by JZ, which also consists of three parts corresponding to eq. (8) 


AE= 4b, + 4&4 AL, (9) 


where JZ, is the energy change of the positive and negative ions in free state, 4/, the 
change of the electrostatic interaction energy and, 4, the change of the exchange energy 
respectively under the influence of the external field. According to Slater and Kirkwood 


we shall assume the wave function for 2/-electron of F~ ion as follows”: 


b=, (1) (1+4r cos 0) 


cos 
= (P(r)/r) A+4r cos 7) } sin 6 cos d/, 
sin 7 sin ¢ (10) 
P(r) =A{exp(— 3.057) +0.095 exp(—1.25r) } 7°. cits) 


Here the normalization constant A is different from that of the unperturbed wave 
function A,, the relation between both constants being 


9 9 1 —=0'59 
A= Ag -=7#) (12) 


For 2/-functions of O~~ ion we shall assume the similar form as (10) with a little 
different radial part.” 
P(r) = Afexp(—2.9r) +0.15 exp(—1.17)} 77. (13) 


Further, we shall neglect the changes of 2s-wave function of negative ions and all the 
wave functions of positive ions, because the ‘polarizability of the positive ions is much 


smaller than that of the negative ions. The parameter 4 in eq. (10) is to be determined 
by the extremum condition of 


04E/dA=0.. . (14) 


Now we shall treat below the static case and the high frequency case separately. 
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§3. High frequency field 


In this case a polarization of the medium is only due to the polarization of the ions, 
that is to say, a distortion of their electronic charge distributions. If we take the wave 
function as eq. (10), 4#, has been given already by Kirkwood as follows : 


AEn= —47° FA + 3.02, 


where the first term gives the energy contribution from the external field #’ and the 
second term the change of the kinetic energy due to a distortion of ion. In the present 
case, however, ions are imbedded in the crystal, so the energy due to the mutual inter- 
action of distorted dipoles has to be added. This energy is according to Fowler 


of (15) 


where a is the interionic distance, 2a* the volume of the unit cell and 
—9 & é 9 9 
7=| |P(r) |r?dr, (16) 
9 


the upper limit of integral being @ to allow for the ions imbedded within crystal. Sum- 
ming these terms we get the energy change JZ, corresponding to the point dipole 
approximation of Fowler. Namely it follows 


De eres (17) 


When we, however, take accout of the fact that the neighbouring ions overlap to an 
appreciable extent, eq. (17) has to be modified by additional terms of JH, and JA, in 
(9). First of all, we shall compute the Coulomb interaction between a F~ ion situated 
at a lattice point and one of the twelve nearest neighbouring F™ ions. When we use the 
wave function (10) the Coulomb energy consists of the three terms, each of which 
containing zero, one and two powers of A respectively. The zero order, terms consist of 
Coulomb interaction among the point charge and its correction terms, which are important 
for computing the cohesive energy of the ctystal but now are dropped off in our problem. 
The first order terms are cancelled out because of the crystal symmetry in cubic crystals. 


The second order terms consist of two terms; one is the Coulomb repulsion term of 


e Fae vanes e Pees 
es 1—6r 4/3 me (J (—4 4) (18) 
($—)a—e't/3)" ~ (Fa) 
instead of (¢?/ 2a), owing to the change of normalization constant A in (12), and 
the other one is 


= 4 34 ( 3 ) 2| P(r) |? cos’ ete ( 3 ) 2|P(R) |?R?cos* Odr, 
a, 47 at Am 


19a 
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Siae a(2) \\ APO : * cos” O+ 2rR cos @ cos 0) dz, at | 
12 


8h | terms obtained by the replacement of cos @ with sin @ cos @ and | (19) 


12 |. cos 9 with sin O cos M respectively in the above equations, 


where the origin of the polar coordinates 7, 6, é is situated at a central ion and RK, &; 
@ at a neighbouring ion, 7, and 72, are the distance of the electrons from nucleus 6 and 
a@ respectively, and 7, the mutual distance of two electrons. After simple calculation, the 


first and second terms in (19) become, 


- 202 a 4 : = ‘ 
— 5¢*)( 3 )j 2|P7) [ts pos dt,= —10e (7) + correction term , 
47 Vib V 2a 


(— 5¢") (?)j 2| Pi) | ie ees. Bee —10¢" ( i) + correction term 


Voa 


and the first and second parts involved in the third term of (19) become 


7 


e ie )\ 2|P(r) (?2|\ PREP cos® 0/7,.at¢dz2=126 (7 */ 2a) +correction term, 


9 3 = 
A(2) \| 2|P@ | 2| P(R) |? ?R? cos’ O/ 149 dt, Aro = 120? (K?/ V 2a) + correction term, . 
where 7°= XR”, the correction terms are given by definite integrals ranging from 2a to oo. 
The value of such correction terms is estimated to be so small that we are allowed to 
neglect them in the following computations. In a similar way we may calculate the cor- 
responding terms in the fourth term of (19). Substituting the above results into (19), 
we get 


4e°%7 4¢ 2h? 
SP 
(4 )+2 Vv 2a 
Tee) - [PO) PLPCR)IR cos 0 60s O/rys ded 


£728(2 Vall POPP) 


The sum of the first and second terms of (30) becomes (4¢°7?/ “2a) 4°, which is 


cancelled out by the second term of eq. (18). The third and the fourth terms of eq. 
(20) can be reduced to 


°rR sin O sin 0 cos $ cos D/143 dt, dz5. (20) 


16 999 —-9 7? =e, 

re kee Ae (Ns 2a)*|+ correction term 
and 

32 9.979 De BUNS : 

a Rr R?/ (~ 2a)*|+ correction term 


respectively. =! 


uCase, 
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The first terms of the above expressions represent effectively the electrostatic interaction 
between point dipoles, which are cancelled out for NaCl type crystal, whereas the correction 


terms are caused by the overlapping of the charge clouds, being expressed by 


V2atr 


algebraic function of \ —or» 
*rdr | ! sera fi Lu! P| ender. 


t; @ and +5, 


\ |P@) 
0 V2a—r 
The algebraic function in the integrand is so lengthy that we are compelled to compute 
by numerical integration. Here we neglect the deformation of Li* ion for the reason 
mentioned above. 

Next we shall compute the change of the exchange energy between F~ and Li* ion 
caused by the deformation of 2/- wave function of the former. In accordance with the 
method of Landshoff,” the integral Cz, named by him, takes the followingfor m in our 


C= \\ [%, (7,) (1 +r, cos 0,)b74(7;) Fy (t's) (1+ Ars cos O,) bro) tt ats (22) 


This integral also consists of the terms, each containing zero, one and two powers of 
A respectively. The zero order term is important for the cohesive energy, which is dropped 
off in our problem. The first order terms are cancelled out by crystal symmetry, when 
allowing for the contributions from six nearest neighbours. The second order terms are 
computed by the method similar to the zero order term, but the former is less accurate 
than the latter, due to the larger overlapping of the wave functions. We may also 
compute the integral B, in Landshoff theory in the similar way. Next we have to 
compute the change of the exchange energy between F~ ion and F™ ion. The method 
is quite similar to the above. Thus we get all the correction terms, denoted by AZ’, to 
(17) be 4n-¢ 


Aen Ue MT 8 at A (23) 
Yt Re Ee 


By the use of (23), the extremum condition (14) leads to 


i=ar'F || 2 (Atay eee Or (24) 
Be Die 
Inserting (24) into (23) the required value of J is given by 
Santa ee 4m (47°)? )) mo 
4 =-| Z [2 2(3+A ee (25 
E (4r) 1/2) 264A) ~ ) 


‘Then we may obtain the dielectric constant x, by the relations : 
4E=— 1 F?, Ngee VP Ry fla... (26) 
2 


The effective field F.,, therefore, becomes 


Fig= FE P= 23+) [20 +4a—* or 7 | ie (27) 
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and the polarizability a, through the relation 
47r°7h=ua Fiz, (28) 


and obtained u= (477)?/2(34 A). (29) 


$4. Numerical results and discussion 


The numerical results for LiF and MgO, using the atomic unit, shall be presented 
in the following. 
(1) LiF: 
Using the calculated values of 72=1.90, A=0.80, and the observed one of a=3.78, we 
obtain 
AE =—7.60FA— 1.117? + 3¥ + 0.807° (30) 


= —7.60FA+ 2.697” 
for (23) and 
A=1.41£ . (30’) 


for (24), which leads to 
A= —+ (10.7) F°, We ays 
2 


and e255) 


The effective field Ip, (27), becomes F’,, =1.41/, then we obtain the following value 
for polarizability of /’~ ion u=1.08 x 10-* (c.g.s. unit), whereas Shockley’s value of «” 
is: ¢%=0.86X10~~%, and the observed value of %, is 1.92. 

Our calculated x, value is seen to become larger in comparison with the observed one, 
which discrepancy is considered to be caused mainly by our less accurate value of 4 and 
the approximate nature of the unperturbed wave functions, though our calculated value, 
7°=1.90, is in good accordance with the observation. On the whole we may say our 
theory is in the rather good accordance with the observation, as far as the approximate 
nature of our method is taken into consideration. 

(2) MgO: 3 
Using the calculated values of 7°=3.19, A=1.9 and the observed one of a=4.0, we 
obtain . 


AE=—12.66FA + 2.552, (31) 
Ae 2183 fe AE=—— (36.1) F*, 

and 1= 36.1, 

then X= 4,56. 


The observed value for MgO is x,=2.95. 
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Our calculated value is, larger than the observed value by about 5024, which may 
be caused mainly by the inaccuracy of our unperturbed wave function (13). On determin- 
ing this wave function by the variational method, we have neglected the interaction energy 
between the O~~ ion and its next-nearest twelve O~~ ions, which neglection may perhaps 
result in the rather large spreading of the charge distribution of O~~ ion. Actually we 
obtained the calculated value of —24.7 x 10° for diamagnetic susceptibility of MgO crystal, 
while the observed one is of only —18.8x10~°, which fact seems to justify the above 
consideration. 

Now we see, from eq. (30) and eq. (31), that the energy contribution from the 
Lorentz factor is almost cancelled out by the energy contribution resulting from the change 
of the exchange and dipole interaction energies. Although we may not give a precise 
classical interpretation to the energy caused mainly by exchange interaction, we may be 
allowed to interpret it phenomenologically as follows. 

At first we may suppose the Lorentz equation is valid within the crystal, but the 
polarizability of the negative ion is reduced to (47*)?/2(3+4A) in the crystal instead of 
(47°) /6 in free state. In practice we may choose a suitable value for polarizability of 
each ion in the crystal so as to give a correct value of the dielectric constant; such 
phenomenological treatment has been performed by Shockley.” Alternatively we may think 
the polarizability of the ions in a free state remains unchanged within the crystal but the 
Lorentz equation is no more valid within the crystal on account of the contribution from 
the Lorentz factor being almost cancelled out by Ad’. Such viewpoint corresponds to 
Mott’s eq. (5). 


§ 5. Statice case 


Let us consider here a crystal in equilibrium under the influence of a static field F. 
In equilibrium the positive and negative ions will displace by the amount of +1 from 
their mean positions, and let the dipoles induced on the negative ions be 47°cA. Now 
we shall consider the case of LiF crystal, in which the polarizability of the positive ions 
will be neglected. When the crystal is polarized, we may imagine that the negative ions 
remain in their original positions, while the positives are displaced a distance 27. Then 
energy change of a ion-pair is as follows : 


(1) the energy due to the ionic displacement in the external field : 
—2erF , | (32) 
(2) the mutual interaction energy of the dipoles with moment 2ex: 


_ 1 4m (2ex)" (33) 


PE) 20° 
(3) the deformation energy of the ion-core of a negative ion ‘in the external field : 


47k, (34) 
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(4) the mutual interaction energy of the dipoles with moment 47°eh : 


el Sea (35) 


vieiee) 
(5) the mutual interaction energy between a dipole of 277 and a dipole of 47°e/: 


_4n (202) (472) a 
S 2a° 


Summing them and differentiating by 27 or 2, we obtain for the effective field, 


foes eS 47°eh ap te (37) 
BRT Dak 32. 2a° > 
(6) Next we have to find the repulsive energy, from which the restoring force on each 
ion is derived. If the repulsive potential is assumed to be effective only among the nearest 


neighbouring ions and be expressed by 


WW (r) = Aexp(—r/e), (38) 
we obtain the repulsive energy of the following form 
ee fe 2 fe (39) 
3 ean a 


where a, is the Madelung constant. Using the compressibility 2 which satisfies 


== s ‘af 2 | (40) 
B O Cie Zea a 


we may determine # in (39) empirically through the following relation 


p=l2a/p. (41) 


(7) Further we have to consider the term AZ as § 4. 
(8) In §4, when the ions are not displaced, the first order term of 4 in exchange 
energy (22) have not been considered, because the contributions from the two positive 
ions, situated at symmetrical positions of a negative ion, are cancelled out by symmetry. 
In the static field, two positive ions are displaced, one is situated at @+2+7, while 
the other at a—2+x from the negative ion, then the first order terms of A are no more 
cancelled out, but the difference of the type BAv remains, where B is the exchange 
integral contained in Cy, (22) and 4,. We assume B may also take a form 4 exp(—gr) 
for interionic distance 7. In practice we have computed numerically the exchange energy by 
Landshoff’s method for two points near the distance @=3.78 and determine the constants 
4 and g from these values. 


Summing up all the energy contributions of ee origins mentioned above, we 
have obtained the total energy as follows : 
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AB=—22F—1 2 yee) EA (2ex) (47"e) — 47°F 2 
Dee IGS 3 2a° 
1 42 (47a)? areal ote 
eS se Be Se 24 Az 5 
eee eae 2 | 2 +322 4 AR+ Ble. (42) 
According to the variational principle, 2 and + can be determined by the conditions 
d4E/dA=0, 04 /dx=0. (43) 


$7. Results 


From the compressibility data of LiF, we find the extrapolated value at 0°K of to 
be 1.4x10°-™ (cg.s.) and from (41) f becomes 0.111 in atomic unit. The computed 
value of LxA is 


Bie= (22) (0.034) [eh 20 ete — 0.50312. 

Then JZ in atomic unit (cf. eq. (42)) becomes 
AE = —2xF—0.0772— 0.587 xA—7.64F— 1.102 
+ 0.11147? + 3 +0.804 +0.503Ax. | (44) 

From (43) we may determine + and cf: f 

v= 16.640. r= 1.9177, B= 31.8re (45) 
Using these values, 44, y and x become 

4E=—39.0F, ¥=78 and *%=10:1 


respectively. The observed value for this is: *=9.3. 
The agreement is quite good, as far as the approximate nature of our method is taken 
into account. 

As far as our approximate calculation concerns, the polarization energy due to the 
deformation of the ion-core (35) is almost cancelled out by AZ’, and the coupling energy 
(36) of two types of polarization is also almost cancelled out by BaA. These facts may 
be interpreted as follows: If we consider A as a sort of a restoring energy like 34°, 
and Bri also as a restoring energy like fx°, so we may say the effective field is still 
given by the Lorentz field as in eq. (37). On the other hand if we consider. only the 
terms 3/2 and px° as the restoring energy but not AZ” and Bx, so we may lead to the 
conclusion that the effective field for displaced ion is 


e - 4m 47°ch 7 4 
gor eit 2 Ea SP + SP, (46) 
See Sin 2a" 3 3 


and the effective field, which gives rise to the deformation of the ion-core is 


2 Sethe 4 
gat ci SIPt rh . (47) 
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In the case of LiF we have seen 7 ~ 0 and 7’ ~ 0. 
The meaning of Mott’s equation (5) corresponds to the second interpretation. We, 
however, should like to point out that these interpretations are rather phenomenological, 


because the terms AZ? and Bx are mainly due to the exchange energy. 


§ 8. The effective charge 


As seen above, when the ions are displaced in static field, the apparent restoring 
force is added to the usual one so as to hinder the deformation of the ion-core. When 
we may interpret this fact as the apparent decrease of polarizability of each ion, it will be 
misleading to separate the total polarization py into the ionic polarization P; and the 
electronic polarization P,, P, taking the same value as that of optical case. Recently 
Frohlich? has worked out this problem phenomenologically, separating P as P=P,+ P;, 
instead of P=P,+P,, where P, is the optical polarization and P,, is the infra-red 

polarization due in part to the redistribution of electron which results directly from the 
change in position of the ions. Then he has put 


P,,=240*#N (48) 


using the effective charge e* for the true charge € and determined e* from a set of the 
experimental values. Let us here derive e* from our theory. From the relations 


BSP. P= Pot P, and:_P;,—e*F,, we obtam 
On the other hand, we have rhe relation 
P/N=a E + =P, 4. <p, (50) 


From (49), (50) and the definitions of P, and P, we obtain 


9 


2a Baa: 
Inserting the values of A, x and wu into (51), we have for the value of e*: e* 
=0.76, which value is in good accordance with the Frohlich’s value of e*=0.83. 


The author takes great pleasure in thanking Professor T. Muto for his suggestion 
of the problem and his helpful advice throughout this work. 


area (1—e*)2r=al 744 aioe eat (51) 
3 
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In the present paper we investigate the nature of equivalent observers (hereafter to be designated 
as E.O.). The idea of E.O. is very important in relativistic theory. As a result of this investigation 
it is found that we must introduce a new idea of E.O. diferent from the E.O. hitherto employed to 
treat various phenomena in physics. First we show the existence of two kinds of E.O. in our sense 


and then study their properties briefly. 


§ 1. Introduction 


The concept of the equivalency of observers is one of the most important ideas in 
relativistic theories. In fact, the principle of special relativity 1s nothing but the assertion 
of the equivalency for observers moving uniformly relative to each other, and the principle 
of covariance in general relativity is simply that of equivalency for all observers moving 
arbitrarily relative to each other, though the meanings of the term ‘“‘ equivalency ” used in 
both cases are not the same. Also, it is well known that Milne’s “ Kinematic relativity ” 
is based on his excellent idea concerning E.O.” 

We shall at first analyse the properties of E.O. commonly used. This analysis leads 
us to introduce a new concept of E.O. different from those hitherto used (§ 2). Next 
the properties of coordinate transformations between these E.O. are investigated and the 
characters of equivalency of physical laws under these transformations are studied (§ 3). 
An example of the method to determine such E.O. is shown in § 4. After that, two 
kinds of E.O. are obtained by this method, their properties are studied briefly and the 
explicit forms of the coordinate transformations between E.O. are obtained. In this manner 
it is found that Lorentz transformation, Sibata’s transformation in wave geometry, Page’s 


transformation in his ‘“‘ New relativity’, etc. are contained as special cases in our trans- 


formations. 


§ 2. Equivalent observers 


In general relativity which is based on the principle of covariance, any physical law 
must have an invariant meaning under any coordinate transformation. Thus it is required, 
that all physical quantities are represented by the tensor quantities which 
dinate transformation and that the physical laws 
Therefore the general 


in general relativity, 
preserve definite meanings under any coor 
must be expressed as the tensor equations concerning these quantities. 
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theory of relativity is the most general one from the standpoint of the equivalency of the 
observers. But the idea of the covariancy of the physical laws in this theory is so se 
prehensive that it even requires its validity for the coordinate transformations of no physical 
meaning. 

In this paper we intend to investigate the equivalency of observers connected by te 
transformations which correspond to physical reality. Lorentz transformation in special 
relativity is indeed one of these transformations, but as is easily seen, it is impossible to 
treat all physical phenomena in the scope of special relativity. For example, this theory 
is not applicable to the phenomena in the presence of a large mass. Also it is not 
unquestionable whether we can apply the idea of E.O. in quantum physics just as in 
classical physics, since, for instance, the quantum mechanical disturbance is caused by the 
observation. Moreover, it is not ensured perfectly that we can represent the whole features 
of the quantum mechanical objects by using only Lorentz invariant concepts. For example, 
if we try to describe the inner structures of elementary particles using some non-local model 
(in the widest sense), a question arises whether Lorentz invariance is required for such 
model, or not. 

Therefore it is desirable to construct new theories appropriate for the physical pheno- 
mena which cannot be treated either in special or general relativity. For this reason we 
shall first change the concept of the E.O. into a new one. In ordinary theories it is 
required that the E.O. have the equivalency for all physical laws. As is mentioned above, 
however, it is not without doubt to believe that there exist the observers which have such 
wide equivalency.. Hereafter we shall only deal with such E.O. that are equivalent with 
each other with respect to ‘‘some”’, instead of “all”’, definite physical laws. 


§ 3. Coordinate transformation between equivalent observers 


It seems valuable to examine the situation of Lorentz transformation in special rela- 
tivity before we study the problem of coordinate transformation between E.O. in the new 
sense. In the special theory of relativity, though observers moving uniformly relative to 
each other are equivalent, mathematical expressions of the physical laws for such observers 
are not the same if they choose their space-time coordinates arbitrarily and independently 
of each other (e.g. if one takes cartesian coordinate and another takes polar coordinate for 
the space-frame), because the laws are not invariant under such general transformations. 
Only when each observer uses the coordinate in which < = — dx? — dy? —d2? + dt holds 
the mathematical expressions are invariant (more precisely, form-invariant) under the Lorentz 
transformation of ordinary form. 

The idea of the form-invariancy of mathematical expressions was studied in detail 
first in relativistic cosmology with respect to the metric of the space-time.” Now we shall 
use it not only for metric but also for physical laws of interest. Then every E.O. must 
take a space and time coordinate system of the same kind so that the coordinate variables 


may have the same meaning in each system, otherwise the requirement of the form-invariancy 
of the physical laws should have’ no meaning. 
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Now we shall study the characteristic features of these transformations. Firstly from 
our new definition of equivalency it seems natural to assume that the transformations form 
a group (& just as Lorentz transformations in a wide sense form the full Lorentz group. 

Next we shall examine the converse problem: whether or not we can define B.Q. 
when a group of coordinate transformations is given previously. In general we can find 
some invariant relations under (, then the physical laws to be defined by © must be 
expressed by these invariant relations. If the elements of have real physical meaning, 
we can consider that the observers connected by the elements of ( have physical reality. 
In this case we can define E.O. connected by the elements of G. 

Consequently we can conclude as follows. We assume that transformations between 
E.O. form a group ©. And then we do not regard the set of observers as equivalent 
when the transformations connecting these observers do not form a group. When the 
relative motions of the coordinate systems connected by the elements of any given G 
correspond to physical reality, we can define E.O. Therefore we have the following two 
ways to construct the theory of E.O.: 

(i) When the physical laws for which the form-invariancy is required are 
known previously, we have only to search for the transformations which keep the 
mathematical expressions of these laws form-invariant, 

(ii) When the transformation group © ts given previously, we have only to 
determine the invartant relations under © by which the physical laws are defined. 

The main contents of the following are to determine the group of coordinate trans- 


formations connecting E.O. by using the latter way (ii). 


§ 4. Postulates for equivalent observers 


In the following sections we shall define two kinds of E.O. and investigate their 
properties. For this purpose we shall study the structure of the group formed by the 
transformations connecting these observers. 

At first we shall examine the properties of the elements of . We can classify these 
elements according to the relative motions between coordinate systems as follows : 

(a) Transformations between coordinate systems which are relatively a¢ rest. 

(b) SaaS 3 . 2 7m motion. 
Hereafter we call a transformation belonging to (a) the frame-transformation. We shall 
assume that any frame-transformation is the coordinate transformation between the coordinate 
systems employed by the same observer and vice versa. Then any transformation belonging 
to (b) can be regarded as transformation between coordinate systems employed by different 
observers and vice versa. 

Now, if there is a set of frame-transformations which form a group (,, in general 
we can find some physical laws form-invariant under this group. In this case we shall 
say that “the systems connected by this @, are equivalent with respect to these laws.” 
Then if there are some transformations connecting different observers which also keep form- 


invariant the mathematical expressions of these laws, they must form an enlarged group 
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together with the given frame-transformations. 

Therefore we shall first assume the form of the group (%, and then shall proceed to 
construct the whole group by using some suitable postulates. In the following we shall 
deal with two kinds of E.O. whose @, are given by (i) the group composed of the 
motions in three dimensional Euclidean space and the translation of time, and (ii) the 
group of the three dimensional rotations. We shall call these two kinds of observers He 
L.O. of the first kind and the E.O. of the second kind respectively. 

Now we shall give our postulates for E.O. of the first kind. We shall start with : 
(P.1) Any “£0.” Mis furnished with a three dimensional “ spaceframe” S with 
origin M and a one dimensional “ time-frame” T, and can give one and only one 
set of space coordinates (x,y,z) and time coordinate (¢) to any “ point event” E to 
within frane-transformations. 

By this postulate the observation of & by JZ is simply that M gives one and only 
one set of four real variables (i.e. coordinates (4,7,2,4)) to &. Here, we shall not touch 
on the problem of observation, i.e. “ How we can make one to one correspondence between 
E and (%,y,2,0)?”, though it is a very important problem in physics. 

Let MM and M’ be any observers, and E& any event. If (2*) and (%’'), where 7= 
1,...,4 and +,y,2,c==2',...,24, are coordinates of E given by M and J’, we have 


geef'(a)), 10277 Ox laeO) Gye Ay, (4-1) 


from (P.I). 

(P. Il) Any observer M can observe all other E.O. and they are moving relative to 
M,. 

Hence there are no E.O. at rest relatively to each other. 

(P. Ill) The group of frame-transformations S, is given by 


the rotations R,=20,—V0,, R,=x0,—20,, R,=70,—x0, (4.2) 
and the translations ee Nt ON ene f= (4.3) 
of space-frame Sy of M, and the translation U=d, (4.4) 


of timeframe Ty of M. And this &, forms a continuous group of transformations 
together with the set of transformations given dy (4-1). 

In ordinary words this postulate corresponds to the fact that the space-frame of JZ 
is isotropic and homogeneous and time-frame of J is homogeneous from the standpoint 
of the group ©. 

(P. IV) Sf Mand M' are any two E.O. they make radial motions relative to each 
other and, furthermore, if M observes any E on the straight line MM’, then M also 
observes the E on the straight line M’M independent of each time coordinate t and t'. 

In this postulate the “ straight line” means the set of all points invariant under any 
rotation of S,,. Hence its analytical expression is the same as that in ordinary Euclidean 
geometry. 

These are the whole postulates which we put for our E.O. of the first kind. Tf we 


take Lorentz transformation or Galilean transformation as (4.1) the four postulates are all 
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satisfied. But the contrary is not necessarily the case. These circumstances are made clear 
in due course. 


§5. Analytical expressions of the postulates 


In this section we shall give the analytical expressions of the postulates for our set 
of E.O. of the first kind given in the last section and shall obtain the equations which 
we have to solve in order to determine (. i 

Let M7 and J’ be two arbitrary E.O. From (P. III), we can take ry-axis (i.e. 
Yu=2Zu=0) so that J’ lies on it by making suitable rotation of Sy. Then by (P. IV) 
M’ moves on # y-axis relative to JZ Similarly we can. rotate Sy’ so that 7 moves on 
4 "-axis relative to J/’. If we assume that JZ and JM” are infinitesimally near, (4.1) 
becomes an infinitesimal transformations. Let 


P,=4(%,9,2,0)0, +8 (4,952,0) 0,+ 7(4,9,2,2)0,+ 6(4,.9,2,t) 0, (5.1) 


be its symbol. Of course u,...,0 are assumed to be regular in the domain of interest and 
their partial derivatives to be finite at +=y=z=0 and ¢=¢ as in ordinary theory of 
continuous group. From (P. IV), we have 


B(4,0,0,2) =7 (~,0,0,2) =0, «4 (0,0,0,2) aeconst., so « (O30;0750) =U: (5.2) 


Denoting the rotation «/=y, y'=7, 2!=x by R, and putting P,=Ro'P,R, and P, 
=R,'P.f,, we have 


Po=7( 142,40)0, + 4( 2,4 t) Oy + B2,4,0) 0. + 9 (92,40), 
and P3=B(2,4,jst) 02 +7 (2:4, Ist) Oy + a(2,%, Ist) 0, +0 (2,44I st) Or. (5.3) 


Evidently P,(or P;) gives the transformation between JZ and its neighbouring observer 
M" (or M1") situated on the y5,(or 2y)-axis of Sy. Combining these transformations 
we can obtain the transformation between J/ and its neighbouring i, in any direction 
relative to MZ The postulate (P. III), accordingly, becomes the requirement that ten 


operaters 
US eS eit Ie a) AES Are MA ae OND aS cr at (5.4) 


form the group (. As is well known, the following relations hold for the sub-group of 
frame-transformations (S, : 
(Re Sey (Ey, LO Rao e, Las 


(5.5) 
(RuV)=0, (TnV)=0, (a,b,c=1,2,3), 


where €”” is antisymmetric in all indices with €!%—1, and summation convention is used. 
A necessary and sufficient condition that (5.4) form the group is that the Poisson 
operators (U/,/’,), (ZinPs)- and (P,,P,) be linear combination (with constant coefficients ) 


of (5.4). Hence to determine (S we have only to solve these equations. 
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§ 6. Concrete forms of P, 


As is easily seen, we can obtain 


CEP?) =i( x, 9,20)02.+2 (4 Yj8st) Oy 47(4, I 2st) 0. 4.0(x, ,2,0)9,, (6.1) 
(TEP ra (0, 3) 02+ (0.81) Oy + (0.71) 02+ (0. 04) 9» 
(Genes) = (0, 2) oe a (0,49) Ad,+ (0,2) O.+ (0,5) Ons (6.2) 


Cie) =e (0, Bs) ae (0.73) Oy or (0,43) 9. = (9,05) On, 

(Ry?) = (2A) 9. + (Ry8i—71) Oy + ( Rit Bi)0.+ (K0;) 9, 

(R,,P2) = (Rife)0.+ (Ryts— Be) Oy + ( (R,Po+ dy) 02+ (R05) d;, (6.3) 

(RiP) = (2,85) eer (Rifa—) Oy+ (R,a3+7s) On+ (2,95) 4, 

(P,.Ps) = (Air g— Potty) On + (Pta— PoP) Oy + (P,P .— Pos) 0.+ (Pi92— P20) Or 

(6.4) 

and those obtained from these relations by cyclic change of x, and =, where a dot means 
derivative with respect to ¢ and =4(4,9,2,0), =4(9,2,4,0) d,=ue,xyt), evc.. Next, 
by putting these Poisson operators as linear combinations with constant coefficients of X,, 
T,, U and P,, we have 24 sets of simultaneous equations. Each of these sets is composed 


‘of four partial differential equations of the first order containing ten undetermined constant 


coefficients. For example, the sets obtained from the third of (6.3) is given by 
R B,=aa,+ byot+chs—fet+ sy ts, 
Rifs— 6g = O8 + O04 C7, BX Hee + mM, 
Rig t73= A714 68.4 co,—ey +fxe+n, ayes 
R,0,=a0,+ 60,+¢0;+ 2, 
where @,0,¢,...,6 are undetermined constants. 


Using the relation «(0,0,0,7) 3:0 which is obtained. from (5.2), and the equations 
obtained from (6.1), (6.2) and (6.3), we have the following relations : 


a=Lp+t, R=ryot+26, y,=x2p—y0, 0,=x0 + p, (6.6) 
where 0,7,7 and o are arbitrary functions of r== V (a+ 9"+2") and /, and £ is an arbitrary 


constant. (We shall omit the details and give only the outline of the calculations). Then 
by rewriting ?,—~U as P, anew and using the remaining conditions we have: 


=O9 0 = 9 5a6 =o =U, ae 0.7) 


in the case of oO, where a(3=0), 0(350), g and g’ are arbitrary constants. Rewriting 

P,—9q7,—q'R, as P, again, we have t=at, 0=0 and o=6(a,b%0). When o=0, in 

the same way, we have t=exp(a/) and 06= o—p=—0. 
Summarizing the results we have : 

Theorem 1. The most general form of P, in order that R,, T,, U and P, form a 

group is given by the following three types to within the transformations of Sy (ie. 
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Srame-transformations) : 
[a] P,=10,+ 4x0, (a being a const. <0). 
In this case, it follows that 
Peleras Ke (hak) =e P, (OP) = Te CoP a0. 

[b] 10. 
In this case, it holds that 

(Fey {Tal =9, ~(RaP JH P53 (OP) = Te 
This type is obtained from |a] by putting a=O0. 
[c] P,=exp(at)d,, (a being a const.%0). 
In this case, it holds that 

PLIES IPR a One 0 Let ie ha Gate ge CLE) Ey aoe 


It must be noted that in case of [a] P,, Ps, and P. cannot form a sub-group of G 
by themselves alone. This situation also holds for Lorentz transformations i.e. three trans- 
formations 1,=20,+ (x0,)/c?, L,=0,+ (yd,)/c. and £,=10.+(20,)/C in x-, y- and 
e-directions respectively cannot form a group by themselves.. They only form a group 
together with X,,.” 

From the standpoint of E.O. theorem 1 can also be expressed in the following way : 
Theorem 1’. 7%e most general transformation of coordinates between two E.O. M 
and M!' satisfying our postulates is given by the three types in the theorem 1 provided 
we rotate Sy and Sy, so that the straight line MM’ coincides with x-axes of both 


spaceframes. 
Now, we can easily obtain the following finite form of three transformations : 
Es i orn ea dnt Le 
Vv (1—al*) Vv (1—al’) 
i geecee ek 00g 9, eee 7, 


fe’ |: a’ =x—V exp(at),. y=", #=2, Ut, 


where |”’s are the parameters of the transformations. : 
In each case if we regard (4,y,2) as cartesian coordinates as usual we may interpret 

the three transformations as follows : 

[a’]: This transformation was obtained by Ignatowsky and by Frank-Rothe from another 

standpoints.” When a=I/c’, it becomes Lorentz transformation and when a@a31/c’ its 

physical meaning has not yet been determined. 

[b’]: This is nothing but Galilean transformation. 

[c’]: In this case, as in [d’], there exists universal time. Relative velocity of the E.O. 

(i.e. the origins of the coordinate systems connected by this transformation) is proportional 


to their. relative distance: 
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[ax /at\ pg = ale ane (6.8) 


Therefore if we take this @ as Hubble’s constant tentatively, the relative motions of the 
observers satisfy Hubble’s velocity-distance relation concerning nebulae. As is well known, 
however, in order to investigate the problem of the Hubble’s relation we must establish 
a theory concerning the propagation of light. Here we cannot enter into this problem 
further. But it may not be meaningless to compare the properties of this transformation 
with those of Milne’s theory in ¢measure.” Main differences are as follows : (i) In his 
theory there exists no universal time in ¢-measure contrary to our case.* (ii) Natural 
origin of time (i.e. the time of coincidence of the observers) is =O in his theory, while 
= —co in our case. (iii) The proportional factor corresponding to Hubble’s constant is 


1/t¢ in his theory, while pure constant @ in our theory. 


§7. ds form-invariant uader © 


In § 2 we required the form-invariancy of the physical laws for E.O. From this 
point of view, if we introduce four dimensional Riemannian metric in our space and time, 
we ‘may consider the form-invariancy of the metric. Hence in the following we shall 
determine the four dimensional Riemannian space ]7, whose metric is form-invariant under 
the group %. Group theoretically, this problem is to determine [7,, which admits as 
its group of motions. Now, as is well known, the condition that 7, admits Y¥=¢'d, as 
a motion is given by Killing’s equation 


ht 


gt BE m4 OF 4 OF 90, aye Taner) (7) 
POE CO Nasa PE LO tha ici 


where g7,, is the fundamental tensor of the l’,. 
If we use KR, as X, we have . 
de =g dedi =p (dx? + dy" + dz’) + («dx +ydy + 2d2)* 
+20(rdx+ydy + edz) at+ dat’, (7:2) 


where p,/,0 and ¢ are any functions of 7 and 7¢, and this is the well-known formula for 


spherically symmetric space-time. Next by using 7), and (7, we know that these functions 
must be constant. Finally using [a], we have 


d= (de +dy'+d2—(l/a)de), (p=const.), (7.3) 


as the general solution, which defines a Minkowski space-time. 

On the other hand, “in case of [b] and [c], we can easily show that there exists no 
Si; satisfying (7.1). Therefore if we take a four dimensional space-time and assume the 
form-invariancy of its metric under the fundamental transformation group © of our E.O. 


of the first kind, we have only to consider the case of [a] for which the desired space- 
time is given by (7.3). 


Universal time can exist only in r-measure in Milne’s theory. 
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§ 8. Equivalent observers of the second kind 


In this section we shall treat the E.O. of the second kind stated in § 4, ie. those 
defined by the postulates (P. I), (P. IL) and (P. IV) in § 4 and 
(P. Il’) The group of frame-transformations Sj is given by the rotations (4-2), and 
this S forms a continuous group YS! together with the transformations given by (4-1). 

From the standpoint of the group (%’, therefore, E.O. of this kind have not, in 
general, the propérties of spatial and temporal homogeneities though they have spatial 
isotropy. 

If we make similar considerations as in §5 and §6 with respect to transformations 
between E.O. of the second kind, we have (6.6) as the general solution of the equations 
obtained from (X,,7,). Then substituting this into the equations obtained from (/,,/,), 
and rewriting anew some suitable linear combinations (with constant coefhcients) of /”, and 
R, as P,, we obtain the following theorem : 

Theorem 2. Ze most general transformation between two E.O. of the second kind is 
given by the following one provided we rotate Sy and Sm so that MM" coincides 
with x-axes of both Sy and Syp: 


P= (4 p+7)0,+19/0,4+4200,+ 400, (8.1) 
where p,t and o are arbitrary functions of r and t satisfying 7 

pt—{(yr?+7)/r}t'—ot=a, (8.2) 

(t)pao2 0, t’=dr/dr, (a ts any const.), (8.3) 


and for (8-1), it holds that 
CP Pacer Ron Kaley Le (8.4) 
If we put further assumptions on P,, we have some interesting results as follows : 
(i) If we assume y/=y and 2/=2 ice. B=7=0, we have 
P,=10,+ 208, with tr!/rt+ot+a=0, (7) %0. (8.5) 


(i,) If we put 7=7 in (8.5), P; becomes a transformation of the same form as Lorentz 


one. 6 
(i,) Next, if we put r= ( pet +ge")V (1-kr), a=h( pe"— ge") (VW (1— Rr’) and 
a=4k' pq where k, p and q are arbitrary constants, (8.5) is satisfied and we have 


P= (pel + gen#) VW AEP) 8e+ {ht (pe — ge) }/VA-#PF), (8-6) 


which was obtained by Sibata in his theory concerning the observation in cosmology in 
terms of wave geometry.” In his paper it is made clear that JZ’ moves away from J7 
with velocity proportional to their relative distance, and various properties of this trans- 


formation are also clarified. 
(ii) If we assume that «9,7 and 0 are functions of 2 and ¢, we have 


P,=7(0)0,—{ax/(dt/dt)}9, (8.7) 
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properties of which will be clarified later using its finite form. 
(iii) When c-=—(7?+7), p=2, ¢=2¢ and a=0, we have 
Py=(#-—7—2—L£)0,+ 240, +2420, 4+ 2x10,. (8.8) 


This transformation was obtained by Page in his ‘“‘ New relativity’ under the assumption 
; ; ere 5 
that relative motion between observers is of constant acceleration (in his sense ).” 


(iv) Putting c=e7"— 27°, p=2h, o=—2k and a=O0 where & is a constant, we have 
P= {oe — (9? — 22”) }0, 422290, +24 120,—2h401, (8.9) 


which gives a motion of de Sitter space-time in some coordinate system.’ In the same 


way, by taking t,0,0 and a@ suitably we can obtain 


DZ po 8 
2kR (ht poe )p. is kay oa, 4 Pre my 4 x Bra a) 
! 4k 1 oe ae RU +7/4R?) 
R Dae BY a2 x 
: ree Ue a+ 3, +2 3, —- 4, 8.11) 
x U 4k? ) Diet + -2he RU+7/4R?) * 


where A==c"'4¢~-". These are motions of de Sitter and Minkowski space-time in some 
coordinate systems respectively. Properties of these transformations were studied by one of 
the present writers. An example of the transformation which satisfies (8.1) and (8.2) 
but does not satisfy (8.3) is given by 


ae) oe, re 
(i- Lee Jock a: Ds, (8.12) 


which gives a motion in the space-time of relativistic cosmology”. 
Next, we shall deduce the finite form for ?, given in theorem 3. To do this we 
have only to solve 


tx! 2 
woe teret), B=a'y'p@'£), 
du ti 
(8.13) 
Pa / 
é eS CCN es ees (Cale OF 
au au 


where w is the parameter of the transformation and 
er tet) —[ oe tr? +772) }/7' |r t’)/0r’) 
—a(7',t') (dz (7,2) /at’)=a . (8.14) 
under the condition that #’=2, y’=y, s’=¢ and z’/=¢ for u=0, From (8.14), we have 
Yl 2 OME TAGE ee ee Or ree Oates) 


9 


J g ax’ +77(%,f) oa "ft a(rt) 


(8.15) 


Hence expressing x’, y’ and 2’ as functions of 7’, substituting this into the last of (8.13) 
and integrating it, we can obtain the desired. finite form of P,. Though the calculations 
are complicated in general, we can obtain the results easily in some special cases. For 
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instance, the finite form of (ti) is given by 


ee lay arn = Bn ale (8.16) 
¥(l4aV)” J(1+aV) 
where V7 is the parameter suitably chosen. In this transformation ./’ moves with arbitrary 
acceleration relative to AZ by virtue of the term t(¢). Hence by making use of this 
transformation we may construct a relativity of relative motion with arbitrary acceleration. 
If we regraduate time-frame by 7(¢)=7 and use 7 in place of 7, (8.16) is reduced to 
the transformation of Lorentz type. We may regard this regraduation of time as a frame- 
transformation, but it is not contained in (/. Thus the meaning of the transformation 

(8.16) is different from that of Lorentz transformation. 
We can make considerations similar to those in § 7 with respect to the E.O. of the 
second kind. 


§ 9. Conclusion 


As a result of our investigation it is shown that there exist various kinds of E.O. 
and the main problems concerning E.O. can be classified into the following three : 

(1) How to define various kinds of E.O., 

(2) » How to find the forms or properties a the coordinate transformations between 
E.O., and 

(3) The problems concerning the physical laws represented by the invariant relations 
between E.O. og 
In this paper we have treated (1) and (2) mainly, and concerning (3) we have paid 
only a little attention. 


Lastly we have to mention that the problems concerning the “ observation” and the 


oe 
“structure of the physical space and time’”’ are interwoven with the problem of E.O. But, 
as a first stage of investigation, we have only dealt with the problem of E.O. which can 


be discussed separately from the other two. 
The writers are grateful to Proffessor Y. Mimura, director of the Real Institute 


for Theoretical Physics, Hiroshima University for his helpful discussions. 
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Temperature effect through Boltzmann distribution on the position and the shape of parama- 
gnetic resonance lines is studied on the assumption that the lattice structure is-rigid. General 
formulae for the moments of any order are derived in the form of traces which can be interpreted 
physically as temperature averages of the quantities represented by the relevant operators. The 
explicit expressions for the zero-th, the first and the second moments are given on the basis of the 
one-ion approximation for the density matrix involved in the tempSrature average. As examples, 
applications of the formulae to the case of electronic-paramagnetic resonance in the system of 
equivalent free ions and to that of nucleat-paramagnetic resonance in electronic-paramagnetic crystals 
are discussed. 


§ 1. Introduction 


The variation of temperature produces many effects on the paramagnetic resonance 
absorption. There is good reason to believe that such a rather large change of the small 
crystalline splitting as is observed between room and helium temperatures in nickel fluo- 
silicate crystal’, is due to the thermal expansion and deformation of the crystal structure. 
The thermal motion of the magnetic atoms in crystals, especially through magnetic interac- 
tions, changes the shape of the absorption lines. This effect is observed in the nuclear 
paramagnetic .resonance and utilized for the study of phase changes of crystals”. Further- 
more, when the spin-lattice relaxation phenomena have appreciable contributions to the 
broadening of resonance line, it is expected that the absorption line width changes con- 
spicuously with temperature”. Apart from the effects mentioned above, however, the 
temperature has effects on the magnetic resonance lines through the Boltzmann factors 
involved in the expression of absorption intensity, even when we are allowed to assume 
that the lattice structure is rigid. The last effect in particular will be investigated here in 
detail. Our method of attack is to calculate the moments of the line shape function. 
The essential advantage of this method is that it enables us to write the moments in 
the form of traces and these in turn can be calculated by using the one-atom wave 
functions. Waller? used already in 1932 this method in deriving the expression for the 


mean square frequency of spin absorption in the absence of any external field. Then in 
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order to dispose of the problem in the presence of initial splittings and external magnetic 
field, the idea of semzi-diagonal and non-diagonal part of the hamiltonian was introduced 
by Broer® and developed in greater detail by Van Vleck’ and the followers”. 

In Van Vleck’s classical paper” on the dipolar broadening the last mentioned effects 
of temperature were neglected ; his treatment will be seen later as corresponding to the 
limiting case of very high temperature. The same effect has been considered by Pryce and 
Stevens” briefly. Their procedure is to expand the Boltzmann factor in powers of 1/kT. 
Then the moments can be written as the sum of the traces. They have given, however, 
the explicit expression only for the area in general form, the reduction of which to more 
convenient form for applications has not been performed. Also they have given only 
sketches of their procedure. Our treatment of Boltzmann factor is somewhat different from 
theirs as will be seen below. 

General expressions for the “moments of any order are obtained in the form of 
diagonal sums or traces of some operators which can be interpreted as the temperature 
averages of the operarors. Then, making use of an approximate form of the density 
matrix we derived more convenient expressions for the zeroth, the first and the second 
moments. 

These general formulae are applied to two special cases : firstly, to the case of electronic- 
paramagnetic resonance in the system of free ions, 2.¢., ions with completely degenerate spin 
multiplet, and secondly to that of nuclear-paramagnetic resonance in electronic-paramagnetic 
crystals. The effects investigated in the first case are very small at high temperatures and 
expected to become appreciable only in low temperature region. However, the experimental 
evidences for the effect are not yet available. As for the second case, the appearance of 
many lines in the proton resonance at helium temperatures in copper sulphate single crystal 
found by Bloembergen”, is a typical example of the resonance line shifts, which can be 


treated rigorously by our present formulae. 


§ 2. General description of the structure of energy levels 


As was stated in the introduction, we assume the crystal to be rigid. The general 
form of the hamiltonian § for the system of spins in the crystal under the influence of 
constant magnetic field // can be written as 


§=NW4+ DDT, (1) 


t<j 


where V7, is the energy operator for the isolated 7th spin including the Zeeman energy, 
which we may term as ove-ion encrgy, and 7;, denotes the spin-spin interaction between 
the #-th and 7th spin and is usually considered as being additively made up of exchange 
and magnetic dipolar interactions. The eigenvalues of the hamiltonian > cluster usually 
about the centers which are obtained by summing up the energy eigenvalues of the individual 
spin without taking into account the interaction between themselves. 7.c., the eigenvalues 
of the one-ion energy term S}/I’;, As the first approximation, therefore, we shall retain 
— only that part of the interaction which commutes with the one-ion energy term ))/V%;. 


304 K. Kambe and T. Usui 


This we call with Broer” the semi-diagonal part of the interaction. This part can be 
diagonalized simultaneously with the one-ion energy term, so this selection corresponds to 
the first order perturbation process. The semi-diagonal part of 7;, can be constructed by 
some suitable projection operators’””’. 

It may be remarked in passing that the term “ semi-diagonal” will be used with 
favour to indicate that part of the operator concerned which commutes with the one-ion 
energy term >!/V, and will be denoted in the following by the bar on the operator. The 
eigen-states of the semidiagonal hamiltonian will be distinguished by the symbols 7, 7’, 
steees , and their proper energies by £,,, £,,,-----*, respectively. 

Let, for example, all the paramagnetic ions be equivalent and the eigenvalues of the 
spin multiplet I”, be €,,¢.,---€,, in increasing order. We assume here, for the sake of 


simplicity, that they are non-degenerate. The eigenvalues of the one-ion energy term are, 
then, given by >)Vue., where /V, indicates the number of spins which occupy the level 
1 


€,, and they are N'/ITN,!-fold degenerate, ‘respectively, where V=}3)/V, is the total 


number of spins in the crystal. When the semi-diagonal interaction >)7;; is introduced 


j 


7<J 
thereto, these VV!///,! degenerate states couple only within themselves, and the energy 


— 


levels split but cluster about the original position 4!/V,¢,. The non-diagonal interaction, 2.c. 


Ste 4j-Li;). would have coupled these otherwise separated clusters, but only s/zg/i/y, as 
eeoumned The resonance line to be observed as the v<-—> transition consists of fine- 
structure components which combine each of the levels belonging to (V,, ,,...lV,,...V, 
...V,,) manifold and each of the levels belonging to (QV iglV 5-2 Vg aa Veale hag 
manifold, where we may call these two clusters of levels neighbor clusters. 

In case of the system of free spins with quatum number S, which will be treated in 
Section 4, Case I, eigenvalues of the one-ion energy IV are equally spaced and moreover 
allowed transitions are those between neighbor clusters, so that all the transitions make 
equal jumps. This results in a strong resonance line with the frequency at ¢3H//h, which 
is usually called Larmor line. The improvement of the approximation, namely the inclusion 
of the non-diagonal part of the hamiltonian and the consideration of higher order perturba- 
tions, would afford subsidiary absorption lines, 7.¢., the broadened weak lines with frequency 


centers at 0,298/7/h, 3g8H/h. (See Broet® and Van Vleck.” ) 


§ 3. General Formulae for the Moments 


When the paramagnetic crystal is placed in a weak oscillating magnetic field, it will 
make transitions between its eigen-states. This is caused by the parturbation energy 
— (Magnetic moment) - (oscillating field). We are treating here the field classically and 
therefore neglect the spontaneous emission processes, which simplification is justifiable in 
the current micro-cvave experiments. The probability for the single transition 7-+! per 
unit time when the working field is spectrally continuous is given by 


yy io) ” 
sal | (ve| AL |e") |°2e,, 
A 
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where JZ is the Operating Component of the magnetic moment vector, its circumflex means 
that it has been freed from all the matrix components that are irrelative to the one-ion 
energy transition concerned, J7 being assumed to be a sum of the one-ion operator M,: 

=)):7;, and u,dv is the energy in the high frequency field per unit volume in the 
frequency region dy about v=L£y,—F£,|/h. According to (1), the probability for the 
transition 7 —>7' is equal to that for the inverse transition /—>. The non-vanishing 
absorption results, therefore, only from the higher population of the lower level. To 
formulate this situation quantitatively, we first define the absorption coefficient A,., (v) : 
the amount of energy absorbed by the crystal per second in the frequency interval between 
y and v+ dy should be A,..(v) 7,4. Then taking account of the Boltzmann distribution 
at temperature 7, we easily obtain the expression for 4,,, dv: 


= OF Bs ers 3 (exp(—Z,/47) —exp(—E,,/hT) spill Clg hay (n| Mn’) fey ea 
where the second summation 3774 should be taken by definition over only those of 7 


which are consistent with the condition hy<F,,, — E,<h(v+ dv), and Z is the partition 
function of the crystal and can be expressed in the form of trace: 


Z= > 'exp(—£,/kT) = Tr (exp(— §/AT). (3) 


We shall here investigate the functional form of the more frequently used quantity z’’(v), 
the imaginary part of the high frequency magnetic susceptibility, which is related to the 
above defined absorption coefficient A,., by 


A,oe = 87E vx", (4) 
Then we have instead of (2), 
x" ZS exp By/kT) exp (— E/T) 3" | (n| Mn’) (2’) 
Z n ni 


If we could solve the eigenvalue problem of § completely, we could have a full 
knowledge of the functional form of y'’(v) directly from the formula (2’). However, 
since the solution of this problem is out of the question, we are forced to turn to calcula- 
tion of the moments of 7’ which are really obtainable in the form of diagonal sums of 
certain tractable operators. . 

The zero-th moment, which is sometimes called the areca, is by definition 


(70 dv— eae (exp(—L,/47’) — (exp(— Fur /kT))| (m| Mn’), (5) 
0 Z n at 


where the second summation >'* is to be taken over 7’’s which satisfy the condition £,,, 


>, To avoid this restriction upon the summation over 7’, we introduce the operators 


I, and MM. which are defined on the strength of {-representation as follows: 


Resi forsF SLns (6a) 


, otherwise ; 


(nit .\n) =| 
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and 
* ve (n| Mn’), for “En tim 2 
(n HE-\x) =| 0) , otherwise.; - (6b) 
so that M=M, + M. : (6c) 


These operators enable us to transform the expression (5) in a trace form : 
as, 
kT 


(lav £25155 (emp (Sot Ca ME In!) OFA) 
0 Z n ni 


ar) (n! | M,\72) (n|M_|n’)) =s Z~ Tr(exp( —§/kT) [m7_,M.]), (7) 


where and hereafter the square bracket means the commutator of the two operators involved : 
[ A, B\=AS—BA. 


The last expression, however, means physically the statistical average of the operator (z/h) 


o/s M,) at temperature 7, which we shall indicate with the symbol < > ,/: 
[-v'a= <= (ML, M.\> 9. (7') 
0 1 


The advantage of such a trace form is that the invariance of the diagonal sum makes it 
unnecessary to know the stationary states 7.... Instead the trace can be computed, in an 
arbitrary system of quantization, most conveniently one in which JJ’;'s are individually 


diagonalized (one-ion observable representation ). The usefulness of the formulae (7) may, 


therefore, be decided whether it is possible to define the operators M, and J/_ in terms 


of the one-ion observable representation. According to the level scheme explained in Section 
2, the energy £, of an eigen-state of is the sum of an one-ion energy sum and a semi- 


diagonal intetaction energy term. In case of the resonance absorption 7 should have matrix 
elements only between such states as have the energy difference in the one-ion energy sum. 
Since the interaction energy is smaller than this difference, as assumed, the superiority in 


the one-ion energy sum necessarily entails the superiority in the semi-diagonal energy, when 


we are comparing the semi-diagonal energies of states. Therefore it is quite practicable to 


construct the operators J7, and J/_ on the basis of one-ion observable representation in 


case of the resonance absorption. For example, we take up again the system of equivalent 


For this system, the one-ion energy can be written as }'/V,¢,. When 
a 


we observe the resonance absorption corresponding to the u<-—>/ transition, JZ should have 
matrix elements only between states which have energy difference ¢,—¢, in the one-ion 
energy sum, where we assumed. ¢,> §;. 


paramagnetic ions. 


When we introduce the projection operator /,; for 
the states, in which the 7-th ion must have ¢, as the one-ion energy, and the operators 


M,, and M_,, which ate defined by Pi; WM; Ps; and P;; M, P,; respectively, we can define 
M, and W/_ by TM, ; and Sie respectively. 


In contrast to the above case, these 
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53 ; . iy 
perators are unmanageable with the one-ion representation in case of those non-resonant or 


“s r 2 4: / : ge: k 
oes lines (the spin-absorption) which are experimented extensively by Dutch 
school™. 


The first moment can be derived straightforwardly. In this case it is quite unnecessary 
to use MW, or M_. From Eq. (2), 


ai vitdv=s ZS (Eu —E,) (exp (—Bn/AT) —exp (—Eur/kT)) X 
x |(n| A0\n") |? 
27 (E,,—E,) (exp(— £,/2T) —exp(—£,,/kT)) x 


x | (| \n') |? 


= SZ Tr(exp(—9/AT) MLS, ED) 
A/l 
7 See ay 
75, {© M)\> vr. (8) 


“ zero-frequency ” 


It should be specially remarked here that Eq. (8) is practicable also in the 


case. 


. - . . aS Ay 
In order to derive the second moment, it is again necessary to use M, and M_: 


Lin 1 Wy |? 
oo ere )| 


nt)” 


je\ vey" d= TZ 3 + 
0 h nn 


= 42> Tr(exp(—9/4T) (LIZ, 8) 8.42.T) 


=" (1, HIL9, MN) o- (9) 


It may be possible to foresee how to generalize these formulae and how the M, and 


M. operators are to appeat in the expressions for the moments of even order in contrast 


with those for the moments of odd order which involve only the M operator. The derived 


formulae can be written compactly as follows : 

(aye flav=F (LUI, SVG, Mo (10a) 
a 

(yrigt= Fit 94 { 8, i0}1) (10b) 


\? and ’{ } represent the iterated commutators of the following 


where the symbols { 
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types : 


{4,9)'=[[---[[4,9],9],--}9] 


n 


and 


the derivation of which are given in the Appendix. Similar remarks mentioned after Eqs. 
(7’) and (8) are also applicable here. 
In conclusion some relations used below will be added. The mean frequency < » >4, 


which is defined as 


maven ay =|"\ "a grav] yar, 


is in general different from the original frequency »,, that is the absorption frequency when 
the interactions between spins were absent, a pure one-ion quantity. The deviation will 
be denoted as 

<A> ay = << Y > ay —%- (11) 
An idea of the line width can be given with the mean square deviation about the mean 
frequency < Y > yy: 

<APS gy = <Y¥> gy — <>? (12) 


As a matter of course, the computation of higher moments may increase knowledge 


about the functional form of /’(¥), but it is usually formidable or even unpracticable. 


® 


§ 4. Approximation for the density matrix 


In order to proceed further, we must make a certain approximation for the density . 


matrix exp(— 5/7 ). Sine H=SW,4- 7, igs,We have as a first approximation for 
Fi i<j 


the relatively high temperatures 
exp(—§/2T) =/1,0,, with p;=exp(—W/kT), (13) 


where the interaction terms are neglected. This approximation becomes less accurate when 


the temperature lowers and it is completely inadequate below the curie temperature, where 
ferro- or antiferromagnetic state sets in. 


The total magnetic moment J7/ can be written as 


M=yM,=>\(M,,.+ IL,). (14) 
Substituting Eqs. (1) (13) and (14) into Eqs. (7) (8) and (9), we can detive more 
convenient formulae for calculations. In doing so, we must observe that the operators 


without common suffices are commutable. We obtain after some elementary calculations 
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\j'=2 DT ToL IL My), ag 


DRT ae ma ee 2 ate ~ Stes 
A\" d= = 133 (Trp) Tr (of ML Wy SEI) + 


+ papa Tr (ps2) ) Tr (es: Mol Ty M,+ GJ), 
5 +9) 


ZG 


val aioe OCLs 3) Tr (of Wy), LW »M_,})) ie 


o( 


+ DV (Tr (psp0)) *Tr (0s Tyo Mes + Mo [Wy SET] + 
tM MM Ly + Ma 4 UL To ag Mod, 
[Typij + 47.,\)}) + 
+ SS" Tr Costar) “Lr esPatall Ts Mey + Mar) 
we Se + ME nL Da-- 7) 


Now we apply these formulae to two special cases. 


Case IT. Degenerate spin multiplet 
Here we consider a paramagnetic crystal in which each paramagnetic ion is equivalent 
and has, as the lowest energy term, a degenerate spin multiplet. When the static field 


is along the z-direction, ]/’; can be written as 
W,=gBHS.,,;, (18) 
where. .S. 


xj 
Bohr magneton, and // is the intensity of magnetic field. 


We also have if the oscillating field is along the +x-direction, 


is the s-component of the spin vector of 7-th ion, g is the Lande factor, ? the 


M,=— PS. (19a) 
hence 
1 — #8 s,j=— 2 (S,,4i Ss (19b) 


where we are considering the Larmor line, which is broadened about the Larmor precession 
frequency ¥,=gPH1/h. 
As was shown by Van Vleck”, the semi- diagonal part of the interaction term between 


the 7th and the #-th spin can be written as | 


Te us -S,4+ BySz5° Sex (20) 
i e 999 ~2 3 9 i - 
is Ay=Ay, +8°Pril 2 [se | (21) 


and 
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9 42..—4 3 2 1 
By, =— 30 rpl | jkae a 


where Ai is the coefficient of the exchange interaction, 7, 1s the distance between the 
j-th and the #-th spin and 7;, is the direction cosine of 7;, telative to the z-axis. 
Applying Eqs. (13), (14) and (15) to this case, we find that 


area : | of dv=—___ Ng"? SNe its (22) 
0 2h 
the first moment : 
i vy"'dv= 7 No? <S3> dq Sp + = S542 peal (23) 
0 2h k(+9) 
the second moment : 
“al vy" dv=— aN gf <Sui> ol (gBH+ <Su> roy B54)” 
Jo 2h K+5) 
+(<S> p— <Su> >) eae ry) > (24) 
k(+3) 


where V denotes the total number of spins. 


Since »,=¢2H/h, we have from Eqs. (16), (17), (22), (23) and (24) 


J ; 

<A> gyp=— <Su> 22 By » (25) 

ht (#9) ; 

Aid if 9 9 - x 

<dd> av=F5( <Si> 2— <Su> 1) DT Bi (26) 
Z hej) 


We can, however, obtain <.S,,;> and <.S.;> 7 as functions of temperature explicitly, the 


forms of which are as follows :, 
s s 
a5 Sones ra exp( —gSHM/kT) /Sexp(—SBHM/ET) =—SB,(yv) (27) 
and . 
s s 
< SES = SM exp(—gRHM/AT)/S) exp(—gBHM/&T) = SBA) + B,(9)) 
n=— x M=-; s Ly 


(28) 


with ~ y=eRHS/eT, 
where B,() is the Brillouin function and:has the form : 
2541 2a 1 
BACs coth (2270 j-t. has 
PSRs SEER Ny SK oe 


First we consider the displacement (25), this can be written as 


<A> ay = — > st ya (1— 37%), (30) 
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where <J/,>, is the z-component of the intensity of magnetization and /V, is the number 
of spins per unit volume. The sum in Eq. (30) is dependent on the shape of the 
sample used in the experiment. When the sample is ellipsoidal in shape and is orientated 
with one of its principal axes along the static field, the classical demagnetization factor /V, 


can be used instead of the sum according to the relation’? 
N= Nz" 77 [1 — 37%] + (47/3). (31) 
i 
Then, Eq. (30) becomes 


ek iin caatcane® 
<4yY> aie Motel z N.), (32) 


where 7.= <J/.> ,/H is the static magnetic susceptibility (per unit volume). In the 
temperature range of wormal. paramagnetism the following approximate formula holds, 


1 oP S(S+1) ( 47 ) 
<Ay> gp Vp, = —J/V,}. 33 
V> ay 3 1”0 oT 3 ( ) 


Since except at low temperatures 7. has usually only a very small value (~10~), 
<4\¥> ay is negligible at room temperatures. 

The expression for the mean square deviation <4v> differs from that of Van Vleck 
in the factor (<S3>7— <Su> 7), which is replaced by 4.S(S+1) in Van Vleck’s 
expression. If the temperature is high and the field intensity is not so strong as to produce 
saturation effects, we can expand the factor (<S3> 7— <Su>?n) in the inverse powers 


of AT, and we find 


aoe (34) 


A SE i= S(S+D aa St 1)[2S(S41) +1]( 


When we retain only the first term in the right hand, we obtain Van Vleck’s result. 
The second and the higher terms in the Eq. (34) are negligible at room temperature, 
since in experiments %, is usually about 10 kMC and consequently /v,/kT is only 10° 
at room temperatute. At low temperatures the higher order terms may not be negligible. 

At extremely low temperature, where our approximation for the density matrix becomes 
inadequate, the above expressions do not hold. We shall give some improved treatment 
for this case in a later paper. 

For the nuclear magnetic resonance experiment in diamagnetic crystals, the above 
derived expressions can be adopted when we replace the spin S with the nuclear spin I, 
and gf with 7%, where 7 is the gyromagnetic ratio characteristic of the nuclei under 
consideration. Then we find that y, involved in Eg.(32) is much smaller than that of 
electronic paramagnetism, so < Ay. ay is much more negligible. The second term in 
Eq. (34) becomes also much smaller, since in current nuclear resonance experiments Y, ~ 10 


MC and fhy,/kT~10~° at room temperatures. 
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Case Il. The Effect of Electronic-Paramagnetic [ons on the Nuclear Resonance 

As in the case of the proton-resonance in paramagnetic crystals, the nuclear resonance 
lines must be disturbed greatly by the presence of paramagnetic ions in the crystal. 

In this case we have two magnetic ingredients, namely one is nucleus with magnetic 
moment #4=7/, another is paramagnetic ion with magnetic moment —gfS, but the 
treatment in this section can be applied mutatis mutandis. We consider. the Larmor 


resonance, so we have 
W,=—rhH1,, (35) 
vee M,=yhl,,, (36) 


where we use Greek suffices for numbering nuclei, which have gyromagnetic ratio 7 and 
spin I. 

If we consider only the effect of paramagnetic ions on the line and disregard the 
interactions between the same type. spins, we can write as the relevant interaction term 


between the v-th nucleus and the 7-th paramagnetic ion, 
Liv (A, =r Bi) Sor j 5 ee 


of. +h 9 - 
= SE" Grd= Sa Ly (37) 


ty 
The assignment of J/,, to 7#/,, is different according to the sign of the gyromagnetic 
tatio 7. For 7>0, we have 


© il 1 , 
Mei et Bly Saye tls) 


and (38) 
M.= Stil = sr (Ly + EE > 


but: for. 70, 
and (39) 


We assume 7>0 in the following calculations. 
From Eqs. (13), (14) and (15), we find the following results : 


. 4 tt page f = , 1, 
the area: \iz CS (Ty i) : Tr(o,[M_,,M,,]) 


eae 2 ISS acca 9 
Rey < [idigasd 2ydiee Da Tyr ko dy ize. (40) 


the first moment : 
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a 


i 0 adc a 2 (Trp) Ty (o.[ IL, V,0,)) 5 


+ BUT (es) Tree MoT ID} 


Th ae 3 A i 5 
= NTR) < ley eet Die <S.,> tll 3 79), (41) 
Z eG 


where 7 is used for numbering the paramagnetic ion. The second term in the parenthesis 


may be considered as representing the effective internal field produced by the paramagnetic 
ions at the »-th nucleus. 


Then we have 
<Aw> ar <=> \rhep <S.4> Wy — 375 (42) 
J . 
as the deviation of the mean frequencies from the original frequency 7%//. The second 


moment and the mean square deviation frequency can be calculated easily. We find 
<A> y= (zg) <Su5> 2 <Si5> pry (1—37 5)? (43) 
j 


as the contribution of the paramagnetic ions to the mean square deviation of nuclear magnetic 
resonance line. 


In the temperature range of the zormal paramagnetism, we have from Eqs. (34) 


and (43) 
<AY> ay =k DyhgBlS(S+1)/ BAT) VHO—378)) 
FY] 
and (44) 


<dv>, Re A Dre (S+ Dba ane! — 37},)”. 
w) 


When the 2-values of paramagnetic ions are anisotropic, we must introduce the »- 


tensors and replace gj? S,. with 8(g3:5S;)- in the above formulae. 

The temperature shifts of the above type is first observed by Bloembergen”, who 
measured the proton resonance in the single crystal of copper sulphate from room tem- 
peratures, to liquid helium temperatures. He found many lines at liquid helium temperatures. 
This corresponds to the fact that in a unit cell of this crystal there are five inequivalent 
water molecules relative to the two paramagnetic ions, which produce different internal 
fields at the proton-pairs of water molecules. Poulis’” found the similar phenomena in the 
single crystal of CuCl,-2H,O, which contain two inequivalent water molecules. 

The formula (42) cannot be applied to these cases without alterations, since in these 
crystals the protons in a water molecule are interacting so strongly that we must take the 
hamiltonian fora two proton system as IV;. In a classical picture, the magnetic fields at 
the positions of two protons in a water molecule are not equal in general, since the internal 
fields produced by the cupric ions are different at these positions. The internal field at 
the v-th proton is given by the expression 
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iss) 
— 
- 


ve = EP Kae Wath —37iy)- (45) 


In Bloembergen’s and Poulis’ treatments the idea of internal field is introduced from the 
beginning without any justification from the first principle. We showed a more rigorous 
procedure above, and derived the internal field straightforwardly. The results will be, 


however, identical with theirs, therefore we. don’t reproduce them here. 


§ 5, Discussion and conclusion 


The effects of the Boltzmann factors involved in the expressions we derived are usually 
small at high temperatures. But at low temperatures they become appreciable. In case 
II in section 4, <j,Y> 4, is particulatly large at liquid helium temperatures, because 
the ratio 74/8 is as large as the ratio of the mass of proton and that of electron. 

In our treatment, the most. serious errors may come from the approximation of the 
density matrix made in section 4. The improvement of this approximation is one of the 
difficult but important problems in the statistical mechanics. Our approximation is the most 
crude one, since we have neglected interaction terms wholly. If we retain the interaction 
terms in the density matrix, we must find some devices in calculating the traces in our 
formulae. The expansion of the interaction terms into a power series of 1/kT will be a 
useful device, which was used by Van Vleck” in calculating the thermal and magnetic 
Properties of paramagnetic substances. Another expansion was introduced by Kubo™, 
who made use of another parameter instead of 1/kT. The calculation of the moments 
by utilizing these expansions will be very interesting. We intend to perform it. 

Another important problem related closely to ours is the spin-absorption™. 


The shape factor in this case is defined by 
SY) =V7y"), 


so the area and first moment of this paper correspond to the first and the second moment 
of f(¥). As we derived in Section 3, the first moment of f (Y) will be expressed in a 


(zero-frequency line), these operators are unmanageable in the one-ion observable representa- 
tion we used in this paper. In contrast to it, the°area and the second moment of {(’) 
may be calculated by using only JZ, which is manageable. 


trace form only by introducing operators mM, and 241. = In sease--OF the spin-absorption 


As to the application of our formulae to special cases, the presence of small initial 
splittings produced by the crystalline fields will complicate the problem to some extent. 
But the introduction of suitable projection operators will make the calculation practicable. 
(See for instance I.K.U."). 

We are desirous of measurements of the paramagnetic resonance at extremely low 
temperatures, including the determination of the line shape. 

In conclusion, the authors wish to express their gratitude to Professor M. Kotani for 
his encouragements, and they also appreciate discussions of Professor E. Ishiguro. 
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Appendix 


Derivation of £9. (10a) 
From Eq. (2’) we have 


© ie ee. as 4) . 
ie (/v) ee pip sy (Ero L) exp (= E/E) —exp(—j,/47)) x“ 


x | (n|M\n") oars ae DIN CH(— 1)"Z,,7-" Er (exp(— £,/kT) —exp(— Lin /kT)) X 


na < =) ie _2l=—m nr | 
x (| M_|n 07 aes M,— <4 
zm ri 
_%—m 
—§ M$ “)) =" — 1L"(2)({S AL Say Mae (Aa) 


Now we can show easily by the mathematical induction 


n an Z os a _l—n 
(JL, S}!=3(-D"@) SIL, 


and 
1 8,M0,) =(—1)4 OV =S(-)"*@) 67, 8 
=H (=1)4)8 I § 
Then 
ILS} 8.MLN=SS(—D") WG IG, 8 IH), 
Hence 
<[14L, OF NGA} ]> = S(O) 4) <LI>» 


=3(- DEO (4) 158 4 a 


=5(- DN") <[8"IL,8 ILJ> » (A,2) 
since pa (2) (24) = C1), where the summation must be taken over all 7’s and #’s consistent 


n+k=m 


with the condition 7+ =m0. 
Combining (A,1) and (A,2), we obtain the formula (10a). 
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Derivation of Eg. (A106) 


From Eq.(2") we can show similarly 


fo} 21-1 ay 9 
[vent tytdo= 2 SY (= 16S) [BA ]> » 


1 m=0 


And we have also 


—t-—m 


: eS 2-1 2K aa 7 
<[ UE SO" 4ST > = SH 1)" CS) OMG Mae 


m=0 


Hence Eq. (10b) is verified. 
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Spherically symmetric spacetimes play important roles in general relativity. In this note a theory 
is developed concerning the problem of determining whether or not a space-time defined by a line 
element arbitrarily given in any coordinate system is spherically symmetric, using the concept of 
characteristic system introduced by the present author. Then, as an example, the theory is applied to 
the space-times of Weyl and Levi-Civita, of Godel and of Silberstein. 


§ 1. Introduction 


A spherically symmetric space-time is a four dimensional Riemannian space whose line 

element is reducible to the form: 
ds’= — A(r, t)dr’—B(r, t) (a6 + sin’ Odg’) + C(r, Ade’. (Es) 

We shall denote this space-time by S,. .S, has played an important role in the general 
theory of relativity and we may rather say that the relativistic theory of cosmology has 
developed with the advance of the investigation concerning the spherically symmetric space-times. 

For example, the space-time of Schwarzschild’s exterior solution which provided the 
decisive experimental verification of general relativity (i.e. the famous three crucial tests) 
was obtained by solving the Einstein’s field equation under the assumption of spherical 
symmetry. Moreover the space-time used in relativistic cosmology, in which the space-times 
of de Sitter universe and of Einstein universe are contained, are also spherically symmetric. 
Hence concerning the. physical and mathematical properties of an S, many investigations 
have been made by many authors from various standpoints. In particular, in relativistic 
mechanics and cosmology, many physical properties of the S;’s of various types have been 
studied in detail basing upon the Einstein’s field equation.” As regards the mathematical 
properties of an S, we have, for instance, a detailed research of Eiesland from the stand- 
point of continuous group of transformations.” Recently the present author has also made 
clear some geometrical properties of S, by introducing the concept of characteristic system 
of an So.” 

In spite of these investigations, however, it seems to us that there exists no complete 
theory by which to determine whether a four dimensional Riemannian space |”, defined by 
zy arbitrarily given in any coordinate system is spherically symmetric or not. If we express 


this problem mathematically it is ‘ to determine the necessary and sufficient condition that 


given g,, be reducible to the form (1-1)’. 
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On the other hand it is well known that, although at first sight a static axially 
symmetric solution of the Hinstein’s equation Ki;=0 obtained by the method of Weyl 
and Levi-Civita seems to be not spherically symmetric, we can transform it into the ordinary 
spherically symmetric form of the Schwarzschild’s exterior solution. (See §5). Contrary 
to this, as will also be seen in §5, we can easily prove that the line elements of the 
space-times introduced by Gédel and by Silberstein can never be transformed into the form 
of (1-1) ie. these two |7,’s are not spherically symmetric, 

As is seen from these examples, the problem: of ‘ determining whether a given space- 
time is an S, or not’ is only interesting from the standpoint of tensor analysis but also its 
solution is desirable from the physical standpoint. If the answer of this problem is given 
by the tensor equations to be satisfied by the curvature tensor Kym made from 2%; 
especially when the equations contain no tensor other than 2%; €;j. and Kijims We may 
say that the problem is solved in the most desirable form. Since it is not easy to find 
such equations, however, it has not been succeeded as yet. In this paper we shall give 
another way of discriminating spherically symmetric space-times using the theory of the 
characteristic system of an S, introduced by the present author and finally in §5, we 
shall apply this method to some kinds of space-times. 


§ 2. Preliminaries 


In this section, as the preparation of solving the problem stated in the introduction, 
we shall give the following new definition of an S, which was introduced by the present 
author and is equivalent to the ordinary one as was shown in [1]*: 

A spherically symmetric space-time S, is a four dimensional Riemannian space having 
the following properties : 


(1) Its curvature tensor satisfies the equation 


1 2 3 4 
K iglm Pat aa P Ope 8 m3 —* C8 cae GZ mn] =F PL cece 7P md =e PS tat § jmp (F,) 
where «; and /; are minus and plus unit vectors (v,u*=—1, §,9°=1) mutually orthogonal 


and satisfying 


V ;=06,8,+%( 84+ 44;—28;) + 68,8; , (F,) 

F 8, = 6B a, + x( ” P+ GOs; (F;) 
and p (Gas T eon 4 aed ee % are scalars determined from these equations. 
(IL) One of five scalars o and K= K;;" is such that its gradient vector is a linear 
combination of u; and f;. 
(IID) ous 2 (x°— #) 0. (F,) 
(IV) The signature of the fundamental form is —2 ie. is of type (———-+). 


* Throughout this paper we shall use the same notations as those in [1]. 
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a 

(a;, B;) and (0, 0,0; %, %) are called characteristic vectors and scalars of the on 
respectively and (u,,...,%) is generically called characteristic system and their properties 
are investigated in detail in [1]. peed: this paper we shall use these results with- 
out stating them again. 

Now let gi; be an arbitrary fundamental tensor satisfying (IV) and IT’, be the 
space-time defined by this ¢;;.. To discriminate whether this [7, is an S, or not we shall 
first determine from ;; the forms to be taken by the characteristic vectors when the V, 
is assumed to be an S,. If only this forms are obtained we can easily determine whether 
the |’, is an S, or not by substituting them into the fundamental equations (F,),...> (Fy) 
and testing whether the .S, satisfies. the conditions stated in the above new definition. 
We shall call such a way of discriminating the spherically symmetric property of a I’, 
c.v. test. It is to be noticed that since an SS, admits €-transformation of the characteristic 


system™ we can ignore the signs of the characteristic vectors in determining their forms. 


§3. Vs of types 0, I, If and Til 


In discriminating the ]7, we have first to compute the curvature tensor Las and 


Ricci tensor A;; == K,jj* from the given ¢;. Then by solving the equation 
af N 4 
det.| K;?—vd5| =0, (3-1) 
we can obtain four principal invariants of A;;, ,,..., ¥,, using which we shall classify V’,’s 


into the following five kinds : 


O: Vs whose v’s are of the form (a, 4,c, a2), (a, 6,¢,a@ =). 


I: a “ete : (a, a,-, ¢),* (a, 6, c=): 
IL: ee fe (a, a, 6,6), (a = 6). 
Il: 7 a (25.4; 2:0) (a = 8); 
Nas 3 et (a, a, a, @). 


Of course this classification is independent of the special choice of the coordinate system. 
When V, is of tyfe O: Since (3-1) for any S, has at least one double root, this V7, 
is not an S,. 

When V, is of type Te Let «, and 2; be the minus and plus unit vectors in the 
principal directions of Aj; corresponding to % and c respectively. Then by making the 
c.v. test using these vectors we can determine whether the )’, is an S, or not. (Of course 
when 6 or ¢ gives null direction the I’, is not spherically symmetric.) The proof is easy, 


so we shall omit it here. 5 


When V, ts of type II: This V7, corresponds to S, ie. an S, whose p=p. Try the 
c.v. test using any pair of mutually orthogonal unit vectors in the ‘ Hauptgebiet ’ corey 
ponding to a. If the V7, passes the test it is an S,, and if not we have to make similar 
c.v. test using in place of a. If the V, succeeds in this new test it is an S, and if 


* Theorem [4.1] in [1]. 
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not it is not an S,. The proof is evident because an S, admits w-transformation of the 
characteristic system. 
When V, is of type TIL: Let 8; be the plus umit vector in the principal direction 
corresponding to J. If BV 8° *= 0, we have only to make the c.v. test taking the minus 
unit vector in the direction of this vector as uv’. Next, if /'7,3'=O0, examine whether 
this f, satisfies 
3 4 3 

Kijm= 0 Scab Pit 0 £a0S cep (p = 0), : (3s 2) 
and P .B;=—0(guy— Pi) (3-3) 
or not.* When they are satisfied determine o by 30=—SJ7,f, and if dxV,c=0 holds 
for all dx‘ orthogonal to #% the V7, is an S,. When this procedure fails somewhere it is 
notean ,. 
Proof: The former part is obvious by the properties of an .S, given in § 4 of [1]. 


Next when //7,2'=0, if we assume that the Il’, is an S, we can easily show that its 


‘line element is reducible to 
as = — 29 (1+ r/4R°) (dP +rdF +r sin 6 do’) + dt’, (3-4) 


and that the condition above stated is necessary. Conversely when the condition is 
satisfied, taking the geodesic congruence defined by ° as parametric curves for 1 == 7 and 
its arc length as ¢ we can prove that ds° is reducible to the form 


dag tardy’ dl 208, =P 0, 4 Sab Sat Jp AO, Ose 


and the three dimensional space defined by gjjdv*dx” is of constant curvature. Hence 
our assertion is proved. 

It is to be noticed that in the discriminating methods and their proofs given in this 
paper @; and /; may not necessarily be real though g;,; must always be real. But when 
- the V7, is an S, they become always real by taking a standard coordinate system for the 


characteristic system and making suitable 7-transformation. 


§ 4. V, of type IV 
In this case it holds that 
Ky=(K/4) gu. * (4-1) 


ie. the [/,.is an Einstein space in the sense used in the differential geometry. In this 
section we shall give a method of discriminating such an Einstein space. 
; 4 

. ea . aed) 
[a] When the ly satishes Kyi,,=0 2piZjym}> ie. when the V/, is of constant curvature, 
it is an S, evidently. (The de Sitter space-time. ) 
[b] When the 1, is not of constant curvature.- First, let us study some properties of 


such an S,. If we put Ayj’"=K,", (A= 7), B=(L m), A, B=1,..., 6), six 


* These two equations are obtained by studying the properties of an Sp of type III. 
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principal invariants of A’, are given by solving 

det.| Ky? — v 02] =0, (4-2) 
and as is shown in § 6 of [1] »’s must be of the type (4, a, a, 4, §,¢). When and 
only when »’s take the form (0, 0, 0, 0, 7,1), (n=const.), the S, is an .S,, and other- 


wise it is an .S,,, where both S), and .S,, are special kinds of S,. sig 
[b,| When the S, is an S,,, we can easily prove that ds” is reducible to 


ds*= — A(r) dr’ —1° (a0? + sin’d¢?) + (1/A) df, (A= (—#r'—2m/r)-), (4-3) 
where £° and wz(2> 0) are arbitrary constants. Now putting 
RKism = Kj?! 7 Satie > &:; = Ri; K == ste (4 : 4) 
and using characteristic vectors u;= V4 0; and 8,=(1/”4)0%,* we have 


K=12/", R= — 24 (424 2m? /r°), (455) 


(p)2= —3(R+2K) = const., V7; (log 0) == 3X0 j,6 OX a, 
V j;=*(84,4+40;) —(*—-G) 8,8, x=o=0, (x-o 0), (4-6) 


1 2 2 3 


4 2 
p=—2p,  p=p, — p=—(p+K/2)/3. 
[b,] When the S, is an S,,, by putting 7=—1/K’, ds° is reducible to 
ds = (—dr +d) {14+ (—r°+2°) /4R°?}°—R’ (dF + sin"Ode"), (4-7) 


and in this coordinate system we have the following two pairs of characteristic vectors 


mutually orthogonal : 


w={1+(—7 424) /4R 0, BHC GS (4-8) 
d,=R dj, B;=iR sin 0 05, (4-9) 


where the second pair (4-9) is not real. For these vectors it holds that 


1 'm ip 7 il Dim 
PF Bee Gime = — Py Pi= hin =—Piy, (4-10) 


ato =P gr", P,,P4=0, 
2, 

i dee (4-11) 
fe = sink IP =0, f= Call Ls G —* Exgmt Pm = 0, 


where Pj = Bap P p= Oaks and €;,,, is the € tensor. (Not tensor density. So 
Cee f= a +7) /4R°|~* sin 0 in this coordinate system.) Now let 208 
and 204 be any minus unit vectors mutually orthogonal in the Hauptgebiet corresponding 


-to —1/R’, then we have 


* Since an Sj; admits w-transformation there always exist such characteristic vectors. 
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7 A J : 7 As ii 1 Ab OS, 
04=P4cso—P4sinw, O4=P4sinw+ P* cos a, (PAz Pt Pra re)s 


oe (4-12) 


(Ge Qi —sin 2, ye € isin ONO! =cos 20, 


aglm 4 


se ; eee 35; (4-13) 
|G = ymOIOm=sin 20, (Q1=O4, CT =O), 


D 4 . A FA 
where w is a parameter. Conversely /?“ and P4 are determined from Q* and Q%*. 
On the other hand we can easily prove that : 
Lemma A necessary and sufficient «condition that a pair of unit vectors uv; and 3; 


satisfying —¢,08=(,,2*=1, 4(=0 and 2 tub n=Piun (fy=—Pu)> exist is given. by 


Exim POP" =0, fy PP = —2. (4-14) 


When this condition is satisfied the vectors are determined to within their signs and a 


pseudo-orthogonal transformation. 


Using this lemma and the results obtained in this section we have the following way 
of determining whether a |”, of the type IV which is not of constant curvature is an .S, 
or not: 


v 


When v’s are of this form and not of the form (0, 0, 0, 0, 7, 7), (y=const.), 


When v’s are not of the form (4, 4, 4, 4, 6,5), (4 =), the VY, is not an S). 


compute AK and §. Then A must constant. Determine bs u4, * and f; in turn by 
(4-6). Then we have only to make the c.v. test using 4; and f, thus obtained. If 
the 17, succeeds in all tests it is the S,, defined by (4-3) ie. Schwarzschild-de Sitter 
space-time. If this procedure fails somewhere the ]’, is not an S,. 

Next when v’s are of the form (0, 0, 0, 0, —1/A’, —1/R’), take any pair of 
minus unit vectors 2Q4 and 204 mutually orthogonal in the Hauptgebiet corresponding 
to —1/R° and calculate 4’, /’ and G’. Determine w from (4-13) and put . 


P4=04 coswt+O4sinw, P4=—O4sinw+ O04 cos w. (4-15) 


Then (4-11) must hold for these ?4 and 4. From both P,, and 7 ;; we can obtain 
(4;, 2;) by virtue of the lemma. Then we have only to make the c.v. test using the 
vectors obtained from /,,. If the 7, passes the test it must also pass the test for the 


other pair obtained from Pgs and the lV’, is an S), defined by (4-7). If this procedure 


fails somewhere it is not an S,. 


In this S;, it holds that 


9 


4 


1 3 4 
p= —20=—2p=49= —2K=— 8/R’, 
Kiiin= ave 9 (2/R’) Kijims “ 8) 


and for the real characteristic vectors (4-8), 


G=%=-7—-0, a=—cotf/R, (4-17) 
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: § 5. Some examples 


[a] Gédel’s space-time Gédel obtained the following line element as a cosmological 
solution of Einstein’s field equation :* 


. ds =a {| —(dx')? + (2"/2) (dx)? — (dx? )? + 26" dix*dx'}, (5-1) 


where @ is a positive constant. Now as an application of our theory, we shall show that 
the J’, defined by (5-1) is not an .S,. Non-vanishing components of the Ricci tensor 
made from (5-1) are given by 


Ky=—e", Kyu=—1, Ky=Kp=—e". (5.2) 

Hence the four principal invariants.of K;; are 0, 0, 0 and 1/a° and this V, is of type 
WI. 8’ corresponding to y=1/a™ is given by 

fe ={020, 0, t/a); so B= (0; wes 05-2); (5-3) 
from which we have /7,9'=0 and moreover we can easily show that (3-3) is not 
satisfied by this §°. Therefore this V7, is not an S,. 
[b] Zhe space-time of Weyl and Levi-Civita By the method of Weyl and Levi-Civita 
we can obtain the following static and axially symmetric solution of the Einstein’s field 


equation A;;=0.” 


dst=— 20 (do? +d2) — Pe dd + Mdl*. (5-4) 
es Pf) ta -aty olutigarok | 
A = (pf)! + $=0, (5-5) 
and /=A(p, 2) is obtained by solving . 
dh=o(¢"—P) dp + 20g" $dz, (5-6) 


where a prime and a bar denote partial derivatives with respect to ~ and 7 respectively. 


Now we shall take the special case in which 


$= log(7, + %2—2m) /(1;-+%2+2m), 


(5-7) 
2 => log| { (7, +75)°—4m0"}/4r 7], 


where 7 is any constant and ravi e+(s—m)*}, and n=V {e+ (s+m)°}. At 
first sight it seems that this )”, is not spherically symmetric. It is well known, however, 
that this 7, is nothing but the spherically symmetric space-time of Schwarzschild’s exterior 
solution. In fact the line element (5-4) with (5-7) is transformed into the ordinary 
- form 

de=—(1—2m/r) dP’ —r (dP +sin°d dd?) + (1—2m/r) dt (5-8) 


by the coordinate transformation 


r=m+(r71,4+%s) /2, cos 0=(7,;—72) /2m. (5-9) 
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Now, we shall apply our present theory to the g;; of the form (5-4) with (5-7). 
In this case, from 4A;,=0 we know that the Il’, is of type IV. In general, non-vanish- 
ing components of A7;;’" for (5-4) with (5-5) and (5-6) are given by 


yYh= foe We (f'/p— pl? f?) Passion 


by = KP =Ki=— (b+ e+ 9"? —2P — pp? + ae Tee ee 565 
fig Ge Rae hie ?— P— pd! + 30p' Pere ™, 
fy == — Ki = Ki M= (b' +30/b— 30h" + pP)e? ™. 
Solutions of (4-2) are given by 
Y= (fy Pt, Par Ptr Poy Po) s (5-11) 
where ff, and ff, are two roots of the equation 
JP — (po Us) + Pofls— Ue = 0. (5-12) 
If we substitute (5-7) into (5-10) we have 
h=m/P, fyb=—m(2a—b) PF Y/P,  fg=m(a—26)e9 © /r, 
[4=3mp(r—m) 2% cos O/r* = 0, (Gs Aen: 0, : (5-13) 


where x and @ are used. Hence this V, is not of constant curvature. Furthermore we 
can easily prove that /4, satisfies (5-12) and that (5-12) has no double root. Hence 
principal invariants of Ay, are of the form (fy, fy, fs My» Fo Bo), (422). Then by 
the method stated in § 4, we can easily prove that this 7, is the S,, defined by (5-8). 
[c] Stlberstein’s space-time of single mass center Next we shall give an example of 
V, which is also an axially symmetric static solution of A;;=0 but is not an 5S,. 
Silberstein obtained the following solution of (5-5) and (5-6) :” 


g=—Lfr, A=—LPe/2r', P=" +37), (5-14) 


where Z is an arbitrary constant and called this single mass solution. Of course this 17, 
is also of type IV. Substituting (5-14) into (5-10), we have 


b= Or FL Vee, 

fe={L(— 2r? +37) 4+ 2 (— 6? +22) 8 4 Le? (e? — 327) rh ee | 

Ms={ Lr? —30r) 4 D2 —2")r— DP (eP — 32?) r ee , eae 
fy={—3Lr?° 43274 D(— 30° 4+37)r ose , 

using which we can prove that the »’s are of the form (a, a, 4, b,c, CE}, 40, Oey. 

Hence this 1’; is not an .S). 


§ 6. Conclusion 


Spherically symmetric space-times are treated frequently in the general theory of 


relativity. It seems to the author, however, that in usual theory more importance is 
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attached to the special forms of their line elements in some coordinate systems than to 
their intrinsic properties. The general theory of relativity is a theory of analytical invariants 
from the mathematical standpoint and this fact is one of the characteristic features of the 
theory. Hence it will not be meaningless to take the view-point that a space-time is a 
geometrical entity independent of the special choice of the coordinate system and to deal 
with its spherical symmetry as their intrinsic property. The present paper as well as the 
earlier papers of the author [1], etc.” has been written along this line of thought, and - 
a theory concerning the discrimination of the spherically symmetric space-times has been 
constructed. Although it is not of the ideal form, we can determine by it whether a 
four dimensional Riemannian space defined by an arbitrarily given g;; is spherically sym- \ 


metric or not. Accordingly we may say that we have succeeded in advancing a step further. 


Hereafter when a new space-time which is apparently not spherically symmetric is 
introduced, we hope that the method given in the present paper may be applied to _ 
determine whether it is spherically symmetric, or not. 


Appendix 
[a] For an .S,, the following relations hold : 


1 A=" 2 3 
Ruan = —= {(p)?-+20(p-+p) +4pp+ poh Py Pw 0 paca Betas. 


13,3 4 4 ’ 
=F ois (p ‘i 40) Bisum ety (0)*Gistns 


2 


4 
Ri = cd {( oy? 5 20( p+ v) + 2p-+4p0 + 2p(p-+40)} O51, 
8 
ae 23 14 3.3 4 
aa {(p (p)? + 2) (pa a + 200+ 402 — 20 (9+4) 5, (A- 1) 
is 
=) flee 4p) + oe ap) + 120)" | us 


fee | PD, 2: 3 23 14 292 4 Oa. 4 4 e 
R= == 4 (9)8+ 2e(o+?) + 2004+ 400 + 30(e+ 40) +39 (0+4p) +24 ()'t, 
4 


where Aijim=Sear4j"mp Pajim=Si ratti2j my ANd Gijm=S US pm 


: ra 3 

In the same way we can express the scalars peculiar to the S, e.g., KR hes 

Kijak, KijK%,--- in terms of p's, and conversely by solving these equations we can 
tgihe 


express ’s in terms of A, R,... For example, 


) (p)?=4(K )2—12(R+ 2K yK"), (A-2) 


Daeoy Lect 


and p, ~, ~ ate given by solving 
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1 4 1 1 . “ Bh 
m=—(2K+p)/3—49, 8n=2(p)?+20m+ 3m +4(3R42KyK"), (A +3) 
4 (A> 
R,,K% =Polynomial of (7, 2, f), 


2 8 23 


where m=o+p and n=pp. Since 3; 1s invariant under any motion, these scalars A, 


R, K,,K*, etc. are also invariant under any mi-transformation. (See [1].) Hence we 


have the important result : 

Theorem p's aré invariant under any m-transformation. 
[b] We can generalize the results obtained in this paper in 7 (2 > 4) dimensional 
case by modifying suitably. But it must be noticed that in solving (3-1) or (4-2) 
in 2 dimensional case there is no need of solving third or higher order equation directly, 


because we start with the examination of multiple root. 
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By means of the /V-representation of density operator, Irving and Zwanzig’s equation of motion 
for the phase-space distribution function is rewritten in such a form that the influence of the symmetry 
effect appears more explicitly in the collision term of the equation for the singlet distribution function. 
By means of the customary theory of time-dependent perturbation, the equation of motion for the time 
averaged distribution function over an interval as long as the mean life of the unperturbed quantum 
states, is derived from the Irving-Zwanzig equation. This equation is compared with the Uehling- 
Uhlenbeck equation, which is obtained as the quantum mechanical modification of the Boltzmann 
integro-differential equation by means of a physical argument. (Then, it is concluded that the deviation 
from the Uehling-Uhlenbeck equation becomes important if that the local variation of the external 
field or of the distribution function in the range of the order of the magnitude of the de Broglie wave 
length is appreciable.) And it seems probable that the Uehling-Uhlenbeck equation becomes invalid 
at extremely low temperatures, such as the /-point of liquid helium. We have, however, not succeeded 
in the derivation of an equation for the general case, because the postulate of random @ /riori phases 
destroys the dependence of the initial distribution on coordinates. 


§ 1. Introduction 


About twenty years ago, Uehling and Uhlenbeck” established the fundamental 
equation for quantum theory of transport properties in gases of low density, by means of 
a physical argument which would seem to be plausible. In spite of rather obscure points 
left in Uehling and Uhlenbeck’s derivation, the subsequent theories on transport in quantum 
liquids had been based on this equation, until Irving and Zwanzig” recently established 
the equation of motion for the phase-space distribution function (Hereafter we will ab- 
breviate the distribution function to d.f.) first introduced by Wigner”. The Irving- 
Zwanzig equation, which is obtained as the Fourier-transform of the quantum-mechanical 
Liouville equation, should be considered as the starting point for the theory on transport 
in quantum fluids. 

On the other hand, Kirkwood” has succeeded in analytical derivation of the classical 
Boltzmann equation from the principles of statistical mechanics, by using the time averag- 


ing procedure over a certain interval of time. With such a procedure, we shall here 


* The main contents of the present paper was already published in Japanese (Busseiron Kenkyu No. 50 
(1952), 52) and reported at the ‘meeting of the Kyushu Branch of the Physical Society of Japan held on June 


21, 1952. 
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attempt to derive the equation of motion for the time-averaged Wigner d.f. In peice, 
ing the time average, the customary theory of time-dependent perturbation theory will 2 
employed, though the result may be obtained by an alternative method shown in appendix. 
In the last section, deviation from the Uehling-Uhlenbeck equation will be discussed in 
detail. 

@ 


§2. The /V-representation 


We consider a system composed of iV identical Bose or Fermi particles. And let 9% 
be the set of coordinates of the system and g; be the set of coordinates of the z-th particle ; 
coordinates mean both spatial and spin coordinates. It is well known that the Gibbs» 
ensemble of quantum-mechanical system can be described by the density operator first 


introduced. by von Neumann”. This operator is defined as 


p=d1 0, P[9%,(g", ¢)] (2-1) 
j 
with : 
33 W;= if and W; = 0, 
j 
where {%;(9%, ¢)} is an orthonormal set of wave functions, w, is the probability of the 
system being in the 7-th state, and P| ,] is a projection operator of Y;. The dependence 


of the density operator on time is given by the quantum-mechanical Liouville equation, 


dp/dt=dp/dt+[pH— Hp)|/ii=0, (2-2) 
HI being the Hamiltonian of the system. 


Let {%,(g)} be an orthonormal set of functions of coordinates of single particle, 
and then one of the orthonormal sets of functions of g%, which are symmetric or anti- 


symmetric in the permutations of the coordinates of all particles, is given by 


U2) (gh) der Ty, (i) He, Cg) (2:3) 
where det‘*? and det) indicate a permanent and a determinant, respectively. The trans- 
formed wave function in the /V-representation, C,((z,}, ¢), is defined by 

B09 D=E2 CdD FRAO, (2-4) 


{x, 
[Si7,=V] 
t 


where 7, is the number of particles in the state represented by ¢/,(y). Then the matrix 
element of in the /V-representation can be written as 


POL HS tym Sst, CCE a), (2:5) 
7) 


where x represents a set of integers {v,}. 

Using annihilation operators a, and creation operators a,*, which are conjugate to 
each other and both of which act upon ¥%, on 69)» we can write the Hamiltonian 
4f= > A(q:) +3 (9; 9;) in the form” 
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= Sd Ne \ he* (Q) Ala) fe (g) 49 
t ¢ 


1 : ; 
Br es Fs eg \\ Le (Gd) PE (G2) ( 41» 92) $7 (41) Ya (G2) dgrdgs (2-6) 


tu t & 


The reduced density matrices in the g-representation are given by” 


on (discs Qn 3 ists Qn > t) 


SIV YN ANIL | Cee go Pnsivs D5 Goes Oo Dasae es D3 1 
Wadeeud de 
= $791) B* (Gn) B C9n) B69) 0 (ar 5 2), (2-7) 
where $(¢) is the quantized wave function : 
9 (2) =X a $.(9) » (2-8) 


operating on the first index x of the density matrix, 
ea J | PPG y POG (8st) FP g)dga””, (2-9) 


which is an alternative expression for (2-5). The calculations in the subsequent sections 
are catried out only for the case of the Bose-Einstein statistics, but the calculations for 


the Fermi-Dirac case can be done in the same manner. 


§ 3. The phase-space distribution 


The phase-space d.f. first introduced by Wigner” was extensively investigated by 
Moyal® for a pure state and was applied to quantum hydrodynamics by Irving and 
Zwanzig?. The d.f. in the phase space is defined, in terms of the density matrix in 


coordinate or momentum representation, as follows : 


Ww) 
FOX, Pd) ames of eoP FIA o(X (oe Vax vs t)aY (3:1) 
(Ny) 
ana te \ AH6% 9 (PLO, P+ —O3 + )dQ, (3-2) 
where X and P are respectively the sets of the spatial coordinates (27,,---, #y) and momenta 


N 

(Py) Px) of WV particles, and P.Y= 3! p,-m;. In the present and the subsequent sections, 
SG 

the momentum is often considered to have discrete spectrum, tut no alteration in the 

formalism is necessary if one only introduces the Fourier-Stieltjes integral instead of the 


ordinary Fourier integral”. Integration over configurational or momentum space immediately 


gives 
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ee: (Oe P, La oo P, E)y (3-3) 


or 


(eee Papo" OG ae [2 4) 


It may be observed from (3-2) that the dependence of the phase-space d.f. on the 
coordinates is furnished from a Fourier inversion of non-diagonal elements of the density 
matrix in the momentum representation. This fact arises from the wave nature of particles, 


mathematically expressed by the Fourier transform relation between coordinate and momentum 


representations. 


The reduced phase-space d.f. is defined as 
ippe (Hy, Hn 3 Pies Dns t) 


(N—n) a = = 
=| Oor0 ee (x, AE aigineay Hy 5 YP, Priv) Px t) Why 1 AH y apni. APy 
¥ (") 7 f 1 i: 
=h-™((N—n)!/N1] \: | o-Pryl tig ™) (x, mye en ee 
2 


+ Ys tnt ns t) dV. (3-5) 


The equation of motion for f ‘) is obtained as a Fourier inversion of the quantum- 


mechanical Liouville equation for the density matrix in the coordinate representation : 
N 
of ) /9t+ os (p;/m) OP ol = (2/h) sin| (4/2) Vy: V5) COXNE () (3 : 6) 
i=1 


N 

where U(X) =>} u©(a,) +3) u(a,, #;) is the potential energy of the system and 
ii i>5 

V x= 'V,,, operates only on the potential energy. The equation of motion for /” is 


obtained by integrating (3-6) with respect to the coordinates and momenta of the re- 


maining V—vz particles. For the singlet phase-space d.f., we have 


af /Bt-+ (p/m) -VofO +O f° 


eS 
ee \) Git AO, 100, 5.4, D;;t) dx, dp,, (3-7) 
in which 
G1? f™ == — (2/2) sin [(4/2) Px Vp | w( a0.) f(a, Bd) (3-8) 
and 


Oy f= —[1/N(N=1) it \(a/ta)"|---| A, u(y, B;) 


x Lexp(—2 {Dr (@,—,) +p;- (0;—2,)} /i#) 


x ep (06,, H; 3 200,—K,, 2% j;—%,; ¢)-—c.c.], (3-9) 
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where V’,. operates only on the potential energy. 6{ f is the term due to the external 
2) : 
field and @,,/’s are the terms due to the interaction between particles. 
Choosing the orthonormal set of plane waves, / ”” exp(—p-a/ih), we have 


ry Pareles al = 
O° (Hy, H,; ; 20,—H,, 20;—W,; ¢) 


a6 (2) a . = ; = ; 
=A" S 9? (ha 1755 exp — {(Pe+Pp) H+ Pry) *Hj—2V,- Hy 
—2p,-x;\ /th], (3-10) 
with (2) bt 

I (D9, 15 5 t) =A, ag aya, ; (3-1) 
where ~, 9g, 7, and s indicate the discrete eigenvalues of momentum p, which may be 
considered as continuous in the limit, and 5 represents the summation over them. Sub- 
stituting the expression (3-10) for p® into (3-9) and integrating with respect to %,, 
a, and a#,, one obtains 


af? /at+ (p,/m) aie da $I (Oe = {7+ Ltt 7; é Z 12) 


where 


ie (1/it-18){ dp, 8 9° (pq, rs, t) [(2, 8) exp|—2(M1— Pp) +9, /2%] 


N 1 
x O( Po— Pp). o(», + Ps s (Pp+ Pot Pr+ p.)) (3-13) 
and 


1 (2; s)=4al"[sin(pr/A)/(pr/A)] u(r)rar, pP=|Pr.—Psl- (3-14) 


T, is a function of both p, and #,, and terms for =r, g=s and p=s, g=r are 
purely imaginary and independent on @’,. Thus only the non-diagonal elements of ¢® 
contribute to the collision term and at the same time give the #,-dependence of 7. 


§ 4. The time average over a microscopic interval of time 


Kirkwood” has derived the Boltzmann integro-differential equation by time averaging 
the equation for the singlet df. obtained from the classical Liouville equation. In the 
present paper, we shall attempt to derive the Uehling-Uhlenkeck integro-differential equa- 
tion from the Irving-Zwanzig equation (3-7), which is the starting point for a quantum- 
statistical theory of transport, by time averaging over a finite interval in the same manner 
as in Kirkwood’s theory of transport in classical statistical mechanics. ‘This time averaging 
is denoted by a bar so that the time averaged phase-space d.f. is / ‘) Thus, one obtains 
from (3-12) 

af ?/At+ (p/m) Dex. FO 2G fF C= ie tee NE (471) 
where 


Fx (1/inil) { dp, $9 (Pq, 783) 12,9) exp [— 20 Pe), /14) 


x 3(—P,) O( Pit Po = (Dp + Pot Pr +p,)); (4-2) 
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We can easily show that the time average of ¢( fg, 755 t) defined as (3-11) becomes 
r. 4 \ » a ay ) by) 1/2 
GC Dd, V8 3 2) Dt Ns Ot = Ser) ig F LO ag = Og) (p+ 195 —O,p+ Fqn) } 
nw 
x pO (x sea, Mgt 1, %p—1, He—1e-*5 aye (4-3) 


Consequently, it is sufficient for the evaluation of the right-hand side of (4-1) to estimate 


the time average 
B(x #5 2) =(0/s) |p Ou as De (4-4) 


where tT is the interval of the order of the DR Fe of the mean life in collision between 
molecules. As we shall see later, the present calculation leads to the same result that 
obtained from the Born approximation for collision problems, as the result of such a choice 
of splitting Hamiltonian that Y%" exp(2°(x)¢/iz), (Z° Phe n,~;/2m), be the un- 
perturbed wave functions for the time-dependent perturbation éheor The time-dependent 


perturbation theory tells us that 


Gi, ot) ==6, & 2) expla, = t/re} 


—S<aU|e > sp LSet ee le eft] Cw, 2), (4-5) 


where < is, at the longest, an interval as long as the mean life of the state corresponding 


to VS exp(L,t/7%), and 
<2|U |x’ > =| -{ FiP#CX) TX) CY (XYD) aX. (4-6) 


Then the temporal variation of elements of the density matrix defined as (2-5) is 
determined by the equation 


pO (x, xf 5 tr) = (x, x5 2), exp [(AI—EL,) c/iA] 
SS) eoxiU/ |S exp [(4,— Ew) 2/ih|—exp | (Zy— Ey) tHh\ om x! : 
Aa i) ton 


t) 


En— ER 
4 4 0 UNE ES 
oo <x/|U\A>* exp [ (Z;- Sete Oe: ae are [CE AAA ee #27) 
a 


the second order infinitesimal acabtiaes being neglected. 


As suggested by Dirac” and Tolman", if we average (4-7) over all phases at the 


initial time ¢ under the postulate of random a priori phases, non-diagonal elements of the 
initial density matrix all vanish, and (4-7) becomes 


oe (x, x's t+7) Fae lh 6 x; t) oo) 


; 1 fies AS Pa ‘ ; 
ec x|U |x S exp [ (4, Ean) /th| 1 a ae x: t)— p(x, x; t)}, (4-8) * 


st) pall) 
Ly 77 


* (1 if x’ is identical withx 
Onn! = af 


( 0 otherwise. 
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of which the second term contributes only to the non-diagonal elements of p(x, x’: /+7), 
which give the collision term. Thus the picture of growth of the non-diagonal elements, 
due to the mutually non-interferent transition from every state, has been got from the 
assumption of random a@ friori phases at the initial time 7. Then the time averaged 


values of non-diagonal elements of the density matrix in the /V-representation are given b 
yi P g y 


p(x, x; ¢t)=th < x|U|x' > {w( Ee, —Ey)/t} {0 (x, *3 1) — p(x’, #3 ty}, 


with . (4-9) 
w( Fy, — ER) = 1 — exp Re ree BA +. Ss ; (4-10) 
(Be Fa) th 197) 


An alternative method for deriving (4-7) will be shown in appendix. 
Substitution of (4-9) into (4-3) leads to* 
g? = (ih/h*) S) 1, 2,(%, +1) (4 +1) (L(g, 5) +L (9, r)} 
[Ppt+Po=P-+Ps] 
x {w(€, + €,—€,—€5) /t} {0 (x, *; 2) 


=p (emp +1, Mg#+1, Mp—1, Me—1,°°55173 £)}, (4-11) 
in which 


Cp | 2. (4-12) 
Here the following relations are used : 
ENS Ut, J) tet he Mgt ly Up 1, 2, 1,-4° > 


= (n204 (215+ 1) Gy DY <rs|ul pg > + <rslulap >} (4-13) 
and 


= rs\u\pq oF =h* T(a S) O( Po+Po—Pr—P:)> (4-14) 


the terms except for P= g@*er*s being omitted because of the energy-momentum 
conservation. Inserting (4-11) in (4-2), one obtains 


T,=k° x | ap, 5 £70,M5 (;+1) (%g+1) —My2o(%,+1) (2,+1)} 
[i1+P2=Pr+DPs] 
x {7(2, 5) +1(2, r)}* {oe 4 &— &—€,) /t} pM (4, 45.2): (4-15) 

Then, (4-1) becomes 
af 9 /at+ (p/m) Px, F +00 F° 

=(h°/N) > \ Ap. S {npn (y+1) (+1) — 179 m,+1) (4+ 1)} 

[iit+P2=P,t+DPs! 
x {7(2, s) +1 (2, r)}2 {2 (ey + &o— Er — €s) [THOM *5 £), (4-16) 


* Stationary external fields do not contribute to the collision term because of the energy-momentum 


conservation. 
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where 
2(4)=o(%) + Or (ee (c/%)° sin? (2r/2Zh)y (47/2h) 2 (4-17) 
w(x) being defined by (4-10). 


Let us introduce the new variables 
P=P):—P, PL=P—P, P:=P,—P, VS=Ps—P > 
= = (P,4+DP2) == (p,+Ds)- : (4-18) 
And, then, the right-hand side of (4-16) is rewritten as 


"/N) 33 | aps | dw { (1,1; (,+1) (%+1) Tees 1) (7,+1)} 
| p=const., p= P| 
x {La )-+41(2, 9} /2) | pide 8 PAP) /m) 6 (ey 45 Dn 419) 


whete dw is the element of solid angle of deflection after collision. From the 0-function 


character of 2, we have 


is Ap. 2 ( (£3 — £2) /m) = (mr /4h) | P.—Po|= 


(4-20) 
Hence (4-14) is exptessible in the form 
AF /Ot+ (Di/m) Vn FP + OF © 
= (4B I dp, | deo (un n+ 1) (+ 1) — mn, + 1) (0 1) 
<A(|Pr—Dals 8) 6% 25.0), (4-21) 


where «(|2,—p.|, 7) is the scattering intensity given by 


a(p, 0) = (nn /48) \/ (7 sin #) +1 (? cos 0)! ‘p ; (4-22) 


§ 5. The Boltzmann-Uehling-Uhlenbeck equation 


Analogously to g™ (pg, rs) defined as Enathy we may introduce ¢ (p, r) =axa,, 
of which the diagonal elements are, as with (4-3), given by 


PCDI T=, OO Coen) Oa) 
= 


On the other hand, (5-1) is the expression for the momentum distribution function 
which may be given by 


g (p, )=N\ de fa oy UF B)s (5-2) 


of which the reciprocal relation is given by 
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EP, Se ae \ ap er Pik Go (p+ ov pti ; r), (5-3) 


For the system in thermal equilibrium, we shall introduce a canonical ensemble. 
Then, if the interactions between particles are sufficiently weak, and if no external forces 
act upon particles, the density matrix given by (2-5) becomes 


0 (w, 25 8) = (ZT) exp L=EYAT) Oe 5 (5-4) 
where Z(7) is the sum-over-states given by >) exp(—A{/£T). g(p,t) for the 
system in thermal equilibrium is given by : 

9 (D,) =i 4 AZ(L)} exp[—F,/kT }, (5-5) 


which is independent on time. It will be easily seen from (5-5) that these ¢ (p, ¢)’s 
satisfy the following relations 


9S (D-) 9S (B.) =D ur 0,{Z(T)}~ exp [—E,/kT], (5-6) 
gs? (p,) 9? (Ds) FS? (Dd 98? (Dw) 
= D1 4, M,N Ny {Z(T)}— exp [—E2/kT], (5-7) 
if ys t2eu. (5:6) and (5-7) show the principle of molecular chaos in quantum 


statistics. For the distribution slightly departing from statistical equilibrium, the similar 
condition may be fulfilled in the limit of vanishing density : 


g® (p,,t) 9 (p, t)= >) 2, 1, 0° *37); (5-8) 
9? (Drs t) 9 (Dt) 9° Do #) 9 (Bu #) 
= >) m,n, nN, p™ (4, *3 4). (5-9) 


And even if the initial distribution is arbitrary, the conditions (5-8) and (5-9) may 
be fulfilled after an interval of time comparable to the mean life of unperturbed quantum 
states, so that it is expected that the time averaged functions for the distributions depart- 


ing only slightly from thermal equilibrium fulfill the relation 
9 Dy t) FG (Do 2) 9? Do 41 1G? Do O FY 
=} me mt t 1) Gg) pC, 250). (ies 


This may be hold even in the presence of the external field. Time averaging both sides 
of (4-21) over such an interval that the relation (5-10) may be fulfilled and substitu- 
tion of (5-10) into thus obtained equation give 


af fat+ (p,/m) Vn, FP +907 | 
P=) ap. | do tae IG) GAL) —JPIO GO +1) GOV} 


+P2=Pr+Ps * 
Pee eal x<2(|p—Ds, 8). (5-11) 
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If the external field is uniform, integrating (3-12) with respect to and performing 


the averaging procedure as mentioned above, one obtains 


gs '/att+ EV Gf? 


me \ dp» | 201990 + 1) (9 41) —9P°G? G2 £1) G2 +1)} 4(|p1—Pel, #)- 


, P1+P.=P, ts ] 
| pet pe =P + Ds? (5-12) 


As far as plane waves are used as the orthonormal set, the dependence of the phase- 
space d.f. f" on the spatial coordinates furnished only from the non-diagonal elements 
of the density matrix in the A-representation. Then, the right-hand side lof (S11) 
would become~independent on the coordinates since the postulate of random a priort 
phases has been adopted. 

On the other hand, for quantum theory of transport phenomena, Uehling and 
Uhlenbeck have modified the Boltzmann integro-differential equation in the following way : 


Of, /ot+ (p,/m) Vy SiVe, ue (;) Pot 


=h" | dp | af, filth f) 1 £%fe) AAG +47) GEMA)} 4 Pi— Dal, , 
(5~23) 
upon which most of the recent investigations on transport in quantum fluids have been 
based 13) 14) 
to /V. 

Using the postulate of random a@ Pyiori phases in the expression (5-3), we may 
obtain VA2=h* o (p, tf). Then, if we could introduce V/*f instead of ¢™ in the 
right-hand side of (5-11), we would obtain the one replaced —VP ar (00, ) 7 P, in 
(5-13) by 6°. But this procedure may be validated only when f" is uniform with 


Here f(a”, p) is the molecular d.f. in the phase-space and is normalized 


respect to w#, and approximately valid when it is nearly constant in the range of the order 
of the magnitude of the de Broglie wave length. 

It is easily seen from the definition of (f°, (3-8), that the deviation from the 
Uehling-Uhlenbeck equation does appear under non-uniform external fields. This implies 
that in the Uehling-Uhlenbeck equation, (5-13), diffraction effect in the streaming terms 
are ignored. Uehling and Uhlenbeck arrived at the conclusion that the streaming terms 
are unaffected by the diffraction effect, from Kikuchi and Nordheim’s theory on the 
kinetic fundamental equation in quantum statistics. Kikuchi and Nordheim’s proof is, 
however, not general, because the external fields are tacitly assumed to be uniform as in 
Bloch’s theory on the interaction between phonons and electrons, so that the conclusion 
of the present paper contradicts with Kikuchi and Nordheim’s result in no way. It may 
be, however, seen from (3-8) and (5-11) that the deviation in the streaming terms due 
to diffraction effect is not important, if the local variations of external fields in the range 
of the order of the magnitude of the de Broglie wave length are not appreciable. And 
another kind of deviation from the Uehling-Uhlenbeck equation will be expected when 7” 
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changes with the coordinates appreciably in the range comparable to the de Broglie wave 
length. This may have effect on the collision term on the right-hand side of (5-13) 
as well as on the streaming term on the left-hand side. Thus one may expect that the 
integro-differential equation (5-13) is approximately valid only if both the potential energy 
and the phase-space d.f. change sufficiently slowly with the coordinates. While the correc- 
tion due to the non-uniformity of the external fields may be given by replacing 
Ve. we (20;) Po, in (5-13) by O°, it seems to be difficult to give the correction due 
to the effect of non-uniformity of the d.f. 7, since the “exact” equation for 7, 
(5-11), is derived only for the case where # is uniform with respect to the coordinates. 
And this uniformity results from the postulate of random a priori phases which has played 
an essential role in the derivation of (5-11). 

From the above-mentioned it seems that the deviation from the Uehling-Uhlenbeck 
equation becomes important at such low temperatures that the de Broglie wave length is 
not so small compared with the dimension of the container, as in the degenerate Bose- 
Einstein gases, in which the wave length can be twice the linear dimension of the vessel. 
And it is probable that the Uehling-Uhlenbeck equation becomes invalid below the 4 point 
and consequently the quantum-statistical interpretation of superfluidity in liquid helium II 
based on (5-13) might be impossible. 


The authors are indebted to the Science Research Fund of the National Education 
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Appendix 
Remarks on time averaging of the N-representation of the density operator 


We wish to show that the time average given in § 4 is secured from the general 
treatment of temporal behavior of ensemble of quantum mechanical systems, which would 
be valid over a long as well as a short interval of time. Let us first consider the eigen- 
functions of the Hamiltonian including the perturbation due to the external fields and. 
the molecular interactions. And let €,(g%) be energy-eigenfunction belonging to the 


energy-eigenvalue /,. Then one may write as follows : 


D,(g%, t+7) =>} oe Fg") exp [Zix/ih], (Al) 
where : 
y= | EP") P(g" 6) aa” (A2) 
eb ee debiie ache toacdons Si) by 
f(g) = 21 Sehr Cee (A3) » 
(So, =L] 


(Al) and (A3) give 
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0 ,(9%, t+-7)= ~ 24 oj S, {7} Ber (9) exp [Bit /th). (A4) 
([Sv=N] 
Comparing (2-4) with (A4), one obtains 
Cy (%, f47) = 34 ty So(%) exp [Ec /ih]. (AS) 
Z 


Since the transformation given by (A3) is unitary, we have 

2 Sit Cah Ss Cae es (A6) 
Then one obtains, from (A5) and (A6), 

= a SIX). £). (A7) 


According to (A5) and (A7), the dependence of p°%x,.x" 5) defined “as (2 <5) %on 
time is given by 


p(x, es t+t) =I Dd K(x, x" |ty % 27) 0°? or x 3%), (A8) 
Ay x“! 
where 


TAY Vay Xe ys) =K* (x, x6 |x, x: T) 
HSS! SO) SF) SPO) Sila!) exp EE a)=/tf, ———(A9) 


(A8) and (A9) correspond to Moyal’s transformation equation” for finite interval. 

Now let us consider the potential energy due to external field and the interaction 
between particles as the perturbation which causes the change in the energy-levels of the 
system. And if we make the perturbing potential tend to zero, each of the symmetrized 
eigenfunctions becomes identical with one of Y‘*)(g%)’s given by (2:3). This corres- 
pondence: is not necessarily one to one, unless the unperturbed energy-eigenvalues are all 
non-degenerate. In order to avoid unnecessary complication, non-degeneracy of the unper- 
turbed energy-eigenvalues is assumed for the present, as in the ordinary theory of time- 
dependent perturbation theory, of which the result is utilized in § 4. Under this assump- 
tion €,(9") which tends to %{*)(g%) in the limit may be expressed as €,(g™). 

If the perturbing potential is sufficiently weak, the linear transformation given by 
(A3) becomes, as pointed out by Pauli”, an infinitesimal unitary transformation repre- 
sented by the matrix whose elements are 


; Sx 05 tO wy (A10) 
with 
A AVC 25 
by aE WALA All 
3 sa. ty 


where £7, is an eigenvalue of the unperturbed Hamiltonian, and ( A|V7 |x) is given by 
(4-6). It should be noted that the above result is nothing but an alternative formula- 
tion of the stationary perturbation theory. 


Inserting (A10) in (A9) and retaining only up to the first ordet quantities, one 
obtains 
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CSS A Rs ey = Onn, Ogrnt, EXP [ (E,—Ey) 7 /ih | 
+2 Oxrnr (One EXP [( 4x, — En) t/th| + Onn, EXP [(4,— Ey) t/t} 
+0 Onn (ar us xP [(E,— Eg) t/ih] + barn, exp [Ex—Lar)t/th]} . (A12) 
From (A8) and (A12) one has 
peo (x x ; t4-7) =p (x, x's.7) exp|(4,—E£,,) 1/74] 
+2 ~ {Onn &XP [ (4x, Fx) 7/th]+ by, eXP [(4,—E,)2/th |} 0% (%, x 5 2) 
43 py {OF nt exp [ (Z,— Ex.) t/th\+ Oxrns, exp[(Z£,—£,,)7/2]}} 0 Casares 
X 


; (A13) 
Substitution of (A11) into (A13) leads to 


p(x, x; t4-2) =p (x, x 5 d) exp [(4,—£,.) t/th| 


a> ( x04) SP [(4,— Ey) t/ih|\—exp [(4,—E,) t/t] 0% (2, 25 2) 


Bi Ef 
—Six|U|4)* exp hee = [ (4, — Ea) t/tBY genx, hays 
al <x 
(A14) 


If one replaces H, in (A14) by the unperturbed energy-eigenvalue, fF, this equation 
agrees with (5-2). This replacement would be permitted if 


tS1,=8/(L,-E;,): (A15) 


From the above-mentioned, it is seen that (4-5) may be valid for the interval of the 
order of the magnitude of the mean life, while (A15) holds over a long as well as a 
short interval of time, if the perturbing potential is so weak that the series appearing in 
the stationary perturbation theory converges. 

In the exactly analogous manner, one may obtain the change in C;(x, ¢) defined by 


(2-4) with time. Introducing (A7) into (A5) and using (A6), one has 
(OF Ce t+7)=— 21d SHO) Si) CX, 6) exp [Et /ih] . (A16) 
Substitution of (A10) and (A11) into (A16) leads to . 
C,(%, C47) =Cj(% ¢)exp [£7 /th | 


_ sitxfiy jz!) ele et) ae Leet HAY lst), (A17) 


which obviously agrees with (4-5) for the interval t not so long compared with 7, 
given by (A15). Thus the results of the time-dependent perturbation theory are 


obtainable from the present method. 
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The elastic neutron-deuteron scattering cross section at 90 Mev is calculated, using the Born 
approximation. For neutron-neutron and neutron-proton interactions we adopt the potentials which give 
good agreement with nucleon-nucleon scattering experiments at high energies. Hulthén wave function 
is used as the ground state wave function of deuteron. The results are in better agreement with ex- 
periments than the calculations which do not take into account the tensor forces. 


§ 1. Introduction 


Chew” has first pointed out that the neutron-deuteron elastic scattering cross section 
was not a sum of free neutron-neutron and neutron-proton cross sections, but the interference 
term between them was appreciable at all energies. He also found the important fact that 
the ratio of elastic to total neutron-deuteron scattering cross section did not decrease so 
much even at rather high energies. Similar results were obtained by Hoffmann”. By 
using the sum rule, Gluckstern and Bethe” showed that the Born approximation in neutron- 
deuteron total cross section was a good approximation and got the knowledge about neutron- 
neutron interaction potential by comparing the experimental and theoretical neutron-deuteron 
total and elastic cross sections. Recently Chew?~® has formulated the so-called ‘“ impulse 
approximation ”’ and applied to neutron-deuteron and proton-deuteron scattering. He found 
that, in the neutron-deuteron inelastic cross section, interference term between neutron- 
neutron and neutron-proton scattering was small and described the neutron-deuteron cross 
section by free two nucleon collisions and compared his results with experiments. The 
authors above mentioned calculated their cross sections on the assumption that the nuclear 
forces were central and did not consider the tensor forces. 

On the other hand, Christian and Hart”, Christian and Noyes”, and others’ succeeded 
in interpreting the experimental data on neutron-proton and proton-proton scattering by the 
phenomenological potential which involve tensor forces and found that the tensor forces 
had great effect to the angular distribution of scattered nucleor’s at high energies. 

The purpose of the present paper is to investigate how the tensor forces affect the 


*-A brief account of this subject has already been published in a note in Prog. Theor. Phys 6 (1951), 
623. Slight algebraic and numerical errors in the note are corrected in the present paper. 
** Now at the Yukawa Hall. 
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neutron-deuteron scattering at high energies. We calculate the neutron-deuteron elastic 
scattering cross section, by the Born approximation, for incident .energy of 90 Mev, 
adopting as neutron-neutron and neutron-proton potentials the ones which are given by 
Chamberlain et al”. and as the deuteron ground state wave function the so-called Hulthén 


wave function. 


A few years ago, Wu and Ashkin™ already gave the formulae for neutron-deuteron 


) performed 


scattering when tensor forces were taken into account, and recently Bransden”™ 
numerical calculation following the formulation of Wu and Ashkin. However, they used 
Gauss functions for the radial dependence of neutron-neutron and neutron-proton potentials, 
as well as of deuteron ground state wave function. We will later compare their results 
with ours. 

In § 2 we will give general formulae of neutron-deuteron elastic scattering and in § 3 
the evaluation of the cross section will be given using explicit form of potentials and 
deuteron wave function. The results will be compared with experiments and theoretical 
results of other authors in § 4. In appendix, brief discussion on neutron-deuteron inelastic 


scattering will be developed. 


§ 2. The elastic cross section 


In this section, we will restrict our calculations only to the cross section of elastic 
scattering under the assumption that the ground state of deuteron is pure S-state. The 
calculation is similar to that of Gluckstern and Bethe”, but we take also the effect of 
tensor forces into consideration. 

Let 7,, #%), and 7”, be the coordinates of the neutron and proton in the deuteron 
and incident neutron, respectively. Then the interactions which contribute to the scatter- 


We shall choose a 


linear combination of Wigner, Majorana, Bartlett, and Heisenberg forces for the neutron- 


ing are those between two neutrons J/’,,, and neutron-proton /’,,,. 
proton interactinn. For the neutron-neutron interactions only the Wigner and Majorana 


forces are necessary™. 


aes = ap (703) (wy, + My Pox + Op Qog + Vishal ss) 
a OR (7705) Soa W, ts hag a ae BeOos aA EPs on) ( la) 


nn = Van (113) (Zn + MinP's) + Onan (113) Sig Wat IGP is); (1b). 


where / and Q are exchange operators with respect to the space and spin coordinates, 
respectively. S’s are the usual tensor operators and (/(7)’s are introduced in order to 
distinguish the radial dependence of the tensor forces from that of the central interactions. 

The spin state of the three nucleon system consists of eight linearly independent and 
orthogonal states. The four of them are quartet states corresponding to a total spin 3/2. 
The other four are states of total spin 1/2, and we can choose two of them symmetric 


* i : 7 

These parameters for tensor forces are not independent as can be seen directly, by observing that tensor 
forces vanish for the singlet state. But we include all these, so as that the formulae for tensor terms are 
written in parallel with that for central terms. 
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and the other antisymmetric in the two particles | and 2 in the deuteron. The quartet 
spin functions are designated by y;(¢=1,2,3,4) and the doublet spin functions symmetric 
with respect to the two particles 1 and 2, by y, and y,, and the ones antisymmetric, by 
y, and 7,. The last two are not included in the initial and final states so far as we 
restrict our calculations only to the elastic scattering cross section. 

Then the differential cross section of the elastic scattering is given, using the Born 


approximation, by 


eee eae 
a (8, $)d2@=—— d2 —S)|PMy,)’, (2) 
Qn 6 ifa1 ° 


where /° is a normalizing volume and Yi,; are the matrix elements 
1 3 3 
Meye= 5 (1—P Qi} F Xp {1—PysQish | Vin + Vine | Pes) (3) 


or by the hermitian properties of P,,; and Qj. 
Mi= CF 454 1 —P,3Q15 } { ie ata Vive \ L 7) g (4) 


V ,, ©, and 7;, 7; are the initial and final space and spin wave functions and, since we 
are employing the Born approximation, they are given by 
VT =L-*? exp «k-x) f(r); 


(5) 
P= 17 exp (ik!) o(r), 


where Kt and k’ are initial and final relative wave numbers between neutron and deuteron, 


; it ao aes Re ; 
respectively. ®#=97,——(#,4+1,) is the relative coordinate between neutron and deuteron, 
2 « 


and r=”,—Y, is the one between neutron and proton in the deuteron. ¢,(7) is the S 
state deuteron ground state wave function. 

If we put the expression (1) for Vy, and Vap into Wey given in (4), and use 
the initial Y, and final state Y, given in (5), we obtain 


Table I. 
| Ve 
if Wy, —Ikn Wy + — Mn Mn, 
2 2 
il We 33 
2 —WyntMn oc +My My, 
V3 
wpté oes | ea 
3 Wptbp rey t | 7 OP 
it | Wee 
4 Mp+thp Wipes, iP. eet: 
1 1 | Ware i 
5) —Wy—bp id eee 4 5 (Wp+ op) 
il il ae 
6 —Np—hp ag eee | A (mMp—hp) 
ee ee 
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PMG = Salons STAC J \c) (for initial state quartet ) (6a) 
[=I i 
and 
6 6 6 
PM = Von t SECS UD + UGC Ale.) ~— (for initial state doublet) (6b) 
2 Zt l=1 


where the coefficients a, 4,, and c, given in table I. A), 4, and C;, can be obtained by 
replacing the small letters w,.sz, 6, and h by W, M, 4, and H. In the last term of 
(6b), 2’ should be taken as states 7 or 8 when Zz is 5 or 6, respectively. This term is 
obtained because for the doublet symmetric state, the spin exchange operators Q give a 
mixture y, and 7., and the non-diagonal matrix element in spin state does not vanish in 


the case of tensor interaction. 


Jj; are given as follows : 


Se = {exp (ake! 20) $5 (7) Um (|a0— Fl) Sis exp (ihe ar) f(r) one, (7a) 


So= expt —th! 0) (7) Onn ae— en) Si; exp{ 2#e(— ” + - r) |b, (jae+ <7 \dadr, 


(7b) 
J=\exp(—#h' a) (7) On, (lat se ) Sus exp Gh - 0) b, (7) dae kr, (7c) 
T= exp (—ik! -2) bh, (7) Uy l lw+— |) Su exp [—ae( : x+? ry] 
4 
dh, (a0 — ae ) ae dr, (7d) 


T= exp (it a) dy 7) UP) Senplte( — a+ 2) yy (ar br 


)doe dr, (7e) 
i= [exp (—ik! 90) (7) Un) Syoexp[ — ik C a+ =") ¢), (e+ : ride dr, (7) 


and /, are obtained form J, by dropping the tensor operator ay 


It is convenient for the treatment of /,, to decompose Sus=3 (G.t%s5) (F"'5) (d,0,) 
2 ic 


- "5 
into a sum of the products of two second order irreducible tensors which consist of spin 
operator and coordinate, respectively. 


Sa (= sie zee Cay Ket how Ae (1,5) 5 ; (8) 


where 
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aay 3 (6,09 4°0%05.), (9) Yar =¥F jf sin 8 cos Oe, (10) 
2. 


Z = 36;,.05,.— (8;-6;), — —@ cos'0—1), 


where @ and ¢ are the polar and azimuthal angles, respectively, of the direction of the 
relative coordinate between the particles 7 and 7 with respect to the axis of quantization. 


Then (f|/|2) is written as 


(Ai) = 3-1 Ze Old (11) 


where /,, is obtained by replacing S;, in _/, by V.,(2;;). The calculation of the matrix 


element of %,(/) is simplified by using Racah’s method of tensor operator’. Employing 
his notations, we write 
(412. |4s) = (SIZ, O |S") 
= (—1)***(aS||Z() |S) VCSS'2 ;— Mp), (12) 


where u is introduced to descriminate the two doublet states, S is the total spin, and JZ 
is the z-component of S. These all refer to the final states, and the ones with dash 
correspond to initial states. The matrix elements (uS||Z(Z)|lu’S’) are given in Table 
II. In this table 3/2, 1/2, and 1/2’ indicate the quartet, symmetric doublet, and antisym- 


Table II 
(aS || Z(13)|| a/S’) (aS || Z(23)|| a7S7) (aS || Z(12)|| a/S/) 
Sos: \ . ‘S/o : KR s/ : ; 
ae - 3/2 1/2 | 1/2/ whe 3/2 1/2 1/2 A ee 3/2 1/2 1/2 
3/2 47 5 —-2Vv5 —2V15 3/2 |4V5 —2V5 21715 3/2 | 4Vv 5 —4v 5 0 
W222 ) (0) TQ 2V as” 0 0 1/2" | 4V 5 0 0 
V2, 2V 52 0 0 1/2’ |—2V15 ‘0 0) 1/2/ ) ) ) 


metric doublet states. 
Substituting (6a) into (2), we obtain as the differential cross section for the initial 


quartet states 


MM Wea iz M* 30\2\ Saf, 
sage? Sem) P= mat [2 | Sahl 
+S DIBA AOE (13) 


The second terms in the bracket is calculated applying the orthogonality relation of 5a 


2 RIAD IZ Ola 


i=1 f=1 
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= DIS)" AvSin (= Be" ZIZOID) VG 2 MAP O#) 
= B44 (Bi Jo) 212013 (FIZO I) 5 
=14,4y (4 Hes Tit Jip VED DA ul 
In a similar way we get for the third term 
$3134 Ju 232 Al’ (15) 


Thus, (13) becomes as 


ata AQ} 5 (a Ge 


p23 Ai Jin|*' fe (16) 


Su)’ 


The calculation for initial doublet states is similar as for initial quartet states, and we get, 


summing them 


a, ies Ms or 1 2 <i KY 8 Sal 3 2 = = / 2 
00,9) d= Tad 2) 2a hlt+ 5 SDA Sul + 5 SIS An 2A Ta 
2 v = =5 


1 9 = : 2 

tee NG — V8 3C)) Ju —-2 04 /y! . (17) 
i=5 

The total cross section o is obtained by integrating over solid angle. We decompose a, 

for later convenience, into the sum of the contributions from neutron-proton and neutron- 

neutron interactions and their interference. We write them as Gn,, Onn, and Gj, 


‘respectively. They are 


Onpy = 


4 6 
AE tft? | Fett 21314, al? + 218A Sn 284 il? 


oe ene _ ‘ 
S ze ee V3 C) Jiu 2Br Jig!) 
=s Beco l=5 


Onn 


an ee ol@ (512 4 ns 234, hat 


doe Spee. es — 2 
+ SISA + SIIB VsQ heh (18) 


pee {ae | 20 H*Sar) 428 $7 «(S 
WE gnogt oa ae 3 3 1) (Sa, +(e Au) (AJ) 


2 4 6 2 6 2 . 
+3 D4 Iu 224 Jn) "In + (NG 1)* (S38 1) 
=5 eo. ii =3 ¢=1 
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2 6 ae 6 2 a. 
+728 (a (b,— Vv 3 Cr) Ju —2 DF i Jy) *(B,— vA 3 Cr) Iv) 


p 
+comp. cnj.}. 
§ 3. The evaluation of the cross section 


In evaluating the integral 7, and /,,, we intruduce following Fourier transform of 
potentials and deuteron wave function 


V(g)=JV(r)exp( tig -r)dr, (19a) 
U,,(G) =JU(r) Vo, (1) exp (tig: rar, (19b) 
$)(9)=$P(rexp (47¢-r) ar, (20a) 
(9) =o (r)? exp (t2a-r) ar, (20b) 
and put pot pee k'—k=q. Then we obtain ; 
2 
= fe) ek 
L=Vn(g (2), (21a) 
1,= (22)-? (dp (P) $0 (| 7d +D)) Van (| + Be +pl), (21b) 
D7 21. 
L=Vapla (2), (210) 
7 ele) “§ dpdy\ P) Gol | 54+ PI) Vay (| shtk tpl), (21d) 
L=1,=¢,(\~B+R'|) (ard,(7) Vis (7 )exp [i (e+ 7K) -Y]. (21e) 
7 
Fin = ry (QD) Po (9/2); (22a) 
Jon= (22) dphy(P) (lt BL any ( veh +p), (22b) 
Sa UC apie (q) fy (¢/2) , (22c) 
Jin = (22)? § apd, (p) Lo ( P+) CT any ( wht ki +p), (22d) 


Fou =Jou= Gul \ RM) Sy 7) Cg) Von dep [45 ee WY]. (220) 


We have obtained our results, thus far, without the use of an explicit potential. 
However, we must now choose a particular form for the potential and for the deuteron 


ground state wave function. We shall use for the potential the ones which Chamberlain 
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cf al. showed to fit well for neutron-proton and proton-proton scattering at high energies. 
On the assumption of charge independence we use proton-proton potential for neutron- 


neutron potential. They are ; 


a oe .3Mev) (1/2 + 1/2Po5) $1) for singlet state oy 
= 23 
np 
(—25.3Mev) (1/2+ 1/2P 5) 9() + (—48.2Mev) (0.37 +0. 63. Pos) P1(7) Seas 
for triplet state 
; (—13.27Mev) (1/2+1/2P,3) P27) for singlet state 
V an = (24) 
(— 15.25Mev) ¢5(7) Sis for triplet state 
where 
OG) Shr) oe LA ad ol Om aciy (25a) 
WP IAD 
Q(7) = ¥,= 2.615 + 10am, (25b) 
0 4r>ro 
P(r) = (Ay) Pe" Asa 1-6 XO peat (25c) 
Then the numerical values of zu etc. are given as follows : 
W,= —15.1Mev, W,+2,=—- 17.8Mev, 7,= —6.7Mev, W,—M,= —15.25Mev. 
Mp=—15.1Mev, M,+H,=—30.4Mev m= — 6.7Mev, (26) 
6,=2.5Mev, | 
fp 2.0 Mev. 


Hete we obtain the explicit form of (19): 
Van(g) =$¢2(r) exp( ig: 7 )dr= 4ar3{ sin(gr2)— (gry) cos(grs) b/(gre) (27a) 


Cnn, wD) = SPs(7) Vou") expC big) ar 


= 47 Vou. (q) S ee : iy Bis [A393 (27b) 
3 q 
Vay (g) = S91 (7) exp (tigr) dr=47/2,024+ 9°), (27¢) 
Wie be (Y) = I 2, (7) exp 2 iq”) Vou ”? adr 
33 
=47¥,,(@)|1 eee: Belts Z aa “4 ean” ue | alg +42), (27d) 
1 


For deuteron ground state wave function we use the Hulthén wave function : 


f(r) a cso oat Nia CPCEHP) oe 
ie 2m (u—P)® ) 


as ie et 2 
where 4=0.213x10%cm™, $=1.638X10"cm™', and the Fourier transform of ¢,(7) 


Weve Nt te 
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and ¢,(7)* are: 


We aye ‘e *) Jr he ial ast Sea 
P(g) = |Yo(rDexp (bi: r)ar= 4aN(_, ae aay (29a) 


f, 2 == h v 2 e * , Yyr=r7NV? : Sl eae = aires t ee 

to (9) J $0 )rexp (47-1) (can ne ney an 28 /9 
The Fourier transform of ¢)(7) Vn,(7) and 9,(7) Uni (7) You (a") in (21a) and (22e) are - 
similarly calculated. We put them into (23) and (24) and the results are 


= (42)’7; 7 a Eoceie na) i BAT 52 jtan*-2— tan +tan712 , (30a) 


g (gr2)° 40, 2(4+) 4p 
(47)* \ rite ercee eke is 1 2 
ay Gaye) aber, aprei a+pP? B+\% asp ; 
,. sin(|2+ pire) — 2 +P|7s)c08(|2 +P |"'0) (306) 
(je+p|re)° 
7. (42)" => Z ae {tan 2 PE Bia Pe 7 \ (30c) 
3 AA? + 7°) g 4u, 2(u+ B) 4) 
(47)? “4 aoN Wy pms il a 1 (30d) 
SCE Nears Cosp zparn p\° a 
il 
es aoe 
A, (A + |2+ P|’) 
Zs ean 3), 30e) 
=] (47) "NV (= 242 ee Die tan an ( 
axe ee | Ue 3 A? ) eai/h oe zt Dy Nae 
(47)° (ae 7 tan 2, p ? 


x {tan 2 — tan ta Y 75a yan x 


31a) 
4u. 2(44+/) 


- 


Von (2 +P) 
= apy a Naa * 
fe ogy? Caer wep \eeharee oe Arie 2 


. te Nan PPL }, (316) 
—{1+3— tan : 3 
ie ow A; fees 
Vast) Vou(g) fis? 2 ft—-(24+4)anZ} A 
‘ CAG? + Ay) Dadi Ag AJ+ 9 
on tan, (31c) 
* jean 4a, a8: 2(u+/3) 42 
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(47)? (a opal ee ( Ay $3 Go ee ) 
SS ee rN a amo ae 1/9 Q2 ala 
Sy (an)? J I (ap aoa 2+\kgt+pl P+i|zat+pl: 


ram “yp (@+P) E a Rei, {1 2) le+p! ae Patt bee )tan™ genet (3 1d) 
4,(\e+p|? +4,") 2+ p) A, [z+ p| 
1 1) You (#) 


Ba TL EAN pan 2 Fh ED ae “| Gre 
«|! = Tee ; tan aR | an B +A, (3le) 


1 
where See sy eky Eeled ners k’. 
2 


For /,, [,, /oy, and Js, we must further integrate, but. the last integration over 7 
can only be performed by numerical integration. These calculations are lengthy, so we do 


not write here. 


§ 4. Caleulated results and comparison with experiments 


In Table III we show the total cross section of elastic scattering with tensor inter- 


action and Stern’s™ experimental value for proton-deuteron scattering.* For comparison, the 


Table III. Cross sections in mb. 


| 


SB | nn Que seats as | ee ee 
| Central part == Tensor part Total 
ED | 11 | 5 | 16 
Pot 1G | 8 | 9 17 
Eh Pere bees | 12 | -2 10 | 
Ond 714 | 31 | 12 43 28323? 


a: Gluckstern and Bethe gave 60 mb for this value. 
4: In previous note we adopted Powell’s data; 35mb. 


one with central interaction only is shown. It is® calculated by using Gluckstern and 
Bethe’s potential which is Serber type for neutron-neutron force and is determined so as 
to agree with experiment for total (elastic plus inelastic) cross section. Our result is 
smaller and have better agreement with experiment than Gluckstern and Bethe’s. The 
reason will be as follows: (i) the interference between neutron-neutron and neutron-proton 


scattering is destructive for tensor part, and (ii) when tensor forces are taken into account, 


* Stern gives the elastic differential scattering cross section of 190 Mev deuterons by protons, which 
corresponds to the scattering of 95 Mev protons by deuterons. At high energies as 90 Mev there will appear 
no difference between neutron-deuteron and proton-deuteron scattering except for small angles. Therefore we 


can compare out calculations with his results. 
‘ 
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Fig. 1. Differential cross section of elastic scattering 
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the contribution from the central to the cross section is reduced more than half of the 
value obtained without tensor forces, and the contribution from tensor potentials is too 
small to cover this reduction. A possible explanation of this result will be given in 
appendix. Par 

The angular distribution of scattered nucleon is shown in Fig. 1. As is seen from 
the figure our results agree better with experiments than Gluckstern and Bethe’s. Especially 
the backward scattering cross section is about ten times larger than the experimental value 
in the case of central interaction only, while our calculation is only twice larger. This 
will also be caused by the same reason (ii), mentioned in the discussion of the total 
cross section, and this effect is natually enhanced in the forward and backward scattering. 

Though our results are in better agreement with experiments, the total cross section 
and backward scattering are yet too large compared with experiments. One reason of this 
result will be, that the total’cross sections for high energy nucleon-nucleon collisions, which 
were calculated by using the same potentials, were already larger than experimental values. 
On the other hand, it was shown by Buckingham and Massey™, that the result for 20 
Mev neutron-deuteron scattering with the Born approximation, calculated by Verde”, gave 
higher backward scattering than their result with exact calculation. Though Verde’s high 
backward scattering might have been caused by the use of Gauss error function in his 
calculation, and the energy 20 Mev, in their case, was much smaller than 90 Mev, in 


our case, the use of the Born approximation may be considered to give another reason 


to interpret our high values. 
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The elastic total cross section of Bransden’” is much larger than ours, and we suppose 
that this is because he used Gauss function for both nuclear potential and deuteron ground 
state wave function. However, as it is known that, though the total cross section for 
nucleon-nucleon collision is not sensitive to the radial dependence of potentials, the angular 
distribution calculated using Gauss potential is in worse agreement than the one calculated 
using long range potential”, so the difference between his result and ours will appear more 
in the angular than in the total cross section. Bransden’s result gives too small side 
scattering and this is clearly in disagreement with experiment. 

The effect of D-state in deuteron ground state, though they are small enough to be 
neglected for total cross section as shown by Bransden, they may affect to reduce the 
angular distribution of backward scattering. 
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Appendix 
Results with impulse approximation 


In the text we confined our calculation only to the elastic scattering. Here we will 
discuss the elastic and inelastic scattering i.e. total cross section. By the recipe of the 
impulse approximation, Chew had formulated for the neutron-deuteron scattering’ and 
analyzed experimental data”, but he has not taken into account of the non-central forces. 
In CII* the neutron-deuteron scattering cross section was described by the two body neutron 
neutron and neutron-proton cross sections, but the expression must be changed if the tensor 
forces are included. Though, in general, the two and three body collision cross sections 
cannot be separated into central and tensor force cross sections, we can do this if we use 
the Born approximation in accord with the approximation used in the text. We use this 
expedient in the following calculation. 3 

Writing the tensor operator S;,, as the scalar product of two vectors, as in (8) ih 
the text 


9 


Sy= 3 (Oo; . V5) (9; : 13) be (o; 5 G;) as x (Se ) ue CAE) vam (9;,0;), (A-1) 


V5 5 


and defining the scattering amplitude, A,7 Be BY. 


p k,+k 
Rin= (Hal Vn (Oy) T 0)| PE), (A2) 


\ 


the neutron-proton and neutron-neutron cross sections are given as follows** 


* We refer Chew’s paper (reference 5) as CII. 
** We use same notation as in CII, except for tensor terms. 
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on = ae Ee ne *ipl> + lel FORMA, = i (A-3) 


pape 2 ME i 
0 


The total neutron-deuteron cross section is given, after some calculation, as 


+ let? eae +62 Risin —Roin | (A-4) 


otal____centra 27 is - Mk,,, \{ 
Cire ay 4 Hl alheg (be) Be ) [aon [6S Rik Al =| 


ZU 9: 


es Ee ? 
+ alin) (AE ze i. fit [633| Riou Rol +17—P7]. (AS) 


Here? oit'r? 


is the same expression as in CII (12); /* is the tensor part of the inter- 
ference term between neutron-proton and neutron-neutron scattering, and P” is the tensor 
part of the Pauli exclusion term. Comparing with (A-3) and (A-4), and using the 


result of CII for the central part, we can rewrite (A-5) as follows 


‘otal > 2 7 e I 
ge = (1— €°)o% sh aa Sate hin ee 


np 
(A-6) 
2s (1 Ser €*) pie + ee ft. 


I° is the central part of the interference term and it is given in Table III in the text 
together with /7. €° and €” is to be determined by comparing the angular distribution 
of high energy protons with experiment. But it is found, in the approximation similar 
to deriving (22) of CII, that the tensor terms contribute nothing to the forward scatter- 
ing, so we can put €*=0, and it is also permitted to put €° equal to € of CII, ie. 
a= \yLD: 

The neutron-deuteron elastic cross section is obtained in a similar way, 


Ona np 


( WL Ua 3 Gene ral ILC 2 tensor oa Se 4- / ») > (A ) 
og tastte __ ‘eC a + os mn 
2 


and it becomes, if we use for S the value 0.28 following CII 


gtato_¢ 2Rg%rtal 4 0.42 genre a. [40.190 + 0.37 ann” +17. (A-8) 


nd 


To determine of" etc., we calculate these cross sections by the Born approximation, 
using for potentials those used in the text, and normalize them so that the sum of the 
central and tensor cross sections give the experimental total neutron-proton and neutron- 


neutron (proton-proton) cross sections. The results are given in ‘Table Aci, 
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Using these values, and those of 7°; 77, €°, 
able to calculate the 0%” and o@@*”, and obtained for them 113 mb and 41 mb, 


nd 


and €7, obtained above, we are now 


respectively. The former agrees fairly well with the experimental value 117mb given by 
McMillan™, and the latter with the value 43 mb obtained in the text. 

Though the 41 mb is a little larger than the experimental value of Stern, it 1s 
conceivably smaller than the value 50mb calculated by Chew in CI. The reason will 
clearly be seen from (A-8), in which the coefficients for tensor terms are smaller the 
corresponding ones for central terms, both for neutron-proton and neutron-neutron cross 
sections, and also from the fact that our [¢4J[%=12.2—1.8=10.4mb is much smaller 
than the value 15mb used by Chew. These considerations will ‘perhaps clarify the fact, 
that the total elastic cross section obtained in the text, with inclusion of tensor forces was 
much smaller than the one without inclusion of them. 
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The electronic energy levels of the J/centers in the colored LiCl and NaCl crystals are calculated 
by LCAO method, assuming Seitz’s model. The ground state and the first excited state (optically 
permitted) are shown to belong to 4, and 4, symmetry, respectively, the wave-lengths of the optical 
transition between them being in comparatively good agreement with the observed J/-absorption peaks. 


$1. Introduction 


Of the various color-centers in alkali-halides, we already know much about the /— 
center,” and recently many .experimental results have been reported on the natures. of 
the several bands which appear on the long”® and short?” wave-length sides of the 
/—absorption band. 

The color-centers which correspond to these absorption bands are divided, as regards 
their structures, into two groups: those due to trapped electrons, and those due to trapped 
holes.® e shall confine ourselves to the former group in the following. 

By irradiation to or thermal treatments of the /~colored crystal, several absorption 
bands appear one after another, of which the most prominent and stable is the M-band. 
This band, first observed by Ottmer’ and investigated later by Molnar,” appears together 
with the /-band ‘in the X-ray colored crystal, or even in the additively colored crystal 
under suitable thermal treatments, though it is obtained most conspicuously when the /— 
colored crystal is irradiated with the /~absorption light. 

Seitz” proposed a model for the J/-center which is responsible for the //—absorption 
band, by analysing the experimental facts on the mutual transformations between the J/- 
and the other (/, R,, R,) absorption bands, and by presuming existence of pairs and 
quartets of positive and negative vacancies. This model seems to be rather plausible as 
it is consistent with various experimental results hitherto reported. 

Recently Petroff” has carried out very detailed and suggestive experiments on the 
formation and disintegration of various bands from the /—band. According to these 
results, the J/—band plays an important part as an intermediate product in the formation 
of various bands from the /—band. Consequently it seems to be very important to 


investigate theoretically the structure of the J-center and its relation to those of the 


other centers. 
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In the present paper we calculate the energy levels of the JAZ-center for the case of 
LiCl and NaCl with the method of LCAO, assuming Seitz’s model stated above, and 


compare the results with experiments. 


§2. Symmetry of the W-center and classification of electronic states 


According to Seitz,” the J/-center consists of /—shaped vacancies — o/é positive and 
two negative ion vacancies as is shown in Fig. 1—where ay electron is trapped, so that 
it is electrically neutral as a whole. As the vacancy 
complex is larger than the /~center, the electron trapped 
there will be strongly localized to this region, consequent- 
ly the effect of polarization seems to decrease rapidly 
as one goes away from the center. Assuming the rigid 
lattice from this reason, as in the previous calculation 
on the /~center,” we calculate in the present paper 


the electronic energy levels of the J/-center, using LCAO 


method. 
: ¢ i Cl Na* 
As is seen from Fig. 1, the potential for the 
Fig. 1. Seitz’s model for 


trapped electron has a symmetry axis of order two (2— Asi ees 


axis), and a symmetry plane of reflexion (7z~plane), 

so that its symmetry is Cy,. If the electron under consideration occupies rather shallow 
traps below conduction band, as is the case for the /—center, it seems to be adequate to 
approximate the wave function of the trapped electron with linear combination of alkali 
atom orbitals. 

The alkali ions around the center can be classified according to symmetry as is shown 
in Fig. 2, the same Greek letters being assigned 
to the equivalent ions. The potential of Cy, 
symmetry yields four types of states— A,, B,, 
A,, £,, wave function of each of which should 
be constructed from atomic orbitals of the 
alkali ions in Fig. 1 with the coefficients as 
shown in Tab. 1, where the orbitals should 
be takén as 2s and 2f for Li, 3s and 3 
for Na, etc.---. 

The ground state is of course 4, state, 
from which transitions are permitted to A,, 
B, and #, states. 

In the present calculation, we take s— 
and f-orbitals for the gion, only s—orbitals 
for f-ions and neglect 7— and 0-ion orbitals, 


Fira Clnseisestion orielieatore aehiae as it is rather laborious to solve secular equa- 
immediate neighbourhood of the center. tions of higher degrees. In. Tab: <4, Gthe 
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Table I. The LCAO coefficients for the four classes of states 


= B ee 4 
1 2 3 4 F 1 2 1 2 
5 1 1 1 i 1 | 1 1 ieee; aloes 
a Pz 1 i il 1 1 1 1 % 1 1 
Pa | 1 1 —] —1 | i —1 1 —1 
by 1 —1 il aa : ir 
5 1 —1 —1 ; 1 
ee Lz 1 1 —1 1 ‘ 
a= 4 1 —1 1 —1 
py | aL 1 ssi —1 | 1 all ; 1 i 
5 1 1 =1 = 1 —1 it =i 
zB Pz / 1 1 —1 —1 1 —1 1 —1 
pa 1 | 1 1 1 1 1 1 1 1 
. ped {- 1 i —1 1 © eg, 
S | 1 =/) 1 il 
By fz | 1 —1 1 —1 
Pa | 1 il -—1 1 
py 1 | 1 1 1 1 ‘ tl 1 1 1 


orbitals used in the following calculation are written in Gothic type; we have to solve 
secular equations of the third degree for A, states, and of the second degree for 4, and 


B, states. 


§ 3. Calculation of energy levels’ 


The Hamiltonian for the trapped electron is taken as 
i : 
H= aoe 4+ D> a ions) ie 


where I7* is the potential due to the i-th ion, which is fixed at its lattice point because 
we take here the rigid lattice model as stated above. We assign 7=0 for the a-ion, 
{=1, 2, 3, 4 for the f-ions, and write Vs-* to mean the potential due to all ions 
except the 2-, j-,-+: and #-th ions. 


The wave functions are written as follows : 
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A, state: V=u,9,+4,0,4+4,9, , 
=o, 
O= by, 
P=$e,1 + $s,24+ Ps,5+ Ps, 4 » 
B, state: P=P,0,+',%,, 
P= Pe,05 
B, state: V=7,9,+7,9%,, 
C= ho; 
| O.=$.,1—$e,0+ Ps, 3— Pea » 
where ¢/,, ¢, are s- and f-orbitals, the suffices which stand to the right of these signify 


the ion numbers to which the given atomic orbitals belong. 


We have only to solve the secular equations 
Det. | Zinn —4inn£ | === 10) 6 
with 


Fn=| 0,, HO, ds, 


a =| 0, Dn dz, 


for the above states. 

We have calculated for the case of LiCl and NaCl; the orbitals, numerical values, 
methods of approximation used are as follows. 

Calculations of the matrix elements //,,, reduce to those of the integrals of the type 


such as 
|. Ty, oat ’ 


where we take advantage of the relations of atomic orbitals ; 
(——4 =f V*) $,, = EY, a) 
Zz 
1 : Kee 
(——4+ V'\ $2 BY, ’ 
; 
Z? and E® being, for instance, 2s and 2f levels of Li atom for. the case of lithium 


halides. The numerical values of E* and EZ” are taken from spectro-scopic data, giving 


in atomic unit: 


Li Na 
ae —0.1981 — 0.1889 
ae —0.1302 —0.1116. 


In calculating two-center integrals of 
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a-type \% Vidz adc , 


b—type ju Vidar , 
and three-center integrals of 
|e Gude 
we have used the atomic orbitals of Slater,” that is : 


NV 
=F exp (Pr), 


4r 
ia VS 3 
p.= “Ger cos exp(— pr), 
p=0.65 , 
[ $,=——1" exp(—pr), 
Na | v3 
a ta Fer cos@ exp(— pr), 


\ p=0.733. 


As for the three-center integrals, we first take summation over the ions 


Eze Vi) hade=|\ ype b,aT . 


j+t, 
and replace the potential “” by its value at the maximum point of ¢;¢,, taking into 
account the fact that the potential is a comparatively slowly varying function in the 
neighbourhood of the z-th and 7-th ions. 

Moreover in calculating two- and three-center integrals, we approximated the potentials 
Vi by Coulomb potentials + 1/7; according as the ion is positive or negative, after ascertain- 
ing that it produces comparatively small differences in comparison with the case of 
approximation with Hartree potential. 

When we take summations over 7 of the two-center integrals, those of the a—type 
integrals consist of finite terms, while those of the d-type integrals consist of infinite 


terms. For example, one of the /—type integrals is calculated as 


Eel 3 Lee 1 
Le Z + bh a =F Bice asi 3) IS By Ik5 —1 See 
[bas F (edad = BFF. (3 e086 Ry) 1) 


aj 


+ exponentially vanishing term, 


for the 2/-orbitals (that is, for Li). For s—orbitals the second term does not appear as 
the latter is a term due to quadripole moment of the charge distribution of /-state. 
Now when we take summation of these integrals over 7, the sum of the first terms gives 
Madelung potential if the crystal is perfect, so that in this case we have only to subtract 
the contributions of the absent ions. The sum of the ‘second terms should be zero for 
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the perfect crystal owing to cubic symmetry, so that we have to take sum only over the 
absent ions and then to reverse sign. In summing the third terms, only the several nearest 
ions will suffice, for they vanish rather rapidly as one goes away from the 7—th ion. 


The J-type integrals of the form such as 
|v (E1/74)¢.,<dt 
are calculated as 
cos(z, R;;) (Ris), 
the sum of which over / is zero for perfect crystal on account of cubic symmetry, so we 


have only to sum over the absent ions and reverse the sign. 


As regatds the overlap integrals and two-center integrals we referred to the formulae 


in the paper of Mulliken and his collaborators.” 


For the lattice distances we have used the following values : 
LiCl: ¢=3.92, NaCl: d=4.36. 
The matrix elements are expressed in terms of the above integrals as follows : 
A, state: 
Aga Li 4,.—1, 4 Ai, 
A= 4{1+5;,(72 2) +S, 2d) +S, ,(¢6a)}, 
AAS, Sn eid), 
Ag 2S, 2s 
fy=E* + (%, Vs oo), 
Lie =E AY (VE Paes 
Fy, = Eds, + 4) (hs,1» v™, Ps, 1) + (fe, VO, Pe,2) + (G1 VM, Gs) 
+ (1, V™, be,4)} +440 ,,.(¥22) +U,, (2d) + U,.(V62)}, 
FLip= (Yu,0, Vrs Ys, 0) 
f1,3= Edi, +4 (5,0. V, $51) +4U,,,.(%2 a), 
HL Ag+ 4 (Gs V OO 3) —2U go V2 dd), 
BG state: o 
Aah 
454 4— S)(V 2d) +S,,(20)—S eV 60)*, 
Ay = 2S50,3(¥ 2d), 
j= EEO, Vo, Ben) 
Ha= Edt 41 (Ys,19 Vs Poa) + Pr VO, $s, 29— Ya, V™, bs) 
— Ga VO, ba) }+4{—U,, (42a) +U,, (2d) —U,,,(“6 2)}, 
Myg= "A e+ 4 (uo, VO”, be 1) +20 p6,,(%2 ad), 
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By, state: 
Ag est 
4,.=4{1+S, (“2 d) —S, (2d) —S, (V6 a) }, 
ya 2 Mee ROR nak V2 a) ’ 
F f1,=HP + (Hy, 0» vs Py, 0): 
FT n= E* hog + 44 CA 1» ante Ps, i) yh (¢., 1) A aid bs, ») ata (¢,, 1» VE, Ps, 3) 
ca (Ps, Wy ne , a) } +4 { Ce ak v2 ad) Tee oe 3(22) i Os ak V6 a) he 
FTiy= EA, +4 (Py, V Se $1) +2 2 Lee He az a). 


Here S(2) is the overlap integral of the atomic orbitals of two ions separated by X, 
and U is the two-center integral; for example, 


\ ane z V*d,, jae =s Oa: s (Riz) +EU., po( R;;) : 


$4. Results of calculation and some remarks on the approximations” 


As the procedure of calculation used here is essentially the variation method, it will 
give rather reliable values of energy for the lowest states of A,, 4,, 44, respectively, though 


the overlap integrals are fairly large. The results of calculation are given in Tab. 2. 


Table 2. Results of calculation and comparison with experiments (in eV) 


= | - 
at ak ates BES EN rae a Observed AZ 
yr Bz, Bas iB absorption peaks 
LiCl —4.86 —2.76 <a 2.10 1.90 
NaCl —5.63 — 3.90 =1.45 73 eZ 
¢ . 


The values of the energy levels of A, and 4, states are, at first sight, too deep. 

But when the trapped electron is raised to the conduction band thermally or optically, 
there is left a defect with total charge +1, the medium polarizing radially from the 
; center, with lowering of the crystal energy as a whole. The extent of this lowering is 


given as follows : 


i 1 il 
for thermal process : TONS, 2 ie 3 ) R et 


: ie zy 1 MN 1 4 
for optical transition : aan X= - (i ff . ea es 


where x and x, are dielectric constants at low and high frequencies, respectively, Z is the 
work function of the crystal, and R is the effective radius of the J/-center. Thermal 
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and optical depths of a state are obtained by subtracting the above quantities from the 
values given in Tab. 2, thus leading to fairly shallow traps. 

Although the absolute values of energy given in Tab. 2 have no direct physical 
meanings as stated above, their differences between any two states will give, on the other 
thand, fairly good values for optical transition, because in these trapped states the distribu- 
tion of the electron differs rather in symmetry than in range, thus making plausible the 
assumption that the energy due to polarization is much the same in all the states. If 
we assume that the J/-absorption band is due to the transition from A, state to 2, 
state, the calculated wave-lengths are in good agreement with observations, as is shown in 
absnZ- 

As the vacancy complex of the M-center is fairly large, the shielding effect of 
potential due to polarization is, perhaps, too weak in the direct neighbourhood of it to 
use bulk properties x and %, in describing the polarization. Thus the method used here, 
in spite of neglection of the polarization effect, seems to be a comparatively adequate way 
of describing the essential aspects of the matter. If we deal, however, with the interrela- 
tions of the trapped states and the conduction band, the polarization effect will play a 


very important part. 


§5. Conclusion and additional remarks 


We have calculated the energy levels of the //—center, with the LCAO method, for 
the cases of LiCl and NaCl, assuming Seitz’s model for its structure, and obtained the 
wave-lengths of A,—>A, transition in good agreement with the observed values of the 
M-band. The calculation given here includes, however, various approximations, so that 
it might yet be too early to conclude that Seitz’s presumption on the structure of the 
MM-center is confirmed by it. 

After this work was announced in the Annual Meeting of the Physical Society of 
Japan, 1950, Ueta™ has performed interesting experiments on the bleaching of the JF 
band by polarized light, and confirmed to a certain extent that Seitz’s model for the M- 
center is plausible and that the transition perhaps takes place from A, to Bs, spot; at 
least, from A, to 4,; in agreement with our results. 
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Making use of the general principle of invariance under space rotation and inversion, the decay 
of a z-meson into two Fermions and a }—particle (assuming spin 1/2) into one Boson and one Fermion 
are investigated. The subject of interest is: whether any of these decay processes can be made forbidden 
by assigning appropriate parities to various Fermions, as has been remarked by Yang and Tiomno. It 
is found that there exists no such possibility, that is, there is no reasonable assignments of parities which 
make any processes forbidden. This result is reexamined in the light of charge independence hypothesis, 
in which z-meson fields are considered to interact charge symmetrically with nucleon and lepton fields. 
It is found, however, that the introduction of this hypothesis does not better the situation at all. Several 
definite conclusions are drawn on the isotopic angular momenta of /~particles from this hypothesis. 
Discussions are also made on the possibility of the proposed model in which y-mesons and /~particles 
are assumed to be the excited states of leptons and nucleons, respectively. 


§ 1. Introduction 


One of us (MS)” has recently proposed the possibility to reduce the number of 
elementary particles by assuming that /-mesons and /—particles are the excited states of 
leptons and nucleons, respectively. According to the idea leptons and nucleons are excited 
up to /—mesons and |—particles respectively, through their interactions with 7—meson fields. 
If one adopts this idea it is unnecessary to assume any Fermi-type interactions and one 
again has the possibility of explaining the /?-decay processes with Yukawa’s original theory. 
) 


One encounters, however, with difficulties, which were already mentioned by us”, in 


adopting this idea. If mesons are really the excited states of leptons one cannot exclude 
the experimentally almost forbidden processes” 

m+—+ct+y, 
which may well take place in ~10~*sec., so that one can reasonably explain the /3-decay 
phenomena. Similar difficulties arise for the decay of a / particle: That is, ome can 


never exclude the possibility of a |”"—particle decaying into a nucleon and a 7—meson, 
V°-+N+7", 
> P+T7, 
whereas the favorable decay mode is” 
V°—> P+n- 47°, 
o>Nanrtan. 
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The present work intends to meet these difficulties making use of the principle of general 
invariance under space rotation and inversion. The result is, however, negative for both 
processes as will be seen in what follows. 

This method of obtaining the most general selection rules was developed by Yang” 
for the case of the dematerialization of a particle into two photons. In this paper his 
method is extended to investigate the decays of charged 7—mesons and //—particles assum- 
ing they have spin zero and 1/2, respectively. Some complications arise for these decay 
processes which did not appear in Yang’s investigation. They are all due to the appearance 
of Fermi particles in final states. 

The wave functions for spin 1/2 particles can assume four different types specified 
with their transformation properties under space inversion. This point was also investigated 
by Yang and Tiomno” in connection with the possibility of assuming the universal Fermi- 
type interactions. In the present paper, however, we are on the different stand point 
from these authors’, since we do not assume any Fermi-type interactions. On this point 
discussions are made in Section 2. 

Since we deal with the processes in which the number of particles is not a constant 
of motion, we are obliged to use the quantized field thesry to formulate the principle of 
invariance under space rotation and inversion. This is done by expressing various states 
in terms of creation operators and vacuum states as will be discussed in Section 3. 

In Section 4 transformation properties of various states are discussed to obtain selec- 
tion rules for decay processes. Discussions for the oktained results are made in Section 5 
in the light of charge independence hypothesis for 7—nucleon and 7z-lepton interactions. 
Summary of results are found in Section 6. A remark on the connection of the method 
of configuration space with that of second quantization, especially in case of the existence 


of antiparticles besides the ordinary ones, is given. in Appendix. 


§ 2. Preliminary considerations 


In order that a particle can disintegrate into two or more final products, the initial 
and final states must have the same transformation properties under space rotation and 
inversion. This general principle of invariance makes it possible to obtain selection rules 
for the processes under consideration. It should be noted that the selection rules thus 
obtained are quite independent of the type of assumed interactions in a sense that, if a 
negative conclusion is drawn with this method for a certain process, it can never be allowed 
whatever type of interactions one may assume. On the contrary, positive conclusions 
cannot be valid if we do not assume any interactions which are responsible for the process. 


Thus we are not restricted by all of Yang and Tiomno’s results’, since we have no concern 
with any Fermi-type interactions. 


(4) Decay of m-mesons 
We are going to investigate whether the processes 


mt —>e@4y Ee) 


ees. 
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and eure a aa (2) 


can be forbidden by appropriately assigning different parities to electron and neutrino fields. 

It seems, at first sight, that we can do this by assigning real parities to the electron 
field, while imaginary ones to the neutrino, or wce versa. If we do this, however, 2 
mesons can never interact with lepton fields, since then we can by no means construct any 
invariant couplings from these three fields. Thus we have four possibilities left for the 
final state. They are: 

case (A): (¢,¥) have the same real parities. 

case (B): (¢,¥) have the different real parities. 

case (C) : (¢,¥) have the same imaginary parities. 
case (D): (¢, ¥) have the different imaginary parities.* 

We assume 7—mesons have spin zero. As to the parities we note that this is closely 
related with those of nucleons. Clark, Roberts, and Wilson” observed that z—mesons have 
odd parities if the proton and neutron have the same real or different imaginary parities. 

=If, on the contrary, the proton and neutron have the different real or same imaginary 
parities, 7—mesons should be of even parities in contrast with the usually accepted idea. 
This fact will be used in discussing the decay of a [”°-particle. 

Thus we have, in investigating the decay of a charged 7—meson, eight possible cases 

in all, two for the initial and four for the final states. 
(8) Decay of V-particles 

Since protons and neutrons interact with 7—meson fields, the case in which protons 

have real parities while neutrons have imaginary ones, or vice versa,. is excluded. The 


process 
Vi =P ne ar, or Van + 
should be allowed for and hence, if nucleons have real (imaginary) parities ]”°—patticles 
must also have real (imaginary) ones, respectively. Thus in considering the process 
V%°—> N+ 2°, (3) 
or V°—>P+r, (4) 
we have four possibilities for the combinations of a ’" and a nucleon just similar to 


those for electron-neutrino combinations given in (%). For each of them z—mesons may 


. . ve . . . ot K 
have even or odd parities. We have here eight possible cases specified with parities :* 


yas nucleon M8 
case (A)’: 1 1 +1 
case (B)’: z —1 +1. 
case. (C)’ : 2 z ce 
case (D)’: z 7 +1. 


* If one considers an electron and a neutrino as the different isotopic spin states of unified leptons, 


the cases (B) and (D) are naturally excluded. 
** One can also assume parities —1 and —/ for /”-particles. We consider, however, only these eight 


cases, since nothing new arises if we include them. 
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$3. Representation of states 


We specify 7-meson and spin 1 /2 fields with 9 and ¢, respectively. is scalar or 
pseudoscalar, while ¢ is spinor. It is assumed that [/°—particles have spin 1 /2 and 


neutrinos have finite mass. 
Let us consider the expansion of a q-number spinor (7) in terms of annihilation 


and creation operators. We write 


on) =D Ke | (5) 


and put” 
Ve Gc ah any 
w(K) =(K2+ eo Mag] 9 Lease] K [acy] Get |+-ane fas tee Gee 
me —k, Pie aS 


where Kab + i, B= oe ee) ke), AH ee th,, Ro=h,—tky, and | et aie 

0 ) y y 
As is easily seen, operators a's and 6’s satisfy the commutation relations 

(a, al?) = {82 6B} 00K K), i 7=1,2. (7) 
all other anticommutators=0 , 
corresponding to 
{ck (IK), tp(IE')} =Onn0 TK, Ke’), 
{uk (I), uw CK')} = {tn ), ue) } =0, m, n=1, 2, 3,4. 
For special JX parallel to z axis (6) can be simplified to 


vie =O —k nO 
oP) 9 aa 0 9) e 9) 1): a = 
u(B) = (K-42) Lao] O [eal & fora] Rilrame| 6 [t- (8) 
0 =s 0 K 


One readily sees for this special case, 


u*(K) [a,k+ Sm)u( Ke) =£, (OVP + ON 24 OVO? 4 OND —2), (9) 
favre | A 2] dee = KUNE LON —ONG— ONG A 2), 


(10) 

u* (KK )o,t(K)=ONP—ONP— ONE ONS (11) 
where VO =aQ* aQ and PNP =4R* dR. (7), (9), (10) and (11) enable us to 
interpret aj2* and 76 as creation operators for the field quanta specified with their 


respective energies, momenta, and spin directions listed as follows : 


energy momentum spin direction 
a ; h, K +2 
Qk. , e 
ay : Ro A es 
ay. > 
OCR g Ry == Kk + a 
2) es 
Cops Ry —K ont 


* The system of units in which 4=c=1 is used. 
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From this and (8) it is clear that 42% corresponds. to the creation operators for the 
antiparticle (hole). In the following, e. g. in (14), we understand a*’s and d*’s as 
cteation operators for electrons and antineutrinos (or neutrinos and positrons), respectively. 

It should be noted that these explicit interpretations are valid only for the special 
case in which AX is parallel to 2 axis, since otherwise Hamilton function a+ Bm does 
hot commute with spin operator and hence the energy and 2-component of spin cannot 
take the simultaneous eigenvalues. In the following discussions, however, we always consider 
the processes in the center of mass system so that we can make these explicit interpretations. 

These complications do not occur for the 7~—meson fields. Following the familiar 


procedure, one obtains creation operator cj/)* 


specified with the momentum and electric 
charge of the quantum. 


Now we introduce the vacuum state vector defined by* 


ONO = OVE 10> =0., for any AC and z=1, 2, ah 
ee (OS —0 5 for any AC and /=1, 0, —1, 

where ONV{Y=c{* cf? is the occupation number operator for the quantum of the meson 
K kK P P gq 


field with momentum € and electric charge / in unit of ¢. 
With these notations, one can now express various states in terms of creation operators 
and vacuum states. Thus 
[iy Steer LO Ce 
is the state in which a 7—meson with electric charge / is present at rest. Further, 
Ito. Vig > =a” 6S¢|0>, tk ie > =a” O24 |0 > (14) 
[ote aP* bP lo>, |) )ex aP* BE | 0 > 
are the states in which one @ and one @ (anti) -particle are present with their momenta 
and spin directions specified in the center of mass system. Thus | 4 ‘a> is the ‘state 


in which a@ and @ are moving with their respective momenta KK, and — K, and spins 
both parallel to +2 direction, and so on. Note that the arrows in ket symbols describe 
the spin direction relative to +2 direction and not to respective momenta. 


The initial state in which a ]/—particle is present at rest are expressed as 


ee ==ve PO, and “ig =a” * | 0.55< (15) 
Finally for the states in which a 7—meson and a Fermion d are present, one has 
ae =dP* QE |0>, and [15-7 pHa GFN E| 0 >. (16) 


§ 4. Transformation properties and selection rules 


We consider three transformations, i.e., rotation through angle gy around 7 axis, 
rotation through angle 7 around + axis, and space inversion. Under these transformations 


the operators ¢, ¢/ and any state vectors undergo unitary transformations. 


* When we have to consider other spin 1/2 fields than a and d-fields, the definition of vacuum states 
will be extended to include all the fields at hand. 
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Invariance under space rotation 


xf =) pa% (17) 
j=l 
requires 
Ri o(x, 1, 2) Rp =I 2"), ay 
ae R, baa DR =S(p) Peis 2), (19) 


where &,, is the unitary transformation corresponding to the rotation (17), and S (p) 
represents the spinor transformation. 


For inversion 
Rp = Hy pelle (20) 
one has Po(4, 9, )PC= +6(2', 9.2"), (21) 
where upper and lower signs correspond to scalar and pseudoscalar z-meson fields, respectively. 
On the other hand, ¢/ transforms as 
Pb (a, 2)PA= + POU a 2), (22) 
or Po(ay,y, #) P= +18b (2, 7, 2). (23) 
(22) and (23) correspond to ¢/-—field with real and imaginary parities, respectively. It 
should be noted that the effect of double signs appear only when two or more ¢-fields 
are present (see reference 5s 
(uw) Decay of mesons 
Using (13), (18) and (21), one obtains 
RAGS Skee Re kelOS Slee 


Reap Ss Sal > Pie SS 


nO > , (24) 


where KR, and R, denote rotations through angle ¢ around 2 axis and through angle 7 
around 4 axis, respectively. Thus the initial state | 7{” > is the eigenstate of space rotation 


and inversion belonging to eigenvalues +1 and +1, respectively. We have now only to 
find out if there are any final states with these properties. 


First we investigate transformation properties of final states (14) under rotation /, 


defined by 
a'=x cosyt+y sing , 
y'=—x sing+y cos¢ , (25) 
for which spinor transformation S(g) of (19) is 
S(¢@) 08 tty sin - ; (26) 


This, together with (5) and (19), gives 
1) P-1__ ,-4(9/2 . 1/2 
Rave Re Se a Ree pce ae es 
()s% Jo=1 82/2) ADK ak P—1__ -—t(p/2) 12 
R, OE Re! Heh? BOX, R, OME Re Het BOR , (27) 


for J parallel to axis, from which one deduces that 
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Ak AM P-1__ I) 7D 485 % RQ) P- K R(2).e 
Rea” OOK Re = abe" Mc? Re al* 6K Re = a* os 

(2) 71) P= 2) 71) % 2 ; 
Kean bn Re =aPt te, R,a@* OE Kg =a OO Re, (28) 


Thus, for the states represented as (14), one obtains the results : 
Reltk tin > =e? fie ten >, Rs oltte ex >=|tkea>, 
RNP > HNk a> Rell Pe> Hee. (29) 
Comparing this with (24), it is clear that we now have only to do with the states 


Itt Vea > and ea erase 


Now we proceed on similar ways to the case of rotation through angle z around x 


axis, 
a=4, v=ry, #=—2, (30) 
for which spinor transformation is found to be 
S(¢) =—a,¢,. (31) 
It is easily seen that 
RAP Re = — ia, RealP Re = ial 
Teo Re =e RO g Re = 06g (32) 
and hence 
Ry | Vic 12 K > {tx es Rel tgey ae =|V2xtk>. (33) 


Finally the inversion (20) will be investigated. For this purpose one is obliged to 


consider four cases as discussed in Section 2 (u). Transformation properties of @’s and 


b*’s are 

PAP a a ae GP Pig Ee = ELE 5. fotvcase (A); 

Pag Pat aig + POOR PAS E16) | for case (B), 

“Pale PO = tiat POE = 70g. fort case; (C), 

Baie Pe Soa : peor Pte oP i foricase (DD), (34) 
and hence 

Pic la> SF ltl > Pictur =Fllixtke>. (35) 


where upper signs correspond to the cases (A) and (C)*, while lower ones to cases (B) 
and (D). It should be remarked that z-component of spin does not change sign under 
inversion. This rather strange conclusion comes from the fact that a spin vector is an 
axial one in contrast with a momentum vector AV. ; 

From (24), (29), (33) and (35) ome sees that the final states which must be 
taken: into account. are: [tte }® xe >: (t2x acon | Gane laid |) Sig tS Obeall 


linear combinations constructed ara these four states, 


* Thus the positronium, for example, has always odd intrinsic parity. This conclusion is independent 


of the real-imaginary character of the parity of electron field. See reference 4. 
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‘er : Pag | V4 eK Pear | VK (8 7 


Sie = Weleae 
and ee =e Var =f eV iy ge obs + |) tx Ve Za (36) 


are left to have the same transformation properties as hes aie The final selection rules 


for Z—meson decays are listed in Table I, from which one sees that the decay process 


t—>a+b is allowed for any parities of 7—mesons and for any possible assignments of 
various parities to a and J fields. Needless to say, @ and & must be chosen so that these 


processes are consistent with charge conservation. 


Table I. Selection rules for z—-meson decay 


parity of z | parity of (a, 4) allowed final state 
1 cases (A) and (C) | ay) 
1 cases (B) and (D) | SF 
-1 cases (A) and (C) | Sg 
—1 cases (B) and (D) : So 


a 


The allowed final states |.S,> and |S, > seem, at first sight, to be symmetric for 
the exchange of two final particles a and 6. One might think |.S;> corresponds to *S 
and |.S,> to +P state. It is shown in Appendix, however, that this is not true. There 
one will see that |.S,> and |.S,> correspond to 'S and */ states respectively as the case 
must be. 
(8) Decay of V particles 
By virtue of (15), (27) and (32) with K=O, one obtains 


Reto = eile?) Az em RS — p—*(9/2) > : 
Rites = RA te (37), 
Further 
Bite =e et No — oe (37) 
for cases (A)’ and (B)’, and 
PI = ty ee lula ot tee (37)s 


for’ cases (C)’ and (D)’. 
These are the transformation properties of initial states and we are now to find out 


what will result for final states. The treatments are quite similar to those made in («) 
of this section and one readily sees for A, and X, 


Rel tiene > HF OT ROS RAV Toe Sey ee ees 
and Rte Oe > =1\ le AR >, Re | eT OK > =i ta mQ>. (38) 


On the other hand, for space inversion, one has eight possible cases as discussed at 
the end of Section 2. Thus 


and 
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Plc mee > = + | tex n>, 


=F [fete >, 


i 4 d ( (a are 
ina =e Z tox Te 08) 
eae ANG @) 
=+e\fenlK >» 


Jeeta me > H+ |x tR>, 
= ex ma 7) 
=+ 2 dee my > ’ 


ad (2) 
{2K Te Bar 


eg 


for 


for 


for 
for 
for 
for 
for 


for 


case 


case 


case 


case 


case 


case 


case 


case 
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(A)’, 
(B)’, 
(C)’, 
(D)’, 
(A)’; 
(B)’, 
(C)’, 
(D)’, (39)» 


(39), 


where upper and lower signs correspond to scalar and pseudoscalar mesons, respectively. 
(37), (38) and (39) show that the final states one should take into account are 


e 


the following four : 


| ee = (1% tO > +|t-n7Q> , piles 2 = |1% me > =|t* 27? >, 


Za =| et On > —Woac te >. 


(40) 


Before deducing the final selection rules, one has to recall the fact that the parity 


— a ¢4 4 a 
OF Se a aa enrtR>, 


of a 7—meson is closely related to that of a nucleon as remarked in Section 2 (u). With 
this consideration, the selection rules for the decay of V °—particle are summarized in Table 
-TI. It is clear from the table that, though we have many possible assignments of various 


parities, yet none of the [/°-decay schemes can be made forbidden. 


Table II. Selection rules for /”°-decay 
parity | allowed final state 

P v x yo V0>N+n9 V0 Pn 

1 1 avid: 1 To, 14 Lo, L4 

1 a 1 1 To, T 7; TL’; 
=! 1 1 1 Lyx, £3 To, £4 
—1 il sal 1 ae Usp He 

z z 1 z Digs L§ 14, Lg 

7 —2 il z Tig d’s Ty, 7% 
—1 2 at 2 Ty, D4 Lali 
a —z 1 2 Th, Tg T;, Ls 


_ We have also investigated the process in which a Fermion decays to give rise to a 


Fermion and a 7 in the final state. Characterizing an outgoing photon with its direction 


of circular polarization and proceeding on quite 
any reasonable assignments of parities to the 
process which is forbidden. This conclusion is, however, 


or [7 °—decay considered above, since the process of 7—emission 
if we assume no direct couplings between these Fermions and electro- 


similar ways, it was concluded that, for 
initial and final Fermions, there exists no 
not so serious as in case of 7 
is easily forbidden (or at 


least improbable) 
magnetic fields. 
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$5. Charge independence hypothesis 


The purpose of our investigation made in the preceding section ee to find out: 
whether there exist any possibilities to forbid the decay of a poaeee eee electron- 
neutrino pair when we adopt the original Yukawa theory in which the nave yaC en: eee 
nucleons and leptons are considered to be transmitted by 7—meson field. 3 If the ee 
tions between nucleons and z—meson field can be assumed to be charge independent,” it 
would be also natural to introduce the hypothesis of charge independent interaction Betweet 
leptons and 7-meson field. For this purpose one has only to ee a charge Laie: 
coupling between lepton and 7—meson fields. The net effect of this hypothesis is that 
isotopic angular momentum is now a good quantum number and hence must be conserved 
throughout the decay process. 

Let us make the following assignments of isotopic spin T and its s—component 7, 


for leptons, 7—mesons, and nucleons : 


electron neutrino Wine eshte iV i 
gee 1/2 1/2 1 1 1 172 1/2 
Dade 1/2 —1/2 1 0 —1 1/2 —1/2. (41) 
It is clear here that the system which consists of an electron and a neutrino has 7,=0 


and hence the disintegration of a charged z—meson into these constituents cannot occur. 
However, since an antiparticle may be considered to have the oppositely directed isotopic 
spin”, antineutrinos, for example, are in the same isotopic spin state as electrons. Thus 
a = —meson can only disintegrate into an electron and antineutrino. It should be noted 
here that an unobserved particle accompanying an electron in ordinary /?-decay process 
must be an antineutrino and not neutrino in so far as one adopts original Yukawa theory 
with charge independence hypothesis, although this point has been considered as only the 
problem of definition thus far. A 2*—meson, on the other hand, can decay into an 
antielectron (positron) and a neutrino (not antineutrino). 

Now the wave function for the two-lepton systems which results from the decay of 
a charged 7—meson may be written in the form: 


ee eee 4 ( Spin ) : (ea) 


function Junction function 


» (42) 


The first factor is symmetric for the exchange of two leptons, since one of them is the 
anti-lepton and hence has the same c, as the other.” Last two factors are given by Eq. 
(36) and are antisymmetric as deduced in Appendix. Thus the product of three factors 
(42) is antisymmetric for the exchange of final two leptons. If one assumes a 7—meson 
to be vector it follows that the allowed final state is °S (see Appendix). In this case 
(42) is symmetric and one might imagine that the two-lepton decay of a vector meson 
is forbidden on account of the exclusiort principle. However, this is not the case when 
one of the two leptons is anti, as remarked by the present authors.” 

Thus the introduction of the charge independence hypothesis cannot make the situa- 
tion better at all and we must conclude that the two-lepton decay of a charged 7—meson 
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cannot be forbidden any way in so far as one takes the original Yukawa type interaction. 
This conclusion casts considerable doubts on our model to consider —mesons as the excited 
states of leptons as was mentioned in Section 1. It should be added, however, that 
nothing is yet said about the quantitative mature of the excitation of leptons up to /- 
mesons and hence out model is not completely denied. Some factors, of which we know 
nothing yet, might work to reduce the probability of the z—meson decay into two leptons 
negligibly small compared with that of m—>(p4, ¥) decay scheme. 

Here we shall investigate what will follow of the decay of a 7~—meson from various 
assignments of isotopic angular momenta to //-mesons. If one considers #-mesons as the 
charge excited states of leptons the most natural possibility is to assign 7=3/2 for p- 
mesons. One can then assign w~, , #, w* to the states with 7=3/2, 1/2, —1/2 
and —3/2, respectively. For these assignments with (41), the process 


mt p*+y (anti) 
is allowed. One must note, however, that the processes 
m+—>p+e (anti),‘and Tp +e (anti), 


can also occur and these assignments of isotopic spins to #—mesons lead to difficulty. One 
can also assume that isotopic spin of a #-meson is 1/2. In this case there are three 


possible assignments of #—mesons to two eigenvalues of t., i.e. 1/2 and —1 f 2c Lew 


are: om 
om case (Z) case (it) case (it) 
1/2 ee pe eo 
—1/2 Tag vO pe, 


Let us investigate these three possible cases separately. 
E . . . . tt . . + 
Case (2): For this assignment one 1s to consider j~’s as anti-particles of p*— 


mesons. The decay schemes 
n- — > t* (anti) +» (anti) 
and m+ —>pu* (not anti) + (not anti) 
are allowed. This spoils the symmetry of the theory and moreover thé processes 
» m= —>pP+e and Toop +e 


should occur and conflict with our experimental knowledge. 
Case (ii): pe* is considered to be the antiparticle of #~. This assignment allows 


the processes 

m-—>p-+y (anti) and 7* —> po (anti) +¥ 
which are similar to ordinary pair creation processes. One must, however, also allow for 
the decay modes 

m-—>p) (anti) +e and 1m — pte (anti) , 


ice lead to the similar difficulty to case (7). 
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Case (tit): In this case one needs not assume the existence of p—mesons. Isotopic 


angular momentum is conserved for the processes 


’ 


m —> p+ (anti) and m*—>p*+yv (not anti). 
There are no other possible decay modes. This set of processes seems to spoil the symmetry 
at first sight, yet if one recalls the s-decays 

pov +e+r (ant) 
and pt >» (anti) +e (anti) +, (43) 
this apparent asymmetry turns out to be of no matter. This point is clearly understood 
if one assumes ## and pz*—mesons to be excited states of neutrinos and antineutrinos, 
respectively. We have been, however, on the stand point of charge symmetry hypothesis 
and hence 1t would be rather unnatural to consider #—mesons as the excited states of 


neutrinos (or antineutrinos) and not leptons (generic terms including electrons and 

neutrinos symmetrically). Thus one has also to put the same weight for the prccesses 
poe tete 

and pe —ertete (44) 

as for (43). This expectation that the process (44) will occur with the probability of 

the same order as (43) is the great difficulty of our model. 

» Finally let us investigate the effect of the charge independence hypothesis on the 
decay of [—particles. If one assumes that ]~particles are the excited states of nucleons 
through their interactions with 7—meson field and that this interaction is charge symmetric, 
the isotopic angular momentum must be conserved throughout any decay processes of |— 
particles. It is well known that the two-body decays of |—particles are allowed if one 
assumes T= 3/2 for V—particles. We shall disregard this assignment of isotopic angular 
momentum, since no particles which correspond to the states of higher charge are found. 
If one assumes a | particle has the isotopic angular momentum t=1/2, there are two 
reasonable assignments of //—particles of different charges. First let us assign |/° and |/* 
to t,=1/2 and —1/2, respectively. In this case the decay modes 

V°—>N+m, or > P+77, 

V+—+>»P+7m, or -~N+7", 
and the three-body decays, for example a 

VS aoe 2 te2 Or ge 2 1 see ae (45) 

are allowed at the same time. Remember we have here assumed that no V~ exists. 
If, on the contrary, there exists ’~ and ]’° (and no /’*), 

Vi—=>N+7, of —- P47; 

V-—>N+77 
are all forbidden, as easily seen from the assignment of V~ and J/’" to z,=1/2 and 
—1/2, respectively. In this case, however, the favorable three-body decays (45) are also 
forbidden by the requirement of the isotopic angular momentum conservation. Since the 
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decay ofa I/° is experimentally established (though its decay scheme is not quite clear), 
one can definitely say, in so far as he takes charge independence hypothesis, that: V* 
must exist any way. If non-existence of |/~ is established, /—particles must have 7=1/2. 
If, on the contrary, the existence of V~ is established, |/—particles must have 7=3/2 or 
larger. This point has also been noted by Watson.” 

Thus one is led to the conclusion that it would be difficult to forbid the two-body 
decays of particles by means of selection rules without introducing any higher spin or 
isotopic spin values. As the final remark on the decays of [particles we would say : 
if two-body decay of a |—particle does really not occur, it will be more hopeful for its 
explanation to investigate the probability of different decay schemes solving the problem 
of excited states rather than to try to make the two-body decays forbidden by means of 


selection rules assuming higher spin or isotopic spin values. 


§ 6. Summary of results 


(a) Decay of mesons 

Returning to original Yukawa theory in which the interaction between nucleon and 
lepton fields is transmitted by 7—meson field, we have first investigated if the unobserved 
decay of z—mesons into two leptons can be forbidden by means of general principle of 
invariance under space rotation and inversion. The conclusion was negative, namely, this 
decay mode of a 7-meson is always allowed with any reasonable assignments of parities 
to various Fermions in play. 

The selection rules thus obtained (Table I) were reexamined from the stand point 
of charge independence hypothesis. It was concluded that the introduction of this hypothesis 
cannot better the situation at all. 

Decay, of a 7—meson into a //-meson and a lepton was investigated under various 
assignments of isotopic spin angular momenta to //-mesons. The most favorable one is 
to assign T,=1/2 and —1/2 top” and y*—mesons, respectively. The charge independence 
hypothesis requires, however, that unobserved three-electron decay (one or two of them 
should be anti) must occur with the frequency of the same order as usual decay mode 
(43), casting considerable doubts on our model to consider mesons as the excited states 
of leptons which include electrons and neutrinos symmetrically. 

New methods capable of treating the problem of excitation of elementary particles 
are strongly hoped for, which may offer us means to investigate these difficulties more 
quantitatively. 

(8) Decay of V—-particles 

Invariance under space rotation and inversion forbids no two-body (one Fermion and 
one Boson) decay processes of a V-particle. Discussions under charge independence hypothesis 
have shown: two and three-body decays of a particle are both allowed if one assumes 
existence of only ’* and V°, while both are forbidden if the existence of only /”~ and 
V* is assumed. This led to the interesting conclusion on the isotopic angular momenta 
of V-—particles. That is: V* must exist. If V~ exists J—patticles have ¢==3./2, tor 
larger, if does not then c=1 [2 
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The means with which one can estimate the frequency of various |/—decay processes 


solving the problem of excited states, are here also strongly hoped for. 
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Appendix 
Configuration space representation of |S,> and |\So> 


Let us try to find the configuration space representatives of states obtained by apply- 
ing various creation operators a2”, JP*, etc., to the vacuum state |0 > defined by Eq. 
(12). For this purpose, Fock’s treatments” are unsatisfactory since this author considers 
only one electron theoretical case, and one should refer to the work of Sato" (to be 
referred to in what follows as 1) in which positron theoretical generalization is made. 

Let the g-number spinor ¢(7") be decomposed into two parts as 


$a) =P (1) + 92°), (A-1) 
where 

ea 0 
POP) =T(RER) OP Ja mt +a® ee alr 

oe —k, 

—f, — ky 
POT I OE On| ge oe “ aE BE eer, 

Oo. “ae 


following Eqs. (5) and (6). (%) is to be interpreted to create an antiparticle. Now. 
the probability amplitude (wave function) of finding x particles (space coordinates %;, 


spin coordinates v;) and #2 antiparticles (space coordinates Ys spin coordinates §,;) in a 
state represented by |¥> is 


(WH 1Oq) Wy Fyy***y Tn tn 5 YP y-, Un Prat os 


Hence the configuration space wave function of the state in which one antiparticle is 
found is written as — 


(0; 918: | PO?) | 0)==(0; Yi Py | $s (1)|0; 0). 
According to Eq. (9) of I, we have 
(05 Wi8,|$S°(") 0; )=SHP(r—y,), (A:3) 


where S‘ (ar) is the function obtained by putting 2,=0 in Schwinger’s'” SO (4) 
Introducing a creation operator of a particle 


Pie Phe. (A-4) 


bee Ue Lee 
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the wave function of the state in which one ordinary and one antiparticle are present is 


given by 
(2a, 5 YP, | PS (7) g>? (7) 


0) 
3 | ees Bal F205 IHF) aan! C0 s WANG (10; 0). (AS) 
Taking account of Eq. (A-3) and Eq. (10) of I, namely 
(ays 5 Wi Bs | PP? (210 5 Wy! By’) 
=— (BS (,—1)) aie (Yr — Yr") Ossi » (A:6) 


where?” 
Sc (x) = SO ew oko : 
(A-5) reduces to 
(Kg Sy5 Vie CaO YG) 0) 
=— (PS (x, —Y')) are? See (r— Y;)- (A-7) 


It is more convenient to introduce a slightly different representation (which satisfies ordinary 


Dirac equation). Following Eq. (27) of I 
(20465 YP, | PP*") PP (YL) 


0) 


eS ee NEES PY) C) ass » (A-8) 
where C is a 4—4 matrix satisfying 
Sposa OC = Oy OES, (A-9) 


Now one is ready to find the configuration space ‘wave function of the states |S, > 
and |.S,> given in Eq. (36). One can write 


(13 Y1| ae* OOK | 0) = (eps altel. °K 
= (20,5 ys | | ef do’ EO OP ud A] ofp ee” (0F)]]0) 
— _|| SO) (a, 1!) Bue’ dr | | jew ee : (A: 10) 


where we have. put 


sé 0 
uyd= Sealer 3} ee = seb bart PF 
eV K ELE | ®s Se WR Pes 
Ry P —k, 
2, ah, 
at —- 9 Soll k, 
f= ence eee Til, eps — 2 . (A-11) 
UK J K+ BR fs ds VK aay 0 


and use is made of the matrix notation without writing spinor index « and f explicitly. 


To carry out the integration in (A-10) we note that 
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s 


ce SO (a) =(7 y=) Ie) 


au 


to= 


aie aie old. — fm) BI (2,) 
OX, 2 0x 


4o=9 


z eee) 5 et pes \ : ra! Ke TK 
Seek (a) p—(a bore +m) B 5 ( (Qn)? ) Trae é 


and similarly 


wh ee Leon yee Be eke dK. 
si‘ (a) = + a(a) 3—(a = 2 _+5m)é ; ae: FES 


Further 


(a= — @ + fue (Ke JP 4 nf yO eke, 
2 On 


and aie e( — a Bos +m) = — VP eee 
ti 006 
‘Thus 


\ V* SO(r—y,) Co" dr 


= aor: etka BC— —( ant = )[Jaraacon*e ptr 
Z 2.70 
fo) 1 
‘ 1 <u iy 
— 4 es | GaSe ? 
eee eae 


=7 42" eK U2 BC , 
and similarly 
\ SO Ca —1") Bue" dr =1ue oe . 


Therefore (A-10) gives 


(9015 Yi ltt Pac) = REX) (UD*e KU BC), (A-12), 
and in the same way, for example, 
(90,5 Yl V5 trac) = (WHE) (oe BC). (A-12), 


It should be remarked here the fact that the obtained Schrodinger wave functions in 
configuration space (A-12) have no symmetry characters with regard to coordinates of 
ordinary and anti-particles, despite the anti-commutativity of @,’s and 4,’s. This is in 
contrast with the ove electron theoretical treatment of Fock’s (see, for example, Eq. (8) 
of Zweiter Teil, reference 10). Particles and antiparticles are thus considered to be 
independent of each other and are wot subject to exclusion principle. This situation may 
be understood clearly if one insists that an antiparticle is a hole (mot particle). It was 
pointed out by the present authors” that one should introduce so called antiparticle 
coordinate if one is to treat the holes as particles. 


Making use of the concrete representation of C, namely 


wre Nt 
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Ge pOienOee tl 

Ce ao OTS 0 
: ie er oy Ue angel be 

=P YO oO 


and (A-11), one can readily show the following results : 


ee tke ae 
ve to VLG C = — Cpv9*e-** yi — Ue? ;, eo thy : 

OK pty: | k-th TC 

Tie eC — Chop e B= ty) eu, (A-13) 


Here the difference in signs is essential One can now write according to (A-10) 
> 


(A-12) and (A-13), 
(91; Yi | Sy) =— uP (a) eB uly, (b)eTE” 4 uP (a) FE 4, (8) pean 
=H (a) eo FUP eeu (aye Fema Agee.) (A+14) 
If Pauli approximation is considered to be valid, one may write introducing ordinary spin 
eigenfunctions u and 9 as 
uy? (a) =u, (a) =4(a), 


te (a) ar S| a) =f (a) SeacetG, 


(ats Ya) Si) =—(u(@) P(B) —B(a) u(B)) (ARO per), 
(#,; Y,| So) =— (a(a)P (B)-E Ra) u(b)) (CROWS eer wy. (A-15) 
These may be symbolized as 'S and */ states, respectively. 

Finally, let us mention the decay of a vector meson (spin directed towards +2) 
into a lepton pair. Assuming the same parity to electrons and neutrinos, the final state 
is found to be 

| S3> =[fietrac> +] 12x woe 
The configuration space wave function is 
Cat 5 yl Ss) =u} (a) erp (By oN re (a) eK ah BY EM , 
or, in Pauli approximation, 
(00,5 Ys | Ss) aaa) (ORI ew), 


This may be symbolized as 39° state. 
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Letters to the Editor 


On the Equivalence of Moment 
Method and Fourier Transform 
Method in the Theory of 
Spectral Line Shape 


I. Yokota 


Department of Physics, Faculty of Science, 
University. of Niigata 


August 15, 1952 


The method of moment, due to Van Vleck”, 
which offers a very powerful means to analyse the 
magnetic resonance absorption spectra, can be shown 
to be equivalent to the method of Fourier transform 
which is often used in the theory of pressure broaden- 
ing of spectral lines.”)»*) .4) 

Let y(w) be the shape function of a spectral line 
normalized so that 


{-9@) do=0. (1) 


If we denote the Fourier transform of the shape 
function by /(t), we can easily find that 


FQ=BO 0") @ 


‘If we are concerned with electric or magnetic 
dipole radiation linearly polarized parallel to the - 
axis, the intensity of radiation, emitted or absorbed, 
accompanied by the transition @-> 2 is proportional 
to |ftx,an|", a being the »1-component of the electric 
or magnetic dipole moment of the system which we 
are interested in. Thus we have for (w”) 4y 


(w”) ay = Sas Or» auley > sees tants 
(3) 


where Wa, is the circular frequency corresponding to 
the transition a->¢. This expression is just the 
starting point of Van Vleck’s method of moment. 

Now, we take the Heisenberg representation for 


the matrix 4. Then it is easy to see that 
KOnui=2-'1,|a" 4, far eo) | 
/T,| pe’) |. (4) 


Inserting this into Eq. (2), we have a very simple 
expression for the Fourter transform f(t): 


Ac) =T7, [4 (¢+7) AO) VT [AO]: 
(5) 


As the trace of the matrix for an observable is pro- 
portional to the mean value of it, we see that the 
Fourier transform of the shape function is nothing 
other than the auto-correlation function of the dipole 
moment, as it is the case in the classical theory.* 

The matrix p,(¢+t) can be derived from the 
matrix ,(Z) by the unitary transformation 


p,(¢+7) =exp(¢Hz/h) p(t )exp(—7tHz/h), 
(6) 


where /I is the Hamiltonian of the system. We 
now divide the Hamiltonian /7 into the two con- 
stituents 77) and //,: 


H=Ai, 4 


where Z%) is the part of the Hamiltonian, with the 
transition between the eigenstates of which we identify 
the spectral line, and //, is the interaction between 
dipoles which gives rise to the line width. 

If we take the representation in which //p is 
&) 
corresponding to the transition from the eigenstate 7 


diagonal, then the matrix element (/|42(¢+T) 


of /% with energy “o, 7 to the eigenstate & with 
energy o, 7 becomes 


(7|#.(¢+7) 
-(Jlexp@H,7/h)u(t)exp(—7zH,c/%)\£), 
where Ca 
Wo, 52= (4h g— Fox) /2- 


k) =exp (2 5,7) 


Inserting this expression into Eq: (5) and inversely 
transforming from /(t) to g(@), we obtain as the 
shape function gj;(@) corresponding to the transition 
ui => 


1 ao f . 
Jj2(0) = 2 \expl —i (wo— wp 52) 7 | 


x (jlenpliAie/i)p(Aexp(—iHL,¢/2)| 2) 
<n pane (8) 


ye SY 
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Eq. (6) is valid, in the adiabatic approximation, 
even when //, contains the time ‘explicitly, as in the 


theory of pressure broadening, tf we substitute the 
product //,r by the integral ( WAC When 


this substitution is made, Eq. (8) is just the standard 
form of the line shape function in the Fourier trans- 
form theory of the pressure broadening. In any 
case, we see that the problem of line shape can be 
reduced to the Fourier analysis of the interaction 


representation for the dipole moment. 


1) J. H. Van Vleck, Phys. Rev. 74 (1948), 1168. 
2) H.M. Foley, Phys. Rev. 69 (1946), 616. 
3) P. W. Anderson, Phys. Rev. 76 (1949), 647. 
4) M. Mizushima, Phys. Rev. 83 (1951), 94. 
5) M. C. Wang and G. E. Uhlenbeck, Rev. Mod. 


Phys. 17 (1945), 323. 


Non-!ocal Field and Non-local 
Interaction 


Y. Katayama 


Department of Piysics, Kyoto University 


September 19, 1952 


Though the nonlocal field theory proposed by 
Yukawa‘) has many interesting aspects, this theory 
seems to us to be not so powerful for the divergence 
difficulties.» It is very doubtful whether the method 
of Feldman, Yang and Kallen can be extended to 
the non-local theory. Further there is no reason for 
the perturbation treatment is applicable in this theory. 
Therefore the circumstance seems to be not so good 
for its future development. 

Apart from these problems, using the traditional 
method, Kristensen*) and Mller have recently shown 
that there is a possibility of removing the divergences 
by introducing the suitable form factor from the only 
non-local interaction. This fact is very suggestive 
As already Tokuoka and the author‘) have 
indicated, if we construct the associated local Lagran- 


for us. 


gian from the non-local one, it is possible to transform 
the non-local field to the non-local interaction. The 
purpose of this letter is to give the relations between 
these two theories and then to pursuite the possibilities 
of the generalization of the non local-field theory from 
standpoint the of the convergence problem. 
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According to the previous letter!), we define the 
associated local Lagrangean Z from the non-local 
Lagrangean £ 


L(x) =| é( +4 |£\r— ~), (1) 


and take the interaction Lagrangean for the non local 


field 
Lael *VU; (2) 


and the Fourier expansions of non-local fields 


(x42 14\x- Z) 
2 2 


al’ e ~u'x ae ie Ag: Lae (3) 
vies 
where 4!=U*, 42=V and 45=U. Then we have 


Z =| del 


a| dx | dar dE (L, 2) 
Sc = 


xe wats u* (2) uv (Py u(Z*) (4) 
and 
BU Py m| deen etn 


A138 
—7. 


| deal (ry = =f Bye eg2 


x | Olt re, C") oars, (5) 


As shown by Kristensen and Mller, if we assume 
that the integral which appears in the equation (5) 


| WE te PAG eet 
depends only on the variable 


(i) 


fPapa 
ee 


(6°) 


and dim G(II)=1, the equation (5) becomes 
i1->0 


E(l', P= +0, 5-1) (7) 


which agrees with the result of Mller’s theory. 
Therefore, we have the relations, between the two 
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theories by (6) and (67). 
For the sake of the fact that (6) must depend 


only on the variable (6”), we can conclude that /” 


must be 
Fr, —L)=V—L0rL)f(") (8) 


and the relation between /(7*) and G(/T) ts 
GU) = {, dr? f(?)sin UPPY®. (9) 


According to Yukawa theory, we have /(7?) 
=i 8 # ) and then G(1I)=sin AIT/AIT. This 


T 


is too weak to remove the divergences. 


Consequently, we have the following properties 
for f(72) so as to remove the divergences through 
the relation with G(JT): 

i) (7%) should not be only 6function type. 

ii) If f(72) would have poles, it should be forbid- 
den that (7%) has the poles at the positive 
values of 7°. 

iii) Although /(72) would have no poles, (77) 
should become zero sufficient strongly as 77-00. 

The above conditions seem to be not so useful 
to determine the function /(7?), but will be very 
suggestive to expect the future extension. At this 
present, we can only conclude that the cut-off factor 
G(T) which are deduced from /(7®) will converge 
as ell or e~ 470? or more strongly. 

We have no guiding principle to construct /(72), 
such as the reciprocity which has played the very 
important role in Yukawa theory. However, in order 
to develope the theory, it is desirable to find the new 
principle and this principle will have to introduce the 
above mentioned properties for /(7*). Full account 
will appear in this journal. 


1) H. Yukawa, Phys. Rev. 77 (1950), 219; 80 
(1950), 1047. 

2) D. Yennie, Phys. Rev. 80 (1950), 1053; J. 
Rayski, Proc. Roy. Soc. A 2096 (1951), 575. 

3) P. Kristensen and C. Mller, Det. Kgl. Danske 
Vidensk. Selsk. Mat. Fys. Medd. in press. 

4) Z. Tokuoka and Y. Kae, Prog. Theor. 
Phys. 5 (1951), 132, 


Note on Invarianey of Some Funda- 
mental Equations of Physics 


M. Ikeda 


Research Institute for Theoretical Physics, 
Hiroshima University 
(Takehara-machi, Hiroshima-ken) 


September 20, 1952 


Theory of relativity has developed in close con- 
nection with continuous group of transformations, e g., 
the special relativity with the Lorentz group /, the 
general relativity with the group © of general trans- 
formations, unified theories with G or its enlarged 
groups, etc. Recently Ueno and Takeno studied the 
problem of equivalent observers by using the theory 
of continuous groups”. From the same standpoint 
a relativistic theory of uniformly accelerated motions 
and that of rotating disk were constructed by Hill” 
and Takeno*) respectively. Further Hill tried to look 
for the enlargement of Z from kinematic considera- 
tions.*) 

There exists a close relation between a continuous 
group of transformations and the equations of physics 
which are invariant under that group. Concerning 
the study of this relation it seems that there exist 
three methods; (1) to obtain equations from a given 
group, conversely (II) to obtain groups from a given 
equations, further (III) to research groups and equa- 
By the method 


of (1) Dirac obtained wave equations which are in- 


tions simultaneously in some way.) 


variant under the group of motions of de Sitter 
space-time and the conformal group C of Minkowski 
space-time respectively.®) In this letter, by the method 
of (II), we shall research continuous groups of trans- 
formations which leave some given physical equations 
invariant. 

. A law of physics is generally expressed by a set 
of functional relations 


Fy (at, B,---; 0A/Oxt,.--5 024 /Oxt0x5,---)=0 


(1) 

(at= (0531, 3) ct), f=1,---, 2) 
between physical quantities 4, 2,--. and their deriva- 
tives of required orders. The invariancy of (1) under 


a transformation : ’xt—/x% (x) means that the same 


functional relations between transformed quantities 


Lp (Set; 1A, By 5 0/A/0/xt,---5 02/.4/0/x40/ x3 ,---) 


==) (17) 
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follows from (1). In special relativity transforma- 
tion laws of physical quantities are defined for /. 
We assume that these transformation laws hold good 
also for general transformations ; for example, if a 
physical quantity transforms as a covariant vector 
under general transformations. 

In the following we shall obtain transformations 
which leave some given equations of physics invariant. 
As all such transformations form a continuous group, 
we have used the theory of the infinitesimal trans- 
formations of a group in getting the following results. 

In special relativity the propagation of light is 
usually expressed by 

ni ge@xtdxi=0, (—Yaa=Ns4=1, other 

f 


Ni7=0, a=1, 2, 3) (2) 


or []y=7*4029/Axt0xI =0, - (ginni*=044). (3) 


The group of transformations leaving (2) invariant 
is C, which consists of / (including rotations in the 
ordinary space), the group 7 of translations and the 
group D of dilatations of Minkowski space-time and 
an Abelian group / of four parameters. / was 
obtained by Page from a kinematic standpoint and 
its transformations lead to uniformly accelerated re- 
ference systems in his sense.?) The infinitesimal 
transformation of P was already obtained by Mimura 
and JIwatsuki.3) On the other hand the group of 
transformations leaving (3) invariant consists of /, 
T and D, and is different from the one which leaves 
(2) invariant. This discrepancy disappears if we 
consider the rectilinear motion of light in addition to 
(2). 

Next the group of transformations which leave 


the equations for 4-potential 
Let — st (4) 


invariant consists of Z and 7 or /, 7 and D ac- 
cording as the source s@ exists or not. The group 
of transformations which leave Maxwell equations 


OFii [Oxi st, €47k1977;,/0x? =0, 
(Fj) =F 4) =0) (5) 


invariant is characterized by 0&¢/01%—=const., where 
£% is the vector of an infinitesimal transformation. 
Tt is to be noted that (5) is obtained by generalizing 
the ordinary Maxwell equations only in a formal 
manner. The electromagnetic field is expressed by a 
contravariant tensor “J in the equation of (5) and 
by a covariant tensor /;j in the second. As we 
have no definite method to raise and lower the 


indices of a tensor, we have no choice but to regard 
these two tensors as separate expressions of the same 
field. And consequently, the two groups of trans- 
formations which leave (4) and (5) invariant res- 
pectively are not identical. Only in the special re- 
lativistic frame these two tensors are connected by 
L; jnthy)! =F! and the above two groups become 
identical. 

In the same way we can consider about the wave 
equations of meson (scalar or vector ) 


(O+2x*)¢=0 or ((J+2*)¢;=0, (6) 

and 0¢/0xt=x;, 0¢%/Oxt=x¢ . 
(7) 

or Re haan 


The group of transformations which leave (6) or (7) 
invariant is composed of Z and Z or characterized 
by 0&4/0x*=0 respectively. 

The group of transformations which leave Dirac 
equation 


{rt(p,+0%) —x}o=0, (7% 7D =7?)) (8) 


invariant consists of “ and 7. We can prove this 
without using infinitesimal transformations. 

Thus we can see that it is almost impossible to 
enlarge / without deforming various equations which 
are used in the special relativistic frame. 


1) Y. Ueno and H. Takeno, Prog. Theor. Phys. 
in press. 

2) E. L. Hill. Phys. Rev. 67 (1945), 358. 

3) H. Takeno, Prog. Theor. Phys. 7 (1952), 367. 

4) E.L. Hill, Phys. Rev. 84 (1951), 1165. 

5) P. A, M. Dirac, Ann. of Math. 36 (1935), 
657; 37 (1936), 429. 

6) This definition is somewhat different from that 
in general relativity. 

7) L. Page, Phys. Rev. 49 (1936), 254. 

8) Y. Mimura and T. Iwatsuki, Journ. Sci. Hiro- 
shima Univ. 1 (1931), 111. The finite trans- 
formation is already known, too. See, for example, 
H. T. Engstrom and M. Zorn. Phys. Rev. 49 
(1936), 701. 


384 Letters to the Editor 


Linear Meson Wave Equation 


in de Sitter Space 


S. A. Raje 
Institute of Science, Bombay, I ndia 


September 24, 1952 


Dirac!) has given 
{ayayituy —2Rm}p=0, (0.1) 


as the linear wave equation for the electron in de 
Sitter space of radius A’. Here my, are given by 


0 . 


marmrety Atom —iA( 99, —Hpe,)) 02 
and satisfy the commutation rule 
[vepy, 7749] =Mepvt pa MRAM EY 
=Ouzy,—Ougmy A +Oyaen —OyaMpa- (0.3) 


We shall show, proceeding analogously, that the - 


linear wave equation for the meson in de Sitter space 
{Suvmpy —2Rm}p=0, (1.1) 
where the spin operator Spy is given by 
Suv=BuB, —By Be, (1.2) 


the Bu is being matrices satisfying the Duffin-Kemmer? 
commutation relations 


BpByBy+B,ByBu=OurB,+o0y,Bu. , (1.3). 


From this we shall determine the current-charge 
density, the momentum-energy density and the constant 
of motion giving the spin momenta. Finally the 
second order wave equation will be derived. 

We note that near the point (0, 0, 0, 0, R), the 
equation (1,1) reduces on division by ” to 


BsBipid —Bibstib—m™b=0 (2=1,---, 4) 
Multiplying on the left by 6785, where / is a fixed 


index, arbitrarily chosen from 1,:--, 4, we get 
BL85B58 i21b —BrBsud=0, (1.4) 


since by (1.3), B7858;8;=0. As the By’s satisfy 
(1.3), we see that 


BFBsB58 BF BsP5B 5B SB5B58 x 


+BtB5058xBrB5Ps5B5BSRsB5B x 
=F 206 BSBsB5Bn+ Os OF nBSB3B584- (1.5) 


It follows that the commutation relations for the 
BrBs@s%’s are the same as those for the §;’s in 
Minkwowskian space. This establishes (1.1). 

The Hermitian conjugate equation to (1.1) is 


Pt{Spvmpy —2Rm}=0, (1.6) 


where 


é i a 


; 0 
iiwy =A y —J yi(p=it aw Ox, —‘Hy oan. ) ’ (@eA) 


. < - 
since jgy=74 rie 
u 


The current-charge density p, is obtained as usual 
by multiplying (1.1) by ¢* on the left, multiplying 
(1.6) by ¢ on the right, and subtracting the former 
from the latter. Thus 


0 2 
ih 2 gt Suvxup—74-— pt Suva, p=0, 
Ory Oxy. 


or interchanging the indices », v in the second term, 
we get 


0 
es eu ==(J) where, by =2¢7 Suv ‘we 


2h 
Oxy ( se 


Since xux,=0, it follows that +,o,=0, that is, the 
vector y lies in the de Sitter space. 

The momentum-energy density tensor 7, is 
obtained in similar fashion by multiplying (1.1) by 
tip, from the left, multiplying (1.6) by wy rd 
from the right, and substracting the first result from 
the second. Thus 


Fides Bs Ee Seta > 
Ag+ Swoitaarne—bo— it gt {Suvi arn Fe : 
Le 


Xy 
_, Ot 4 ; 
+2 gor” {Suviiuarp} eo) —lhgt ee earees Je ¢ 
Oxy { eT 
=0. 
Applying (1.7) to the last term, we get, after cancel- 
lation of the second and fourth terms, 
bai) 


2h e 
0 


Ny 


{ot Spviiprxpd} =0, (2.3) 
so that 

Ty p= Ot Suvi, xpp. (2.4) 

An operator C will be a constant of motion if it 


commutes with the operator /7 in the wave equation. 
We may compute [/z», 7] from the relations 


H= SZ) 3} Suvityy—2Rm, (3.0) 
vy w>Y 


and (0.3); and [Suv, 7] from (3.0) and (1.2). 
We would then get 
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[pv —Suy, 7] = [ry —Sprv, Svpmpv —2Rm] =0 


(3.1) 
Hence 


C=myyv—Syv, G2) 


are the constants of motion. It follows that Suv 
given by (1.2) are the spin momenta. Of these, 
the S;;’s are the spin linear momenta, as has been 
observed by Dirac. 

The linear wave equation for elementary particles 
of higher spin can be obtained as follows. We 
determine (cf. (1.2)) suitable expressions for the spin 
operator Suv in terms of spin matrices 8x, obeying 
suitable commutation relations (cf. (1.3)), and _sub- 
stitute these expressions in (1.1). The second order 
wave equation is obtained by eliminating the matrices 
Bu’s from the linear wave equation by a method 
used by Kemmer. Thus multiplying the equation 
by SpvSpvmpvtpy and expanding the brackets, we 
get, using (1.3), (1.2), (1.1) 


{BuBy By Bu Buby —B,BuBuby By Bu }ipvipvaiyryd 
— SR p=0, 


or 
{BuB,By(—B Bubs + dvp Bu + duu) 
—B,Bubp(—BuPy By +duvBy +0, Bu) }mpvmprvipyp 
—8 Rin p=0. 

Hence the second order wave equation is 


{iitpyitpy +422 my p=0. (4.0) 


1) Dirac, Ann. of Math. 56 (1935), 657. 
2) Kemmer, Proc. Roy. Soc. Lond, A 173 (1939), 
92. 


On Yukawa’s Theory of 
Non-local Field 


H. Shimazu and O. Hata 


Institnte of Theoretical Physics, Nagoya University 


September 30, 1952 


In previous papers?) we remarked that. the 
equations of motion and the commutation relation of 
the non-local field proposed by Yukawa*) can be 
deduced from those of the ordinary local field by a 


suitable canonical transformation in the case of no 
interaction. We also conjectured the equivalence of 
the non-local fields to that of the local fields!) by 
exhibiting that the self-energy of a local charged 
spinor particle due to a non-local neutral scalar field 
diverges in the same manner as that due to a_ local 
neutral scalar field. Yukawa‘) pointed out that our 
conjecture is based on rather a special example in 
which the non-local field appears only linearly in the 
interaction Lagrangian density, and so the investiga- 
tion into the interaction of two non-local fields would 
reveal the characteristic features of his theory. 

According to this suggestion, we calculated the 
self-energy of a non-local charged scalar particle due 
to a non-local neutral scalar field. Assuming the 
interaction Lagrangian as 


SUFVV), eG 


where U/, (/* and 17 mean the non-local charged 
scalar field, its Hermite conjugate, and the non-local 
neutral field respectively, and substituting (1) into 
the .S matrix given by Yukawa'), the self-energy 
can be calculated following the ordinary procedure. 
The result was, however, exactly the same as before 
in contradiction to Yukawa’s anticipation. The reason 
is considered as follows. The commutation relation 
of the non-local field is given by 


[U* (xp, 7) 5 U (arp, 7/1) | 


yp 
=— Jig ae +x?) Ob (Ly — hh) 6 (742 — A?) 6 (Aw) 
Rs 


thy (ah — a 


WA) 
x Op? ple (dku). (2) 


The appearance of 6(74—7/») means that the 
interactions take place only if 7=7/. Therefore, 
every part of a non-local particle interacts with the 
part of other non-local particle for which the internal 
coordinate are the same (see figure). Thus we can 


Figw 1, 
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not expect the averaging out of the high frequency 
part of the intermediating waves notwithstanding the 
introduction of a finite extension for the particle. 
The term 6(7u—7/u) played also a decisive role in 


deducing the commutation relation (2) from that of 


the local field by a canonical transformation. Thus. 


above result may be interpreted as showing that the 
non-local field’ which is characterized by the commuta- 
tion relation (2), and which was proposed by Yukawa 
as an example of his general considerations, is an 
equivalent dynamical system to the ordinary local field, 
and is too simple to express the essential features of 
the non-local field. Other type of non-local fields, 
for example, the one proposed by Yennie® or 
Rayski?), avoid this difficulty by modifying the com- 


mutation relation to 


1s Gin, 7)5 U(aln, mw) | 


7a 
s Sat 3 (ep? +22) 8 bn — hu) 8 (ru? —22) 8 (Aur) 
by 


Bu? 2) 0 (Aare Bieri kG 
The difficulty of the Yukawa’s theory can be avoided 
by this modification, and a relativistically invariant 
cut off factor appears as the result of introducing a 
finite extension for the particle. But their method 
lacks necessity in the way of the modification, and 
further investigations seem to be irdispensable for 
the ultimate solution of the problem. 

With all these unsatisfactory features in the present 
form, however, the concept of the non-local field 
seems very interesting to us. First it is im connec- 


tion with the non-local interation. Recently Sakata®) . 


and others classified the interactions into the first kind 
for which the renormalization method can be performed 
in a closed form, and the second for which this is 
not the case. The interactions of the second kind 


necessarily lead to non-local interactions. For the 
system with non-local interactions, however, Hamilto- 
nian formalism fails, and it seems quite dubious 
whether the traditional local theory can be adapted 
to include them. The second view point is connected 
to the mass spectrum of elementary _ particles. 
Nambu pointed out that the mass of elementary 
particles measured in unit of 137 x (electron mass) 
take integer or half integer values. The existence of 
such a simple regularity between the mass suggests 
strongly the notion of “Urmaterie”. It implies 
that the present elementary particles corresponds to 
various energy states of the internal motion of this 
Urmaterie, and in this respect it seems likely that 
the field that describes the Urmaterie is nothing but 
the non-local field. 

We wish to express our sincere gratitude to Prof. 
S. Sakata for his continual encouragement and 
criticism. We also thank Prof. H. Yukawa for giving 
us an opportunity of discussing on this subject during 
his stay in Japan in the summer of 1952. 

Detailed paper will be published in a soon later 
issue of this journal. 


1) O. Hara and H. Shimazu, Prog. Theor Phys. 
5 (1950), 1055. 

2) O. Hara and H. Shimazu, Prog. Theor. Phys. 
7 (1952), 255. 

3) H. Yukawa, Phys. Rev. 77: (1950), 219. 

4) H. Yukawa, Prog. Theor. Phys. 6 (1951), 133. 

5) H. Yukawa, Phys. Rev. 80 (4950), 1047. 

6) D.R. Yennie, Phys. Rev. 80 (1950), 1053. 

7) J. Rayski, Proc. Roy. Soc. A206 (1951), 575. 

8) S. Sakata, H. Umezawa and S. Kamefuchi, 
Prog. Theor. Phys. 7 (1952), 377. 

9) Y. Nambu, Prog. Theor. Phys. 7 (1952), 595. 
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Interaction of z-Electrons in the Acetylene Molecule* 


Takashi NAKAMURA,** Kimio OHNO, Masao KOTANI 
Department of Physics, Faculty of Science, University of Tokyo 


and 


Katsunori HIIKATA 


University of Electro-Communications 


(Received August 6, 1952) 


The acetylene molecule has been treated as a system of four z-electrons,.and its lower excited 
energy levels have been calculated using both MO method with configuration interaction and the HL 
method including ionichomopolar resonance. The Slater 2/z atomic orbitals with effective charge 
3.18 have been used in each calculation. The results show that the effects of configuration interaction 
in the MO case or of resonance in the HL case on the energy levels are fairly large, amounting to 
several electron volts. It is found that the lower “vertical ” excitation energies from the '5\g+ ground 
state are 4.88 eV” (351+), 6.27 eV (34,,) and 7.59 eV (83),,-, 153,,—), and soon. The effects of the 
configuration interaction and of the ionic-homopolar resonance are discussed in connection with the 
interrelation between the MO wave functions and the HL ones. 


§ 1. Introduction 


The lower excited levels of unsaturated hydrocarbon molecules have been extensively 
studied by the atomic or molecular orbital method. The molecules treated thus far are, 
however, confined almost to those with double bonds. In the present paper we investigate 
the acetylene molecule, which has a carbon-carbon triple bond. For the purpose of 
calculating the lower excited levels, we treat this molecule*** as a system of four z-electrons, 
in which the effect of the other electrons is represented by a suitable potential acting on the 
m-electrons. This approximation,**** although open to some questions,” has been used so 
far in many investigations on unsaturated hydrocarbon molecules with considerable success,”~” 
and simplifies the “‘ model” to such an extent as to allow us to make considerably refined 
calculations described in the following. 

Now, Craig, Coulson and others?” have recently shown that the inclusion of configura- 


tion interaction in a MO (molecular orbital) calculation of this sort is indispensable for 


* A preliminary report on this research was given by one of the authors (M.K.) at the conference on 
Quantum Mechanical Methods in Valence Theory ”’ held at Shelter Island, U.S.A., 1951. 
** On leave from Faculty of Science, Hokkaido University. 
*** Our present calculation can be extended to the polyacetylene compounds; the calculation relating to 
the diacetylene molecule is now in progress in our laboratory. 
**** What is called the Hueckel approximation (cf. Ref. 1.). 
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obtaining a correct prediction of the excited energy levels. From the viewpoint of the HL 
(Heitler-London) theory, this is equivalent to the inclusion of the resonance among various 
homopolar and ionic structures, or ionic-homopolar resonance. However, the full inclusion 
of CI (configuration interaction) or IHR (ionichomopolar resonance) leads to very (or 
sometimes prohibitively) troublesome calculations for complicated molecules. Thus it is 
desirable to perform these detailed calculations for simpler molecules, and hereby to study 
the criteria for the economical selection of important configurations or structures.” Our 
investigation on the acetylene molecule has been made also with these views in mind. 

In the present investigation, the calculation of the energy levels is made by the MO 
method with CI (Section 3)* in the first place, and then the same problem is examined 
from the standpoint of the HL method with IHR (Section 4). As is well known, the 
MO method and the HL method merge into one”, if the effects of CI in the former 
and those of IHR in the latter are fully included. Thus it is evident that our HL 
calculation must lead to the same results as obtained by the MO method with CI. 
However, the approach to the final results by the HL method is interesting, since we can 
make a HL wave function correspond to a chemical structure formula of a molecule. 

These results will be discussed in Section 5 of this paper. Especially the interrelation 
between the MO and HL treatments will be examined there, as well as the significance 


of the simpler approximations, e.g., the single configuration (or structure) approximation. 


§2. z-orbitals and Hamiltonian for acetylene 


As mentioned in the introduction, the acetylene molecule is treated as a 4-electron 
system, these four electrons being those of the four 2/7 orbitals of the carbon atoms. 
For the treatment of the axially symmetric acetylene molecule, it is advantageous to use 
the complex 2/7 atomic orbital functions rather than the real ones,** the former having 
an axially symmetric charge distribution and the latter a marked directional property around 


the molecular axis. Thus the 2/7 functions are written for one carbon atom as :*** 


A4(g)=(0/27)' rag exp (— 97 aq) Sin Jaz exp( + Pat), $ 
(1) 

and for the other carbon atom as: 

b4(g)= (0° /27)'"7p,exp (— 075,) sin O,,exp( + Y,? ). 
(1’) 

Here the polar coordinates 7, @ and @ are 

defined as seen in Fig. 1, and 20=3.18 is 


effective charge for the carbon 2/7 orbitals” . 


Fig. 1. 


; * In his private letter, Dr. I. G. Ross in London told one of us (M.K.) that he had finished a calcula- 
tion of the acetylene excited levels by the MO method with CI (to be published in Zvans. Mavaday Soc.). 
** See, however, Section 5. 


zu *** In the formulae in the present paper, the atomic units (a. u.) are used, the units of energy and length 
being 27.204 eV and 0.529A respectively. 
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' The hamiltonian for the molecule is formulated as: 
1 ; 
H=3s(= 4,+U,)+ A /ry,)5 (Pp, g=1,---4), (2) 
q 2 p<gq 


where (/, denotes the potential acting on the g-th electron due to the nuclei and the core 
electrons, i.e., the electrons other than those occupying the 2/7 orbitals: The explicit 
expression for (/, can be obtained under the following simplifying assumptions : 
i) The exchange interactions of the 2/7 electrons with the core electrons may be 
neglected. viet 
ii) The 1s electrons of C and H atoms completely screen their own nuclei, i.e., 
the effect of each of these electrons may be represented by reducing the charge of 
each nucleus by +e (+ e=protonic charge). 
iii) The contributions to (/, of the electrons in 2s-2f0 hybridized orbitals of the — 
carbon atoms are equated to the sum of the electrostatic potentials due to these 
electrons in the isolated atoms. 


Thus we may write as follows: 


e 
= Uag + try 3 


Uag= —(4/ Tag) +| (1/%iq)[ \@es(7) ee | @op0 (7) I") ar 5, (3) 
and a similar expression for 7;,, 


where a, and a, denote the 2s and 2/0 orbitals of the carbon atom a. 

The above expression for (/, is essentially the same as that used by Goeppert-Mayer 
and Sklar”, but further refinements may be possible especially by adding to U/, an integral 
operator describing the exchange interaction with the core electrons, and also by calculating 
the charge distribution of the core electrons which is not simply the superposition of 
atomic ones on account of the overlapping of orbitals belonging to different atoms. These 
refinements will, however, be reserved for another paper. 


. . - . $ 10 
The carbon-carbon internuclear distance in the acetylene molecule is taken to be 1.20A. ) 


§ 3. Calculation by MO method 


In this section we calculate the energy levels of the acetylene molecule by the MO 
method with CI. The four linear independent LCAO molecular orbitals for the 7-electrons 
_appropriate to the symmetry D.,, of the molecule are made of the atomic orbitals @,, a_, 


Gaande b>: 


,=(2N,)"" (ap +0,), UI (2NG) a +8); (4) 
& = (2N,) "(a4 —-54), £=(2N,)—" (a-—b-), 
where 
N= S; N=, 
and 


S| at( 7) d4(/) az, (overlap integral). (5) 
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It is readily seen that the symmetry of u, and w_ is //,, and that of g, and-g_ 
I],. The orbital energies ¢, and ¢, are determined by 2+ and ¢, respectively, as follows : 


=| we i)(—44, aes? ) ue (f) y= NGT+F), 
(6) 
a=|é r)(- SAit +U;) gs) dt,=N, U—F), 
where 


T= | at()(—4.4,+ U,) as(7) dy 
(7) 
F={ BES) (24+) a.() ae, 


For the evaluation of the integrals / and /, we make use of the (approximate) relation :” 


[ 2+ tar § O/ra) las Z) Fes] aC) = 2 a2(9). (8) 


where £,, is the orbital energy of a 2/ electron in a carbon atom in the valence state. 
Thus, as a result of the numerical computation explained in Appendix, we have 

Cy, = Ey —40.05 eV, b,=l,+8.05 eV, (9) 
which shows that the orbitals 2, and a _ are more stable. 

Taking into account the ground state configuration (ws.)1 as well as all the excited 
state configurations (74)*(¢4),-**, (g)", we can construct the ASMO (antisymmetrized 
molecular orbital) wave functions YY, of various symmetries and multiplicities in the usual 

3) The result is listed in Table 1, in which the following abbreviation is used : 


(abed ; ¥:) = (4!)7'” he P a(1)6(2)c(3)d(4) iG, 2, 3, 4). (10) 
The spin functions 7;(1, 2, 3, 4) in the above expression are as follows : 
Singlet state functions : 
fi=4(1)8(2)a(3)8(4), 
=27""[a(1)8(2)4(3) B(4) —41) 8 (2) 8G) 44) |; 
%s= 2 '[a(1) (2) 4(3) B(4) —B(1) 4 (2) 43) 84) —4 BZ) BB) 44) 
+8(1)4(2)8G)4(4)], 
pe=2-\[a(1)a(2) 8(2)A(4)— Ba) a(2)4(3) 8(4) —a(1)B (2) 83) a4) 
+8(1)8(2)a(3)a(4)} (11) 


Triplet state functions : 
s=4(1) 8 (2)a(3)a(4), 
= 2-41) 8 (2)4(3) 4 (4) —B A)a(2)a(3)a(4) ], 
1=2-""[a(1) a(2)a(3)P (4)—a(1)4(2) 83) a(4)} 
%s=2"'[4(1 4 (2) 4(3) 8 (4) +41) 4(2)8(3) 44) —4(1)B(2)a(3)a(4) 
— —BO)a(2)a(3)a(4)]. (11a) 
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Quintet state function : 


%=4(1)a(2)a(3)a(4). (11b) 
Using these ASMO functions 7, we can compute the energy levels in the absence of 
CI, ie., the levels according to the “ single configuration approximation ”’ by the expression : 


E(X,) = \ ASH X dz, (12) 


which can be expressed in terms of ¢,, ¢, (cf. Eq. (6)), S (Eq. (5)) and the molecular 
integrals, A, C, D, LZ listed in Table 2. Thus the numerical evaluation of these energies 
E(X,) is straightforward, the results being given in the third column of Table 1 and 


Table 1. MO Functions for Various Configurations 


Symmetry Function Xx, Energy, E (X,) 
Sots Ay= (24.04t_U_; %}) 2.38 eV 
Ay= (UyU_ 948-5 X3) 18.62 
Ag= (U4u_o49-3 %4) 25.71 
Ag=2-4[ (Mgt S95 4) + (U-te-84.845 3) ] 19.02 
As= (4848-8 %1) 36.17 
S93 By=2"*8[ (tymy 9-5 Xy) — (w-U_ 24.843 41) ] 19.02 
Ue re Cy=27" [ (at gttyu_g-3 Xo) + (w_2t4. £43 Xo) | 19.95 
. Co=2-%[ (e4g4g—¥—3 %2) + ($8844 43 %)] 36.85 
aS Dy =2-¥8[ (ey ttyu_g-3 Uy) — (UU £43 Xo) ] 8.01 
Dy= 2-4 (g4848—U-3 Xo) — (e-8- £443 Xo) ] 24.91 
193 Ly = (UyUye49-3 lq), Ey *= (e_u_g-£45 Xa) 17.48 - 
Eg= (24.84Uyu-3 ty), Lo*= (g-g-u_u43 Xo) 17.48 
Aus P= (UyUyu_Qy3 Xo), Py*= (utut_uy.g-5 Xp) 8.62 
Fo= (84.848 443 La), Fo* = (28-843 %2) 25.52 
1T 9; Gy= (ty 865 41), Gy = (2t_g-8-5 1) 13.66. 
8S gt; iy = (yu -g48-5 Xs) 18.38 
33973 Ly= (wyu_g4.g-3 X6) 16.34 
Lo= (tyU-S48-3 %7) 16.34 
DEE SJi=2- | (egg e_g-5 15) + (eet 245 %5)] 5.93 
S2=2-[ (64.84. B-U-3 5) + (8-6-8443 5) ] 22.82 
iar Ky=2MVL (e1y00406-625 Up) — (oe aty 45 Us)] 8.01 
Ka=2-4[ (e484e-U-5 %5) — (8-8-8445 X5)] 24.91 
5493 Ly= (Hyta94 8-3 X5)5 Ly*= (w_u_g-£45 45) 15 ato) 
Lo= (S48 4Uyuj ts), Lok = (g-g—u—uy3 X5) 15.19 
S758 My = (tty 2tu_gy5 ts), My*= (u_u_aty £3. %5) 6.97 
Ma= (§4848 043 L5),  Ma¥= (g-9-84U-5 5) 23.86 
BS 975 M4 = (1444-8453 Ag) 9.72 
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Table 2. Two-Electron Integrals* 


In this, fablerthe eGbreviation es 


(ab; cd) =| | a(1)*4(1) (1/42) ¢(2) *d(2) dt1479 


is used. ive 
A= (4043 G40) = (G44 5 ¢a_) =16.017 eV 
Al = (aya_3@_-@4) =1.825 eV 
C= (ayb4 5 2404) = (G40 5 a_b_) = (ayb43 6404) = (a404 5 b-a_) = 1.659 ev 
C= (a4b_3 aby) =(a40_3 6-24) =0.1844 eV 
D= (4043 6464) = (a4a4 5 6-b_) =9.863 eV 
P= (aja; $b) 20.3732 eV 
L= (404 3 6404) = (A404 5 b-a-)=4.512 eV 
[= (aza—; 6-a,) =0.4004 eV 
Se ee ee SS he Se 
illustrated in Fig. 2**. Here and hereafter, the zero of energy is shifted to 44, —87.17 eV, 
which is the position of the 'S); ground state energy level according to our calculation 
by the MO method with CI or the HL method with IHR (vide infra). 

Let us now consider the effects of CI. For the 'S!; state we have five ASMO 
functions A,(f/=1,--:, 5) (cf. Table 1), from which we construct the secular equation 


det (pg— EApy) =9; (A, g=1,:°°, EWE (13) 


in which the matrix elements are given by 
ee) A; HAA, es Apia ac. (14) 


The new 'S}* state levels resulting from the inclusion of CI are given as the roots of 
the above secular equation, and the new wave functions associated with these levels are 
expressed as linear combinations of 4,,:--A,, whose coefficients are also derived from Eq. 
(13). The effects of CI on the states of other symmetries and multiplicities are calculated 
similarly. Of course, the "317, ‘I, °>)7 and *S\} states are not subject to CI (cf. Table 
1). These results are summarized in Table 3 and Fig. 2, in which the levels corresponding 
to the roots other than the lowest ones of the secular equations are not included, because 
the energies of these levels are too high (> 10 eV) for our approximation to be valid’.*** 
In Table 3, the second, third and fourth columns: give the new levels, the level depres- 


sions due to CI and the new wave functions respectively. These results will be discussed 
in Section 5. 


* For the method of evaluation of these integrals, see Appendix. Since the functions a and /_ are the 
complex conjugates of «@; and 41, we can easily see that 


(Q.@y 31a ay) = (Gass aag=), (a, bus Gab) —= (aes 2 be) 
and so on. 


** In Fig. 2 the levels higher than 20 eV are not included. 


*** Some levels in Table 3 or Fig. 2, although they correspond to the lowest roots of the secular equations, 
are also too high, and thus we cannot put much trust in the calculated positions of these levels. 


> tay tt OS 


Interaction of n-Electrons inthe Acetylene Molecule 393 


eae 19{95 
S971 gt 19102, et BB g7 1S g~ 19.02 
0715’ oe 19.02 a) oe 
g —  ___., . 
ee eo rege 349 18.70 
lO ie ea eae a oe ED 18.38 35 gt 18.38 
14, . 17.47 
Boon eee = ee eet 16,95 
“4 14, 16.06 1Ag phe oe 16 06 
‘sat 15.54 12," 15.55 
8A9 15:19 
Ug 13.94 
Dee ae 3 65 13.65 *405'To 213,69 
Fs iP, BH 55 Me ee 13.27 
TAS 13:23 
SA to ee 12.87 
ee ee a 
5Ay 11.69 ys 11.69 
Ay z 10.34 
55+ O72, oe 9.72 bY gt O72 
83> 15,— : 9.08 
1y 8.62 
2 if, 8.42 
| aos ee By Woy! 7.98 
15 7.59 eo 
ue aH. 7.39 
ee 6.97 
3A, 6.27 
Sl ae age 5.92 sy, 5.71 
ay 4.88 
Say eee a LOD 
f Py fae ote 
15,4 ———_———-_ 2.37 
sD ais 0 
Energies of Final Results Energies of 
Configurations by MO with CI Structures 
(MO) or HL with THR (HL) 


Fig. 2 
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Table 3. Levels and Wave Functions after Inclusion of CI or IHR 


aon ; Energy aes Wave Begen in Terms. of MO | Wave rege} ies of HL 
metry CI unctions | aaa or nels DAS fee 
| eV eV) (0,954.4, +0.139-4,+0 10643 (—0.6504,, + 0.149 Ay, + 0.2644. 
‘29% | 0.00 | 2.38 | RG SEL ie (+0.3504,—0.020- 
1597; | 19.02 | None | 2 Ba 
its | 15.54 4.41 |  0.910C,—0.414C, | 0.983C,,+0.027C, 
tars 7.59 0.42 | 0.988), +0.153), | 0.725) ,,4-0.371D, 
14op> | 16.06 | 1.42 | 2-%(A\+2y) or 2H (A\*+ Ey) | Za or Z* 
| (0.9947, +0.107/%g (0.6767, +-0.427/'» 
‘° | SE | be 0.994 //,* + 0.107 /.* lor 0.676//,,* + 0.427/',* 
YAS | 13.66 None | G, or G,* Gaol! Gan 
a¥9ts | 1838 | None | A, H, 
83g; | 13.66 | 2.68 2M (LT, 41) in 
a54; |. 4.88 | 1.05 | . 0.972 /4+0.235 7, | 0.811 /q—0267 J, 
ay; | 7.59 | 0.42 |  0.988A,-+0.153A2 0.7527, —0.371K; 
349; | 11.69 3.51 | — 2-%(L,4+LZ_) ot 2-%4(L,*+L2*) Lag of £q* 
0.98117, +0.1951/, (0.769. —0.319.M;, 
Aus e22 phy e 0.98117,* +0.195 A/,* lor 0.76947,,* —0.31917;,* 
5S gt; 9.72 | None M, Nu 


§ 4. Caleulation by HL method 


Our problem of the four interacting 2/7-electrons in the acetylene molecule can also 
be treated by the HL theory, with the use of atomic orbitals instead of molecular ones. 
In terms of the complex 2/7 orbital functions a, and 0,, the ground state structure of 
this molecule will be a,-0,) a_-d_), and further there will be excited homopolar structures 
a,+a_)b,+b_), a,)°b_)” etc.,* and ionic structures a,)*a_-b_), a,)*a_)® etc. Taking 
all the excited homopolar and ionic structures within the frame of (2/7)*, we obtain the 
HL type molecular wave functions 7, of various symmetries and multiplicities as shown 
in Table 4, where the same abbreviation as used in Table 1 (cf. Eq. (10)) is used. 
The appearance of the additional normalization factors (1+.S*)~' ec. in these functions 
is due to the non-orthogonality** between the atomic orbitals 7 and 4,. The (electronic) 
“structures ” corresponding to these HL functions are given in the third column of Table 


4. The energies of the functions Y,, i.e., the energies of the “ structures” are given by 
the integral 


OX) = | nee HD aes 


* Here we use Mulliken’s symbolism (J. Chem. Phys. 19 (1951), 900). Thus in the symbols @,-4,) 
a@—-b—), a+)*b_)? etc., the dots connect orbitals for electrons forming a pair bond, and a)? indicates two 
electrons forming a lone-pair in the orbital 7, and so on. 


** This non-orthogonality makes the computation by the HL method more cumbersome than that by the 
MO method. 


Interaction of n-Electrons in the Acetylene Molvcule 


Table 4. HL Functions for Various Structures* 


Symmetry Function Y; Structure Energy 
Was Ag= (14+ S?)7 (aya byb_; %5) | a4-l4) a_-b_) 3.16 eV 
Ay= (1—5?+4 $4)-% (aya_b,b_; %3) @-A_) by -b_) 13.94 
Ao=(2+254)-%[ (a,a45_b_; 24) 4 (aa_bybs 3 %)] 44) 2b_)2 7.98 
Ag=27 (1+ 652+ 54)—16[ (1) + (ID + (II) + (IV)] @4)?a_+b_) 4.09 
Ag=(2+254)-%[ (a,a,a_a2 3%) + (64644_6_3 2%) ] a@,)%a_)? 29.04 
2950 | Ba=24(1— 5S?) [ (1) + (ID) — I) —(1V)] @4)2a_+b_) 19.02 
byte ‘ Ca=24(1—S4)-%[(1)— (ID + (II) — (IV) ] a4)*a_-b_) 15.55 
| Co= (2—254)-%6[ (ayaya_a_; %) — (6454-0; %1)] a4)°a_)? 30.70 
ar Da= (2-294) [ (aya,b_b_; %j) — (a_a_b4b,5 %)] Qy,)2b_)? 9.08 
Dy=2>(1—S4)-%[ (1) — (ID — (II) + (IV) ] a4) 2a_+b_) 13.27 
Mage Pe Bg FHC St) [ahagdb"; 4) +d papas ZI eae } 16.06 
£ig*¥=2-e(1—S*)-1[ (a_a_b_by ; %) + (b0-a_a, ; %) J 4)°b4-0_) 
£4=27%(1—S*)4[ (ay040b4 5 Xo) + (G4b4b_24 ; %)] @4)*a_-b,) \ aaa 
£,*=2-4(1—S?)-![ (@a_a,b_ 3 %) + (b6b_b,a_; x2) | a4)2a_-b,) 
wns Paq= 2-8 (1—.S4)18[ (a4.04545_ 3 Xo) — (B40 4040-3 %)] a4) by -b_) \ ad 
Fg =2-18(1—S4)-%4 [ (a_a_b_b, 3 %y) — (b-b_a_ay, 3 %)] @4)b4-b_) 
Fy =2-B(1—S4)Y6[ (ayaya—by 5 %y) — (0445-04 5 %q)] sens } 13.23 
Fi *=2-%2(1—S4)-15[ (a_a_ayb_ 3 %) —(b_b_bya_3 %)] a4)*a_-b4) 
To; Gg= (1—S?)4 (04046464 5%) eet 13.66 
Gat = (1—S?)-!(a_ab_b-; %) 4264)? 
3S yt Hy=27(1—S?)—[ (i) + (ii) + (iii) + (iv) ] a4) *a_)b_) 18.38 
3S g- Lq=2-%(1—S*)4[(aya_b,b_ 3 %5) + (@40b45_ 5 %q)] @4-a_)b64)b_) 13.66 
Ty=271(1—92)-'[ (i) + (ii) — iii) — (iv) ] a)7a_)b_-) 19.02 
35+; Ta=(A—S4)-¥ (a,a_b,_ 3 %s) a4.°b4)a_)b_) 5.71 
Jo=274(1—S4)-"6[ (i) — (ii) + (iii) — (iv) ] a4)*a_)b_) 12.48 
35= Kq=2-"a(1— 54) [ (aya_b40_ 3 %) — (@p0-640_3 x7)] @4-a-)b4)b_) 9.08 
Ky =271(1—84)-% | (i) — (ii) — (iii) + (iv) ] @4)?a_)b_) 13.27 
3Ag3 La=2~a(1—S?) [| (ay a4b4b_ 5 %5) + (O404040— 3 %5)] ss eee 11.69 
Lq*=2-(1— 5?) [(a_ab_b4 5 %5) + (6-60-04 5 %5)] @4)*b4) 6) 
Lp=2-4(1—S?)[ (ayaya_by 5 5) + (6464004 5 %5)] ae 18.70 
Lp*=2-%(1—S*) [ (a_a_ayb_ 5 X53) + GLb, 0-3 75)] @4)a_)b4), : 
5A My=27*8(1—I4)—% ( [04046405 5) — (040417405 A5)] Rear 7.39 
M,* =2-'4(1—S4)-'f (a_a_b_b4 3 %5) — (6-00-04; %5)] @4)°b4)b_) 
My=2-%6(1—S#)-Y[ (ay.04.4-b4 5 hp) — O4b 4504 5 Us) peared 12.87 
AN, *=2-%(1—$'4)“%4[ (a-a_aygd_ 3 %5) —(b6bb4a_; %5)] | 44)%a_)d4) 
5S gts Ma= (1—S?)7 (aya by 5 Xp) Bap Ee, ego! 


* In order to make this table compact, we have used the following abbreviations 


in the second column: 


(1) = (440400 5 %), 


(i) = (@4040_0_ 5 5), 


(ID) = (6464_a_ ; %), 


(ii) = (44444-a_; %5), 


(III) = (a—a_ayb45 %2), 


(it) = (a@_@_ayhes Xs), 


(IV) = (466404 5 %2), 


(iv) = (6-6_b,44 5 %5). 


- 
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which can be expressed in terms of the molecular integrals S, /, /; Ay DC fended 
(see Eqs. (5), (7) and Table 2). The numerical values of H(X,) are given in the 
fourth column of Table 4. In Table 4, of course, we have the same number of functions 
for each symmetry and multiplicity as in the MO case. In fact, for each symmetry and 
multiplicity, the HL functions are expressed as linear combinations of the MO functions, 


and these linear relations are easily found to be as follows :* 


oe (iE S*) ALS ‘ie PY OF 65 2 (NGA; 
Reo ae mete aya 
(145)%A,)=3/ V2 0 V8 2.42 | | MWA, | 
(14+6S2+S*)*A, | if re O eo Osa eB. Ve 
| : ae rar a | 
(ease) i Kala Dy =A & 2 me Te a ag eee fe 
"Digs Fa= Fx 
Bs a0) UF 1 Bnew :) PY i fella 5 —1 Ii es 
RE. Ce ee Mae 1/\ N’D,!’ 
ee (. "\ava( | re) ‘Ae Petptcrs ), 
E, NEA N1 O Re Cee 
T,3 Ga=Gy Sy =, 
Bs ; 1+. 
ees “YG Eee 
h, 1—1/\J,. (ry, = ee 
eK, a ie a ¢ SANs : 
ae ue Neos ), As (=4C aes 4 
aK, S111 RK, ye y eee) eee 
As aye Ae ae nee) oe N=; (15) 
TM, A Neg ee A 


On finding these interrelations between the wave functions of MO and HL types, 
it would be superfluous to calculate the interaction among the different HL structures, 
since all the matrix elements //,, ot 4,, (Eq. (14)) in the HL case can be easily 
derived from those in the MO case by the use of the above interrelations (15), and 


since the final results to be arrived at should coincide with the results of Section 3 


Nevertheless we carried out these calculations and solved the secular equations independently 
of those obtained in Section 3. The agreement of these results with those of Section 3 
served as a useful check for our numerical computation. In the last column of Table 3 
the eigenfunctions corresponding to the lowest roots of the secular equations are given in 


terms of the HL wave functions. Of course these eigenfunctions are identical with the 


For brevity of the expressions, the following abbreviations are used here: 


T=(1—S4)%, N=(N,3N9)%, N/=(N,,N53)%. : 


Interaction of m-Electrons in the Acetylene Molecule 397 
corresponding ones obtained by the MO method with CI. 


§5. Discussion 


The results of our calculation show that the effect of CI in the MO case or of IHR 
in the HL case on the energy levels is fairly large, amounting to several electron volts. 
Similar results have been obtained in the case of hydrocarbons with conjugate double bonds 
by Craig and others”. 

Now let us consider the MO case. From the inspection of Fig. 2, which illustrates 
our results, we must conclude that no simple and general relation seems to exist between 
the amount of level depression and the spatial symmetry as well as the spin multiplicity 
of the state, thus it is difficult to find out the “ criteria for the selection of configurations ” 
mentioned in Introduction. This situation has already been pointed out and called 
“melancholic”? by Coulson ef a/.” The largest shift 4.41 eV is found for the *S‘* state. 
In the case of *4,, ‘4, or °>)7, two energy levels by the single configuration approximation 
accidentally degenerate, which is responsible for the large shift by CI. The shift of *y, 
level is much larger than that of the ‘y, level, which is contrary to Coulson’s statement” 
that the effect of CI in a triplet state is less than it would be in a singlet state if 
otherwise comparable. 

By using the relation (15) we can express the MO wave function A, for the lowest 
"S)} configuration in terms of the HL functions* as follows : 


A,=—0.308A,+0.195A,+0.513A,+0.195A, , (16) 


which contains a considerable amount of the ionic functions A, and A; (cf. Table 4). 


This is compared with the “ true’ wave function for the ">)} ground state (cf. Table 3), 


—0.6504,+ 0.149A,+ 0.264A4,+0.350A4,—0.0204,, (17) 


which shows how the inclusion of CI has reduced the superfluity of ionic terms”. 


_ Eq. (17) shows also that the “ true 
involves rather large contributions from the homopolar lone-pair structure A, and the singly 


9? 


wave function for the '>)} ground state 
ionic structure 4,. Thus we might expect that the fairly good approximation for ‘3’; 
ground state can be obtained by considering the resonance only between 4, and A,, or 
only between A, and A,. This is confirmed by computations, the results of which are 
illustrated in Fig. 3*™. 

Another approximation to the '}; ground state function can be made by the use 
of the HL function 


* While the MO functions 4, 49): , etc. are mutually orthogonal except that 4y,=\4*,d3dr—=}, 


the HL functions 4,,4),°°-°-- , etc. lack this orthogonality. For instance, 
Ann =0,5944,  Azo=—0.3073,.  dga=—0 7490, ~° dae= —0.3073, 
4pc=—0.1826, Ayqg=—0.4452, Ap e=—0.1826, |. Aca=0.5903, 
Ace=0.2421, dae =0.5903. 
** In Fig. 3 the level obtained by considering the resonance between 4, and A, is labelled by (4,—4-), 


and so on. 
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A,= (142874 S41)? (a, Aybuby 3 Ya)s 


Bunction, 43. — = a LO (18) 
where the abbreviation (10) is used, and a,, 
Chae 2.55 Gy 6,, 6, are the real 2f7 atomic orbital 
LLG = eh ‘ ‘ 
A 7.48 nes 
nae function 
Ce ala CF +a_) ? 
Meas Tek ak 8 
(19) 
b= 2" (4, $b, 
=e = 
b= 28 7G, 6). 
: Ag A) nl ZEST ise Wave nniricuor representing the electronic 
1.09 
(4a— Aa) structure @,:0,) @,*4,), has often been used 
for the description of the electronic structure 
of a triple bond." However, this function 
lacks the axial symmetry ("3'7) of the 
ground state, because these real 2/7 orbitals 
ea Ag Ae) yy possess a marked directional property around 
Cc a Oe 


Gi, 4, —A,— 4,— A) 


the molecular axis. In fact this function 


can be expressed in terms of the HL functions 


Be given in Table 4 as follows: 


A,=—1.000A,+ 0.421 A, +0.317A,— 0.195 (G,+ Ge), (20) 


which includes the functions G, and Gx of symmetry '/’,. Nevertheless, on evaluating 


the integral A(A,) = Ax H A, dz, we find that the energy of this function is fairly low : 
E(A,) =2.48 eV. 


In terms of Eq. (20), we can attribute this fact to the strong interactions among the 
functions A,, A, and A, (vide supra). Thus we see that this function A, is preferable 
to A, for the purpose of single structure approximation for the ")}} ground state. 

The observations and analyses of the near ultra-violet spectra of acetylene have not 
yet been completely made so far as the authors know. Woo ¢¢ a/."” observed the spectrum 
extending from 2430 A down to the ultra-violet limit of their instrument, and considered 
the band to be due to a forbidden transition. On the other hand, our calculation shows 
that several excited levels lie in the neighborhood of 5 eV (cf. Table 3), the energy 
difference of 5 eV corresponding to a transition of 2500 A. From the symmetries of 
these levels, we see that the transitions from the ground state to these levels are forbidden.” 
However, because of the poverty of the experimental data, a satisfactory comparison of 
our calculated results with the experiments seems to be impossible for the present. 

The authors are indebted to their colleagues for valuable discussions. One of the 
authors (T. N.) wishes to express his sincere gratitude to Prof. J. Horiuti of Hokkaido 
University, who has generously allowed the author’s sojourn at Tokyo University for study. 
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Appendix 


In this appendix the evaluation of the molecular integrals occurring in our calculation 
is explained. The numerical values of these integrals given here and in Table 2 are for 
20R=7.22, where 20=3.18 is the screening constant (cf. Eq. (1)) and R=2.27 au. 
the internuclear distance. 


A. . The overlap integral S is easily evaluated using the formula given by Kotani 
e¢ al.” or by Mulliken e¢ a/.™: 


5) ==0:35057: 


B. To evaluate the one-electron integrals / and F we proceed as follows. Using 
the definition (7) and the relation (8) of Section 3, we can write as 


I=Ey,—A—2D—K, F=SE,,—3L—/. 
In these expressions, A, D and Z are the integrals defined in Table 2; K and / are 


Mayer and Sklar’s Coulomb and exchange penetration integrals” respectively ; 7.2. 
Kk=— | a* (9) [— (4/19) +| (1/75) 0( J) at; ] a4. (g) atg= 1.6959 eV, 


ae —{ 6% (9) [— (4/1) +| (1/7) e(F )at;) a, (9) atg= 3.1176 eV, 


with (7) =|6- CY) [P+ 184 PY? + [S08 |? + [Popo (7) |: 


The formulae for the evaluation of K and / are given in Parr and Crawford’s paper.’ 


6) 


It may, however, be more convenient to compute the latter integral 7 with the alternative 


formula”, 
df= (8R/2)* [8 (8R)~' {—A,(B,— By) + Ay (Bs— Fr) + A Bo— By) — A(Bs—4)} 
4+6{—A,(B,—B,) + A B,—B,) — A) (Bs— Bo) } +20R{ — A; (B,—By) 
— A,(B,— By) + Ay(Bs— By) + A(Bs—B:) — Ai (BiB) — Ay BB) } 
+3(0R){ —A,(B,—B,) —24,(B;—B;) + Ay(B— By) +24(B,—B,) 
AB. B)—24,(F)— 8) — Ae, —BoHs 
where 
A, = A,,(268R) =|“exp (—20Ra) Anda, 
and 
B,.=B,,(8R) =| exp( — ORI) Aah 


18) * 


are the integrals defined by Zener. 


* This can be obtained by using elliptic coordinates. 
** The extensive numerical tables of these integrals are given in ref. 17, 
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C. The integrals A and A’ have been evaluated by Parr and Crawford’ ; C, C’, 


D, D', L and JL! are evaluated by the use of the formulae and numerical tables given 


by Kotani c¢ a 


* Parr and Crawford, Mulliken e¢ a/., and Kotani ¢/ a/. have given the formulae and tables for the 
integrals over the real 2/7 functions, while our integrals are those over the complex 2,7 functions. However, 


the derivation of the latter integrals from the former is a very simple matter. 
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The differences between Lagrangian and Hamiltonian formalisms are discussed through the concept 
of chronological ordering operators, thereby keeping close correspondence to Feynman’s path integral. 


Next a method to derive commutation relations without referring to Hamiltonian formalism is 
presented. 


§1. Introduction 


It has long been believed that some basic alterations of the field concept should be 
made in order to get rid of the divergence difficulties inherent in the present field theory. 
While the recent development of the renormalization theory has succeeded in consistently 
eliminating divergences from the theory in some special cases. 

This is possible only when the theory is described in a manifestly covariant way, and 
for this purpose it is essentially important that Tomonaga—Schwinger’s Hamiltonian formalism 
is equivalent to Feynman’s Lagrangian formalism on which Dyson has developed his 
beautiful theory. 

For practical purposes ‘the two theories do not contradict each other, but the basic 
ideas from which they started are essentially dissimilar. We shall therefore investigate their 
differences in a unified manner through the concept of chronological ordering operators. 

We shall first define the chronological ordering operators P and P* (in § 2). Next 
we shall prove the equivalence of the two theories with the use of these operators (in § 3). 
Last, we shall present a method to derive commutation relations between field variables 


without referring to Hamiltonian formalism (in § 4). 


§2. Chronological ordering operators 


(1) Dyson's chronological ordering operator P 
As is well known, the solution of the Schrodinger equation : 


ee OLE (A=c=1) (2-1) 


can be written as” 


t 


MA=VGEAYS), VGA)=P exp[—7| H(¢)d¢] (232) 
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where /, or simply /? is an operator introduced by Dyson. 

To define ?, we introduce a one-parameter family of space-like surfaces filling the 
whole. space-time, so that one and only one member a(x) of the family passes through 
any given point 7%. 

If O,(4;), «++» Qn(4n) ate any operators defined, respectively, at the points %,, ---, % 


of space-time, then 

PlQ;Ua); "hy On(#n) ] (2-3) 
will denote the product of these operators, taken in order, reading from right to left, in 
which the ‘surfaces ¢(%,), ***, @(4n) occur in time, which means that the one-parameter 
family of space-like surfaces is the defining system of the chronological ordering operator ?. 

We shall write the parameter as a sufhx to the symbol P, if necessary, but shall omit 
it if time is the parameter. 

It is noteworthy to refer that the expression (2-3) is family-independent if Q;(7;) 
commutes with Q,(1;) so long as x; and x, are outside each other’s light cones. In 
other cases, the expression (2-3) is, indeed, family-dependent. 

One of the characteristic features of the Hamiltonian formalism is that Hamiltonian 
is expressed as a function of the coordinate variable g and its canonically conjugate variable 
yee 

MO)=H{9d, pO). (2-4) 
Hence the meaning of U/(¢, 4) in the expression (2-2) is unique provided that the variables 
g and p in the Hamiltonian (2-4) are arranged definitely in order. 
For different quantities Q and Q’, we have from the definition of the operator /? 


ODOKL), forte Fe 
QE VD@) ye for “tar 
except for /=/’, when we suffer from the ambiguity how to define it if Q(t) Q’(2’) 
= Q'(t') Q(t). In the expression (2), however, we are fortunate to observe 

Ors vaOee 
We shall hereafter leave the definition of the operator P for ‘=¢’ undefined, nevertheless 
it doesn’t matter so long as the operator / appears in the integrand since the undefined 


; nan 
domain of / is a point and consequently does not contribute to the integral. 


With this attention, it is easily seen that thé expression (2:2) indeed satisfies the 
equation (2-1): 


PLOOMWE) = 


i—© UG ») =P (HO), exp{—i| Ade} ] 


=PLA@); éxp{—i | 


to 


= 11(2) P {exp {—i | H(t)adt\}. (2-5) 


to 


"H(ddt} 
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It is because all quantities are regarded as “ monopole quantities” that we can safely 
separate //(¢) from the operator ? to the left. As for the definition of “ monopole 
quantity” we shall give it in the later part of this section. 

From the definition follows at once the fundamental Properties of the operator /? 
which are already utilized in the above proof (2:5). 

(a) FP is a linear operator, i. e. 

PicQ; rol Sp elaare >| OO. Q'",-+-] . 
where c, c’ are c—numbers. 
PiO\+0, (es ad cag Ob. O', --|+P[Q,, CG; vee], 
(distributive law) 
(b) / is a symmetric operator, i. e. 
P[Q, Ox ---J=P[Ov, Qu, ++], 
where (1’, 2’, ---) is an arbitrary permutation of (1, 2, --:). 
Lastly, as a chronological ordering operator, 
(ejeliigk pases ry 25 8 
PLO@OG")--R)R'(z’) +] 
=F OG) OF net PLR Be ek. 
(separable law) 
(Il) Modified chronological operator P* 

Next we shall glance at Feynman’s Lagrangian formalism in connection with the 
definition of the operator P*. 

One of the characteristic features of the Lagrangian formalism is that Lagrangian is 
expressed as a function of the coordinate variable g and its time derivative g in place of 
canonically conjugate pair g and fp: 

LO=T19G), a0). (2-6) 


The transformation function in Feynman’s theory is given in the g representation by” 


U6 4) = \fexp[i/# | Zlo®, 501] (pth). @.7). 


os t 
Besides, as Feynman has pointed out, the multiplicative property of the transformation 
function : 
tate) == Che, to) U Cty) (2-8) 
follows only when the Lagrangian is a function of g and g and does not involve higher 
time derivatives, in other words, this condition requires that the Lagrangian cannot involve 
higher multipole quantities than “ dipole quantity ”’. 


? 


We shall call it as ‘separability condition ”. 
In performing the path integral, we slice the time axis into /V intervals of thickness 


e, then we may approximate the integral over all paths by the multiple integral 


¢ 


404 K. Nishijima 
(ee (sty, on et ag adgy- ; 
06 = [forte SS» a}, 2-9) 


where A is a suitable normalizing factor and 
S(Git1 4) =| go peer : 
€ 


In carrying out the integration, we have replaced g(t) by 


gltite)—9(%) — (tim (2-10) 
€ E>0 


> 


gi= (lim) Grins 96 
e>0 a € 


i.e., we have decomposed 9(A) into g’s of two adjacent times. The limiting procedure 
(lim) should be performed after the integration, which means that the procedure is to be 
se(tiaeal after the time ordering. As is seen from above, g; can be written as a linear 
combination of g’s of two adjacent times 7;,;=/;+€ and /¢;,. 

It is for this reason that we call 9(¢) as a “dipole quantity”, and g(¢) as a 
“monopole quantity ”’.” 

This is the most essential difference of the Lagrangian formalism from the Hamiltonian 
formalism, in which latter all quantities with a single parameter 7 are regarded as monopole 
quantities. 

For instance, (7) =779(¢) is regarded on the one hand as a monopole quantity in 
the Hamiltonian formalism with the chronological ordering operator 7, while on the other - 
hand it is a dipole quantity in the Lagrangian formalism. 

This difference suggests us an idea that we ought to define another chronological 
ordering operator suited to Lagrangian formalism, corresponding to the operator / in the 
Hamiltonian formalism. ; 

First we must fix the independent (field) variables corresponding to the variable g in 
the path integral. It is also necessary for this purpose to determine which of the variables 
are monopole quantities. 

The variables should be independent, otherwise the distinction between monopole and 
dipole quantities becomes ambiguous. 

For instance, the four components ¢, of the vector field are not independent since 
they are restricted from the field equation by 


Ob. =0 
Oty 


and if we incorrectly chose ¢, as independent field variables, 6, would be either a monopole 
quantity and at the same time a dipole quantity. In this case, we had better employ 


Stiickelberg’s formalism, and replace ¢, by 


Ges At eae 2b 
x Oxy 


then the restriction becomes a subsidiary condition on state vectors ; 
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(24+ 421) r=o, 
O#,, 


which is not derived from the field equation, and we can safely choose four A, and F as 
independent field variables. 

We denote the independent field variables thus fixed by g:(¢=1, 2, ---, f, fi: degrees 
of freedom), and define a new chronological ordering operator ?* as follows.” 

The expression 


PHO.Gs); Ee'5 Galan) (2511) 
is obtained by decomposing the field quantities Q’s into independent field variables ’s, 
i.e., into linear combinations of monopole quantities, then arranging them in order defined 
by the operator /. 

It is very important that the meaning of the operator /?* is family-independent 
since independent field variables are commutative with each other.* And the set of the 
independent field variables forms the defining system of the operator )*. 

An example of the use of this operator is 


Pg, 4032 P*| (ray TOO 9¢07 | 


=lim P| wre a(’) | 


= Plo, 9")1, (2-12) * 


We shall remark here that the operator /'* is not always defined. In order that * can 
uniquely be defined, it is necessary to restrict the order of the poles of quantities appearing 
in the operand of the operator /* to be lower than the order of the equations of motion 
of the independent field variables. 
With this uniqueness condition, the properties a) and b) of the operator /” are also 
satisfied by the operator /?*, but c) is not satisfied in general and somewhat modified. 
c’) If the orders of the equations of motion of the independent field variables are 


finite, and if 4, 7, --- are larger than r,, T., --: by finite amounts, then 
P*[O,(4,)2 Qs(te)s°-*5 Hs (1), Ro(t2) °°] 
=P*(Q,(4), Qo(te) +++ ]*P*[Ri(t1), Ro(Ze) ae. 
ce’) If Q's are either monopole or dipole quantities, then 
P*(Q(t), U¢—-9)J=OOOU—9), 
because of the separability eoacicon 


For instance, 


P*[9@),-9(¢— 0) J=lim <a Plgt+e)—9> q(t)—9g(t—-e)] 


* For Fermion fields we shall be concerned with such expressions that they occur in bilinear forms. 
** In the case 4=/’, we distinguish ¢/ from ¢, and put // equal to ¢ only after the di ferentiation. 
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ce pat g¢+e)—9)_ 94) —9t—*) _ ary 5(t—0). 
E>0 € € 
where we put all infinitesimal quantities equal to 6&, corresponding to Feynman’s path 


integral. 


§3. Transformation functions 


In this section we shall construct transformation functions on the Lagrangian formalism. 
The transformation function in the Hamiltonian formalism is, as was shown in the 


previous section, given by 


CG) i) == expe if Hat] . (3-1) 
to 
We shall show that in the Lagrangian formalism it is given by 
Gilt, y= P exp i( Lath] ; (3-2) 
to 
Written in the covariant form, they become respectively 


o 


U (a, o,) =P [exp {—i{ A(x) (dx) }], (3-3) 


90 


U (0, ))=P*lexp {i\ L(x) (dx) }], (3-4) 


in which // and Z are Hamiltonian and Lagrangian densities. 

Since the operator ?* in (3-4) has a definite meaning under the uniqueness condition 
and / is a world scalar function of .only space-time coordinates not depending on the 
choice of the family of space-like surfaces, the transformation function in the expression 
(3-4) is uniquely determined by fixing two space-like surfaces o and a). 

Both U’s in (3-3) and (3-4) satisfy the same initial condition : 


U(o, %)=1, (3-5) 
and the functional (/ in (3-3) satisfies the Tomonaga—Schwinger equation : 
Ie 
z - 
. 0a(x) 
Thus for the proof of the equivalence of the expression (3-4) to (3-3), we have only to 


show that the Lagrangian transformation function (3-4) also satisfies the Tomonaga—Schwinger 
equation. 


U (a, 6,) =H(£)U (a, a). (3-6) 


We shall assume hereafter that Z involves only monopole and dipole quantities, i. e., 


the separability condition is fulfilled. 


We shall now differentiate (3-4) with respect to the surface ¢. Suppose that o is 
deformed into o’ by an infinitesimal volume @2, then 
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U(a'" a) —U(a, o,) 


= P*[Lexp(i | Z(2) (dx) exp (é| Z(2) (ar))] 


= P*[ {exp (| L (4) (dx)) —1}-exp (é{ £(2) (dx))]. 


The separability condition is of help to change the above expression into 


U(o', a) —U(a, a) =P*[exp(i\ L(x) (dr)) —1]-U(@, 0). 
Put 


H(2) =, P*[exp i] L(2) (dx) 1], 
a2 i 
then it is necessary and sufficient for the proof of equivalence that the following equality 
holds : 
H(«)=H(2). (358) 
Since the transformation function (3-4) is uniquely determined by fixing two space-like 
surfaces ¢ and a,, the so-called integrability condition must be satisfied by //(x) : 


ae — 2) 


[i 0 0 

0a (x) 0a (x’) 
_.( 6H(4) 0H (x') = eae eee 
mad ia fT(#')|=0. (3-9) 


(x, x’ on a) 


The expansion of //(x) yields 


A(x) => a » | (de) ed PLL)» os LG) (3-10) 


The first term of this expansion is equal to 
—L(z). (3-11) 
We shall give complete proofs for separate cases. 
(I) Case of free Bose fields 
Without loss of generality, we shall illustrate the proof by the neutral scalar field. 
The Lagrangian density of this field is given by 
L,= Saas i( op y+egtt. (3-12) 


2 OX, 


The first term of the expansion of //, is thus equal to —J/,, and remaining terms are 


expressed by 


o 


-. on (a3) | (dan) P*(Ly (4) Lyn)» (> 1) 342) 
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Since this expansion is an 7~fold integral over an infinitesimal volume dQ, divided by 
dQ, the occurence of (z—1) 0 functions is required for the expression to survive. 
Therefore we must at least (—1) times contract the wave functions to bring about 
the derivatives of 4,-function which effectively contain the 0-function. 
We need not contract more than (7—1) times, because the contribution from terms 
with more contractions are involved in those with less contractions. 


Remember 
(PG(2), $e!) w= 5 dele 2"), (3-14) 
and 3 
(2? —#) 4, 4=2') =210(4—7), (3-15) 


it = : 
then we can easily understand that only contractions of dipole quantities produce 0—functions, 


and therefore for 7 > 1 the expression (3-13) is also written as 


1) fan ftsor[(gt Yoo Ye} 


(3-16) 
for which we shall perform (7—1) times contractions. 
Since the domain enclosed with two space-like surfaces ¢ and ao’ is an infinitesimal 
thin layer, the relation (3-15) may effectively be written as 
9 A (x— 2!) —2inn, (a—2'), (3-17) 
04,04, 
where 7, is the unit normal to the surface o at the point +. 
From the above argument, it is clear that isk must be of the form as 
= fe) fe) 
Hy= —Ly+a——-; poe Hake. 
: O%e ae 
where « is a numerical factor. | The constant u is determined by the condition (3-9), which 
yields the desired relation : 


F op | Og 
H=—L = pe et e 
ly 4 ae Sta Hl 
OL, of 
9(36/3x,) Br, 
The direct method to compute 1h from (3-10) fails because of the lack of convergence. 
(II) Case of free Fermi fields 


The Fermi fields obey first order differential equations, so that we cannot attach a 


=—Ly+ Wg ede. (3-18) 


definite meaning to the operator P* if the derivatives of the wave functions occur in the 
operand. 

Thus the expression (3-2) or (3-4) is meaningless in this case. 

In the Feynman theory also, the path integral could not be defined for Dirac fields 
because of the lack of any classical analogue, hence he started from the fact that the 
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transformation functions for free fields can be treated as Green functions in other definite 


cases.” 


At any rate, the application of Lagrangian method to free fields does not seem to be 
a good subject. Its utility consists in the application to interacting fields. 
(III) © Case of interacting fields 

We shall treat the case of interacting fields, and for this purpose we employ the 
interaction representation. 

Then 


of 


Fin (#) =—— lex fe | Lin (#)(de)}—1], (d2->0). (3-19) 


We assume here that ea involves dipole quantities at most linearly, then in the expansion 
of (3-19) only first two terms survive, i. e. 
o! 


Fim (£) =—Ling | ae) | @"yP* Laas) Lin (#")). (3-20) 


oo 


The second term survives only if two dipole quantities with different arguments are con- 
tracted so as to produce the 0—function. 

The only possible dipole quantities are the derivatives of the Boson wave functions 
because of the uniqueness condition. We shall denote the independent variables of Bosons 


by Q,, Qs*, then we see 
[Qu(#), Op* (2) |= 1005 4 (#2). (3-21) 


From the contraction of dipole as follows 


j (dx’) ( (dx'’) (p(28 90u : 305 )», 


1c (x) == Lin( 4) ie ec 


oi: Ax,’ 
eal OLint hte. 2 OLint. ) 
0(0Q,'/0x,') a(a0*#" /ax,") 
4+terms with O and Q* interchanged and of neutral fields. (3-22) 


In evaluating the above rae we must remember 


d0,! daQ =i as o” ( 1 RE ee ) 
I* a x x 
v ( ary! ax” is ey Peas 


1045 My ty O(x'—x"’), (effectively) 


and 


0(0Q,' /A*y') 0 (AOK" /axy 
since there is no dipole quantity in the operand. 
The following relation is also utilized : 


lim P(A(D Bt!) +BY AL) =ADBO + BOA. 


er 0 Ae . OL J=P( > IP 


With the help of these relations, the equation (3-22) becomes 
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Be (4) ae Lint(#) 


a eke [ OL int Ven 0 Gat re OLint 
22 "1 20(001/0%,) A(dOx/dx,) 3(AO*/Ax,) 

< OL int ae OL int i ofut_ | j (3 . 23) 
0(0Q./dx,)  A(0Q.°/d%,)  9(0Q,'/dx,) 


That //,,(+) fulfills the requirement of the integrability condition is obvious from the 
general argument. 

Next we must derive //;,,(%) from the canonical theory. 

The total Lagrangian density consists of free and interaction Lagrangian densities : 


Lot Ly+ Lint = (3-24) 
Our problem is to find //;,, in the interaction representation. The canonical conjugate 


variables to Q, are 


a 


AL 
Lig Ppa (free case) 
OQ. 
OL int . . 
Lot > Ps* =P, + —.— , (interacting case) (3-25) 
00. 
and the interaction Hamiltonian is given by 
Pht = Hig P*, Q) — Hy (P*, Q). (3-26) 


We shall express //, as functions of P and Q, instead of P* and Q, then 
Har POs Li Ey) 
=P,0,—L,(P, Q)—Lin(P, Q) + O.(P.* — Pa) 
= HP, Q)—Lin(P, Q) + O.(P.*—P,). 


While 
ae OH. 1 O° HT, 
AyP, Da=A(P*, O EOP PS) 4 PP A 
7( Q) ( Q) + OP, ez ee )+ 2 OP, AP; (Pa Pa) (Ps P3*); 
and in the interaction representation holds 
0H, . 
BP Os A 
Hence 
Fra HP® O) 2 Las(PyO) + a 
ZORA 8 AR ice a eh a) 
Reexpressing Zi,,(7, Q) as functions of P* and Q, and then replacing P* by P, we have 
a 12) f0°e7, 
Ain= — Las + “OP,OP, CPs or ia): 3 -28) 


Combining (3-25) and (3-28), we finally arrive at 
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i Aa ead eee : f A Lint > ALi be AL in , OL sn ee ALi ‘ OLint | 
Pepe. NdO se 80s 150") 30. 
If we replace the time derivatives by the normal component of the gradient, there follows 
at once the equality 


A= fTint . 


§4. Commutation relations via Heisenberg operators 


Although the interaction representation is convenient to construct transformation 
functions, we have to refer to the Heisenberg representation in the calculation of the 
expectation values of operators, so that several authors have investigated Heisenberg operators.” 

We shall, however, utilize the Heisenberg operators only to derive commutation rela- 
tions based on the Yang-Feldman formalism" and Peierls’ idea.” We shall denote operators 
in the Heisenberg and interaction representations by thick and thin letters respectively. 

There are two ways to derive the equations of motion of Heisenberg operators. The 
one is to bring the free operators (operators in the interaction representation) into play, 
i.e. to express Heisenberg operators by 


(a) O42 /ey—U (a,5,) On(4) UG, %), 2G onte) (4-1)* 


then we can trace the motion of Q(2/a) on the information about the free operators. 


The other is to refer to the variation principle, i.e. to derive equations of motion from 
(b) 0\ L,,,(dx)=0. (4-2) 


In the former case, we need to know commutation relations of free operators, while in 
the latter case we need not. 
This difference suggests us that the comparison of the two methods will lead us to 
commutation relations as the necessary condition for the two methods to give the same 
results. From such a point of view, we shall investigate the commutation relations. 
For this purpose we shall assume that the interaction is adiabatically switched on in the 
remote past and switched off again adiabatically in the remote future. This hypothesis is 
harmless for the investigation of such relations. 
Thus at ¢=—o, the Heisenberg operators become identical with the free operators, 
and we shall call the free fields at /=— co as incoming fields; similarly outgoing fields 
are defined at ¢=-+ 00. 
With this nomenclature, the Heisenberg operators are written by the method (a) as 
Q, (2) =U (6, —0)103(x) U(o, — ©). (4:3) 

The relation of the outgoing fields to incoming fields is, as is well known, (See Appendix) 
Co Nes TOL Bae (4:4) 

We shall expand (4:3), and shall write explicitly to the first order in the interaction 


Lagrangian 


* We assume (’s to be monopole quantities. 
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ao 


(a) O.(2) =O8 (2) —i | Lina), O8 (ae!) +> (4:5) 


—o 


Next we shall relate the expansion to the variation principle, i.e. to the method (b). 


The variation principle is 


0) (Ly + Lin) dx) =0. (4-6) 
In order to study the incoming fields, we may omit Dj, at ¢=—0o, then the equations 
of motion of the incoming fields are derived from 
Deter fo (4-7) 
For instance, the equation of motion of Q" i 
ae or Dzy;(0)Q3=0, (4-8) 
where O* is the hermitian conjugate of Q and D,,(0) some differential operator, and 
0 re) fe) fe) 


8Q BQ Ax, (8 O/Ar4) 
While the general Heisenberg operators obey the equations : 
OL, ODint ODint 


105 00,00 AO ee oes 
We shall solve the equation (4-9) with the initial condition : 
O;=C02 at f=—oo. 
For convenience, the Green functions for the incoming fields are introduced as 
Dyg (8) G3 @— 4!) =0.,0 (4-2), 
Grit (4—x#'!)=0. for t—2#' <0. (4-10) 


We shall assume the existence of such Green functions for the time being, then the 
equation (4-9) is changed into the following integral equation 


Din (2) 
Q.(4) =O (4) — \ (dz) GS (ez—2' o Mint 4-11 
(x) ) ye Need. vgs ore (4-11) 
This equation can formally be solved by successive substitutions, and we shall write to the 
first order in the interaction Lagrangian 


(b) Q.(4) =OF (4) — j (dx') G3 (4— oe ee ; Tec s (4-12) 


In order that the two methods give the same results, we have to admit the equality 


So 


Lin (2! % elves IN GS (pe OL im (4') : 
-i{{ (2'), O(a) (az!) = i, CMI Cee marry aes CE? 


Equating the integrands of both sides, we have 


[OP (2), Lin (2) ]=1G3(4—2') hone w), for ¢>t, (4-14) 


Lees 
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where Z,,, is expressed in terms of incoming fields. 


Quite analogously to the above procedure, we can also start from the advanced solutions. 


With the final condition : 
Q,=Of" a i= 40, 

we find 
OLin 
NOR ey 
where Z;,, is expressed in terms of outgoing fields, and 

Das(8) G3 (#2!) = 8,0 (2 2"), 

Gi (~—2')=0 for f—2/>0. (4-16) 


LOM Ga), Liss’) |= —<1G2 (4—.2')- Ei ye fOr ee a 23 (4-15) 


Since incoming fields and outgoing fields are connected by a unitary transformation S, 
they must satisfy the same commutation relations, so that we can omit the subscripts 2 
and owt to express commutation relations in the interaction representation. 
Then synthesizing (4-14) and (4-15), we have 
; OLin 
[O.Ce), Lin (#") |=tG@ag (4-2) 8 -"), (4-17) 
002; 
where 
ee fox 4) semetOrne 270%, 
G(x) =—(G** (7) —G™"(4))= Aes 
Sate (4a tore <0" 


Now if Q is the wave function of a field with integral spin, then there can be such 
interaction Lagrangians that involve the wave functions Q and Q* only linearly, for which 
we obtain only (—)—type commutation relations, 1. e. 

[Q.(*), O3* (4") ]=1Gus(4—#'). (4-18) 
Thus fields with integral spin obey the Bose-Einstein statistics. If on the other hand, Q- 
is the wave function of a field with half-integral spin, then there can be only such interac- 
tion Lagrangians that involve Q* always accompanied with its conjugate function Q or the 


wave function of other spinor fields. 
In this case, we reach two possibilities : 


Ci | 1Gls), OK) =165-7). 


and others anticommute. 


(25) [Q.(4) Oa) =1Ga,(4 ay, 


and others commute. 


However, in order to avoid the negative energy difficulty by the exclusion principle, we 


should choose the former case.” 


Thus fields with half-integral spin obey the Fermi-Dirac statistics. 
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Appendix 
The relation of the outgoing fields to the incoming fields. 
In the text, we have imposed superfluous boundary conditions on the Heisenberg 
operators, 1. e. 


(1) Q,;=Q3 at ¢—=—oo (initial condition), 


Usp 
(2%) Q;,=Q3"" at f=-+00 (final condition). 
Only one of these two conditions is necessary and sufficient, so that the incoming fields 
and outgoing fields must be expressed in terms of alternative fields. 
From the initial condition, 
Q(4)=U"(o, —c)19"(r)U" (6, — 00), 


where 
Go 


U'"(a, — 00) =P*[exp(i | Li.(x) (de))]. 


From the final condition, follows 
Or'(x) =(S™)71Q™(x)S™, S"=U(00, — 00): 


By this relation, it is easily seen that 


foo} 


Sot P*[exp(i | Lat(x) @x))] 


—o 


= (5°)! P¥[exp(é | Lit, (z) dz))]-Su=Sm=S. 


With the help of these relations, we get 
Q(x) =U" (6, —0)"O™(x)U™ (0, — 00) 
— C78 Gao a) OPO) HIS Boor a) eS 


which was already implicitly used to derive the equation (4-15). 


Note added in proof 
1) In deriving (4-14) from (4-13), the results are not unique and we also have 


~ Sa La O Lin eS 
FO? (2), Lane) i ie Oeuenae oe )G#@-2’), for -£>9% 
by partial integration, and it is this form of equality that enables us to derive consistent 
C.R.’s rather than (4-14). The partial integration is allowed only within the frame of 
canonical formalism. 

2) Although the procedure to construct C. R.’s are proved only for the monopole 
quantities, the results are also applicable to general field variables, which we shall prove 
here. The field variables Q\’s can be expressed as the linear combination of the monopoles 


O's: 


Oe Oe Gai By 09034, ray “4=1, 2, ee (A-1) 


ae) Fi ke Re 
iD 


J 
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where the coefficients @’s are generally differential operators. 


Then 
[Q4(4), OF (4) ]4=7G42(4— 7), OQ =i dt GW, (A-2) 
where * denotes complex conjugation and ~ to change the sign of each differential. 
Put 
OL, /00.*=Das(9)Q, and 9L,/d04*=Dar(9) Ox, (A:3) 
then from (A-1) and (A-3), we readily see 
Du=de Din 2 ns : (A-4) 


Combining (A-2), (A-4) and (4-10), we get 


~ 


as! Dar : wo(¢— 2’) —04c:0(4—2')]=0 > 


from which follows at’ once 


D2 O%o(*4#—2') =04c 0 (4-2), _ (A-5) 
provided that f =F, e.g. Stiickelberg formalism for vector meson. 
If, on the contrary, f</, e.g. elimination of the fourth component for the vector 
meson, we can prove (4-10) starting from (A-5) in a similar way to the above proof. 
Thus quantities related to monopoles are completely eliminated. 


We also have 
Dan (P*(O2(4%), Qe*(2")) )o=t0 40° d(4—+'), (A-6) 
effectively within the frame of canonical formalism. 


In the above expression, we may have to better replace the symbol ?* by an analogous 


symbol 7%. 
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In this paper the theories of superexchange interaction developed by Kramers and Anderson have 
been more generally reformalized by means of the well-known vector model. The formulation can also 
be applied to the problem of molecular structure in which a consideration of the various orbital configu- 
rations of electrons is required. From an application of this method to the crystal which contains the 
magnetic ions separated from each other by the negative ions, it is found that magnetic interaction (or 
superexchange interaction), can be written in terms of spin operators as well as the ordinary exchange 
interaction, as Anderson concluded previously. As far as one accepts the assumptions that interatomic 
exchange integrals are negative and inneratomic exchange integrals positive, it must be said that super- 
exchange interaction is ferromagnetic if one considers only the intermediate states in which an electron 
on a negative ion has jumped into an unoccupied orbit of the neighbouring magnetic ion. On the other 
hand the superexchange interaction is antiferromagnetic if one considers only the intermediate states in 
which the electron has jumped into the orbit which is already occupied by an electron. Actually two 
sorts of these interactions will be considered to be co-existent in any magnetic compounds and the 
antiferromagnetic coupling seems to be predominant in most cases. 


S$ 1. Introduction 


From the recent experiments of the neutron diffraction about the various antiferro- 
magnetic compounds performed by Shull and his coworkers,” it has been found that the 
magnetic interaction between the magnetic ions which are separated from each other by 
negative non-magnetic ions is more important than the interaction between those which 
are immediate neighbours. And also from the interpretations of the temperature dependences 
of susceptibilities in many antiferromagnetic compounds, it has been suggested that this 
sort of magnetic interaction must also be considered? 

In accord with these experimental facts, Anderson” has shown that the superexchange 
interaction which was first proposed by Kramers” can be written down in terms of spin 
Operators ; and the directional property of this interaction can be explained by the sym- 
metrical distribution of the P orbits in a negative ion. 

Now for the sake of simplicity we take MnO as an example and assume that this 
ctystal is completely ionic in its ground state. Then the ordinary exchange spin-ccupling 
between the Mn ions separated from each other by negative ions (between next’ nearest 
neighbours) is usually considered to be absent: According to Kramers’ mechanism, how- 
ever, if we consider the excited state of the crystal that an electron on an O-~ ion has 
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been translated to an orbit of its adjacent Mn** ion and the remaining negative ion 
becomes paramagnetic, and admix these excited states to the ground state in a certain 
proportion, we can expect to obtain the spin-coupling between the Mn ions which are 
intermediated by the negative ions. 

Kramers treated these excited configurations as perturbations to the ground configura- 
tion and showed that the superexchange interaction is expressed by the third-order perturbing 
terms. Anderson has reduced Kramers’ formula to the ordinary expression of the spin- 
coupling where he has taken into account the spin-coupling in a magnetic ion to be 
considerably strong. In the case where an electron on a negative ion has gone to an 
unoccupied orbit of a magnetic ion and the internal exchange splittings in the magnetic 
ion are as large as the ground-excited orbital splitting which the transition electron receives, 
the energy of a certain spin state of the excited configuration may be lower than that of 
the ground configuration so that the perturbational treatment will be unsuitable for the 
calculation of the superexchange interaction. But in the case where an electron on a nega- 
tive ion has gone to the level of a magnetic ion which is already occupied by an electron, 
the inner exchange interaction in the magnetic ion disappears strictly on account of the 
Pauli principle and the perturbational treatment will remain useful. 

Then in order to calculate the superexchange interaction without regarding the: innet 
exchange interaction as a perturbing term, there will be no way for the present but to 
calculate the energies of every spin state by means of Serber’s method,” taking a simple 
model as shown in the Appendix. In the present paper we calculate the superexchange 
interaction in a linear lattice regarding the internal exchange interaction in a magnetic ion 
as perturbations. 

According to another conclusion of Anderson,” the superexchange interaction between 
two magnetic ions with more than half-filled 3c/ shells has been found to be antiferro- 
magnetic and that between two magnetic ions with less than half-filled 3@ shells has been 
found to be ferromagnetic. The former case is completely compatible with many ex- 
perimental facts. The latter case, however, is not necessarily so, because the manganites, 
especially the ones that contain divalent metal ions (CaMnO, etc.), have been found to 
be likely antiferromagnetic by Jonker and van Santen,” Cr,O, which has the same crystal 
structure with v—Fe,O, is also antiferromagnetic? and MnO, and CrSb have been confirmed 
as antiferromagnetic substances by the neutron diffractions.”” 

In these compounds which contain the magnetic ions with less than half-filled 3c 
shells, we can obtain the antiferromagnetic spin-coupling if we consider the intermediate 
states that an electron has been translated from a negative ion to the orbit of the 
neighbouring magnetic ion which is already occupied by another electron. In spite of the 
disadvantage of the inner exchange energy in the magnetic ion this circumstance will be 
favourable if the splittings of 3d levels of the magnetic ions are caused by the surrounding 
crystal field, as Polder remarked,”. On the other hand in the case of the magnetic tons 
with more than half-filled 3a shells, we shall be able to obtain the ferromagnetic spin- 
coupling too if we consider the intermediate states that an electron has jumped into an 


unoccupied orbital state, for example, the 45 orbit, of the adjacent magnetic ion, Then 


418 M. Shimizu 


in actual crystals one must ask for the superexchange interactions one by one examining 


the above-mentioned processes. 


§ 2. Reformulation of Kramers’ formu'a by the vector model 


Before we discuss the superexchange interaction, we reformulate Kramers’ formula in 
another way which is not essentially different. In the first place the total wave function 
of the NV electron system in which the /V electrons occupy independent orbits respectively 
will be constructed by means of the vector model so as to satisfy-the Pauli principle. 

Let the space co-ordinates and the spin co-ordinates of /V electrons be 1,, 2%, «+-?*y 
and §, 5, -+-y respectively. The total wave function P(1,, Mo, °°: 3 Fy) fp «7S y) can 
be expanded by a complete and orthogonal set of spin functions, { 4,(€,, €., ---€x) }, 
(Cae -+:f), as follows :* 

f 
O(n, Tap PN Py a Ey Pa Ps, “+ Py) 6, (Fy Foy Sy). ( 1 ) 
If a certain permutation which is denoted by P on the space co-ordinates and /”’ on the 
spin co-ordinates of the /V electron system operates on the wave function 7, owing to the 


Pauli principle it must be held that 


Ey P= De PEAT, Py, ---Py) PLO aes os ow) s ( 2 ) 
Pp 
where ¢,=+1 if P is an even permutation or ¢,=—1 if P is an odd permutation, 
From Eqs. (1) and (2) and the orthogonality of 0,, we have 
En P= PPP ies (3 ) 


where 
Ve | Ox P? 0,.a¢ 5 


Now the set of the functions {¢,} is approximated as usual by the function ¢ that 
is determined by a certain orbital configuration of /V electrons and is a product of one- 
electron wave functions. Since the function Oy, where QO is an arbitrary permutation, is 
thought to represent the same state as the original function ¢, ¢, will be expanded on 
account of the fact that the /V orbits are independent of each other as follows : 


f= 2% C.(Q) O¢ . (4) 


From Eqs. (3) and (4) the coefficients C, (Q) must satisfy the following equations, 
&» Cur(Q) = C.(P"Q) Pi - eae 


The permutation P in Eq. (5) is arbitrary so that if we choose ? such as 
PU O> ES oF IPO. 


a) 


Eq. (5) becomes : 


* The set of spin functions, {@, (&,, &,:--Ey) }, is arbitrary for our purpose so lon as it is complete 
purp' g Pp 


and orthogonal. 
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6 Cu (P)= SCE) Pea. (') 
Here as C,(£) can be arbitrarily taken we choose C,(£) as follows : 
€.(B) #0, GB) =C,(B) = =6,(£) =0, (6) 


where f is the total number of functions in the set {9,}. Thus from Eq. (5’) 
Oe a =ae8, PY» > 
where u is the constant which ought to be determined by the normalization of %. 


Introduce the solutions of €,(?) into Eq. (4), and we have from Eq. (1) and the 
completeness of {0,}, the following : 


P= Uy}, PYPIO,,. (m=1; 2, +f) (7) 
Pp 


This set of the total wave functions {/,,} is an orthogonal set in the spin space and 
satisfies the Pauli principle as all the one-electron orbital wave functions involved in w are 
orthogonal with each other. . 

So far we have considered only a single configuration of the /V electron system, namely 
¢, but hereafter we shall take together many configurations ¢,(¢=1, 2, -++), which are 
assumed to be orthogonal with each other and to be orthogonal with the original configu- 
ration or the ground configuration ¢,. Then we make a linear combination of ¢, and 


gh, as 
P=agyt City. (8) 


The total wave functions %,,, in which ~ is taken as Eq. (8), satisfy Schrédinger’s 
equation : 

On I} On, > ( 9 ) 
where // is the total Hamiltonian of the /V electron system and does not contain the 


term related to the spins. 
As we do not intend to obtain the representation in spin space, the spin functions 


{0,,} in Eq. (9) may be omitted and Eq. (9) will be rewritten as 
Hb=W?, (10) 
where 
‘ Oma Rep PH Pot BC ep PPE, (it) 
and the constant u in Eq. (7) te the normalization factor of Y have been included in 


the coeficients a and C;. 
If Eq. (10) is multiplied by the complex conjugate of ¢, or i), and integrated in 
the co-ordinate space of JV electrons, we have from the orthogonality relations among 4¢/, 


and ¢,, the following : 
a(t| Hh) +31 G(h| Ae) =e, 
ul 


at] A|4)4+ 0G CAH, (12) 
tt 
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where 


(ehiy be Vg) = 6, P? | WX TP dye . 
p 
(fo pat tyes epP? | y* HP $ydz , 
p 
(t| Z|) =Dte, P? | DEH Pde, 
p 


(t\a|e=> cp PP| UAH Pade (13) 
Pp 


The expressions in (12) are essentially equivalent to the one obtained by Serber’s method” 
although the representation in spin space is not taken in (12). The secular equation in 
the latter method, however, becomes troublesome unless the system considered is composed 
of a few electrons, for example, the 4 electron system at most. 

Like Kramers, we solve the formulas (12) by the method of perturbation assuming 
that (/,| //| 4) =, is smaller than every (¢| /7| 2) and all non-diagonal elements, (¢,| /7| 7’), 
(¢| Z7| 2"), etc., are smaller than all diagonal elements, 4, and-(¢|//|7). Thus from the 


third-order approximation we obtain 


= @2|A7lH) as a(t| A| 2’) (¢’| Z| 4) 
"A= AlD {ACA HE (| AIO} 
ey a(t] |e!) || 0") 0" || 4) ey 
Vide te TE OMe) HE @ AL HE,— Clapp? 
and ~ 
3 a|AIt) | AIo) 1 pyv__@l 41) AAI) 1 Ao) 
Moll) + 21 el) ae 1 LE Gen 


eater a pmaee CAbesi Mercator MPa a NGnee sic 
“eui {By (¢| MD HE OAL) HE OMA) } 


We 


(15) 
These formulas will be contrasted with Kramers’ formula although we have left P® as it 
Is. 

Further (¢|/7|7) can always be divided into the term, (¢|7’|/), which relates to the 
spin permutations P°(P°~A/) and the term, £,, which does not relate to P° and is 
principally considered to be the orbital energies and the Coulomb energies of the /V electron 
system in the excited configuration ¢, : 


(| Z|) =£,4+ (| A'|d). (16) 
If it is allowed that 4, is not concerned with the spin permutations ° and the exchange 


terms contained in (¢|//’|¢) are smaller than Z,—Z,, the factors { &,— (¢| 7|2)} which 
appear in the denominators of Eq. (15) can be expanded as 


oo spiemnan nema cti) le Cue S 
as EOE eee ee a naar 


(17) 
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The first assumption that Z,=(¢)|H|7,) is not concerned with P°(P°F#E) is equivalent 
to saying that all spin states of the ground configuration are degenerate, and it is not 
general, but the generalization to another case will be easily done. 


Thus the expression (15) combined (17), can be rewritten as follows : 


(4| 7 | 4) — Wel #19 C144) 


i F 
5 (|7\t) | AD C|AI4) sv @lA12) @ | AA) @| A] 4) 
oe (AF): ‘ 2 (Z,—F,) (Ey—) 
yp GIAO AOA) sayy 26/71) CA) CLA) CA) 
z (Z,—£,)° a (2,—L,)?(B,— 4) 
avy lA AACN ALA) yay. ae 


thee! (4£,—£,) (£,,—L£5) (En, — £5) 


It will be expected from (18) that the degeneracy in the ground configuration is partly 
removed by the third-order or the fourth-order perturbation when all the exchange interac- 
tions are assumed to be perturbations. This expression (18) will be useful to the many 
electron problems in which the interaction between the orbital configurations of electrons 
must be considered and all exchange integrals, which are contained in (¢|7’|¢) (and 
(Z,|/7|%)) can be assumed to be considerably smaller than the differences, H,—Z, (that 
is, approximately the differences between the ground and the excited orbital energies of the 
jumped electron). 


3(j—1)—2 


. . 37—2 37+1 Sine | be 
C— : : 3(7+1) electron number 
Bp tates gy ay ie aed 
ae 7 3 ee ae ie ion number 


Fig. 1. Ground configuration of a linear lattice of MnO (3. electron system) 


§ 3. Superexchange interaction in a linear lattice 


The superexchange interaction in a crystal, for example eo can be elated by 
making use of the preceding formula. For the sake of simplicity ee me the yee 
lattice, in which Mn ions and O ions are arranged alternatively as shown in Fig. a2 without _ 
loss of generality owing to the axial symmetry of the /-orbit in the Beets ions, and 
in the ground state of this system we take only one electron on a ie pe and ee 
electrons on an O ion. The two electrons on a negative ion stay in the identical /—orbit 
actually, but for the present we regard the two orbits as distinct and those are denoted 


by # and 7’. 


The ground configuration of this model, the 3/V electron system, can be represented 


by the function, 
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fo= Il A; (37-2) A) 7-H) GZ), (19) 


where ~;(37—2) is the orbital wave function of the (37—2)th electron in the /-orbit 
of the jth O ion and d,(37) is the orbital wave function of the 37th electron in the 3a— 
orbit of the 7th Mn ion. The same can be said of pj/(37—1). ~ 

As to the excited configurations we take into account only the configurations that an 
electron has jumped from an O ion into a certain orbit of the adjacent Mn ions. That 
orbit. may be already occupied by one electron or unoccupied and the wave function of the 
orbit will be denoted by s including both cases. It will be easily seen from Fig. 1 that 
an electron on the ¢th O ion can be translated to the right-hand Mn ion #@ or to the 


left-hand Mn ion 7—1, and these excited configurations are shown by 
ie 
boll pi—-Dpl GI-V4G/)AGIA-D WG-4), (20,1) 
j= 
+t 


and 


he = IT pj(37—2) pf (3)—1) 4, (3/) 5134-2)! (3t—-1) (31). (20, 2) 
a 


As two wave functions of #-state in an O ion, # and fp’, are regarded to be independent 
or orthogonal with each other, the following excited configurations in which the electrons 
37—1 and 37—2 are interchanged in the expressions ( 20) must be simultaneously con- 


sidered : 


=I p37 2) pi (37-1) aj B/) Bi (3¢—1)s,(3¢—2)d,(30), (21, 1) 
iS, 
and 


$= II )3)—2)0) 37-1) 4,39) Gt 1) t= 243). (21, 2) 
+e 


Letting aside all the permutations except the interchanges between the electrons which 
are the nearest neighbours with each other, the matrix elements (13) with the wave 
functions (19), (20) and (21) can be simply written down owing to the orthogonality 
relations among the orbital wave functions #, ~’, 7, and s. First we have 


N 
(% | Z| te) =i, + Lon P35_2, 3j-1 +S na (P3520, 3g + P3541, 7) 


+ pra Pays, 39+ L351, 3g) +J aa Py, 305+ »] ’ (22) 


where £,’ is a sum of the orbital energies and the Coulomb energies of the 3/V electron 
system which are not concerned with the electron interchanges and /,, is the exchange 
integral between the f/—orbit on an O ion and the d-orbit on the adjacent Mn ion, etc. 
By hypothesis there is no exchange interaction between two Mn ions so that /,,=0 will 
be held. And /;; indicates the operator which interchanges the spin ‘co-ordinates of 
electrons 7 and 7. 


Usually these interchange operators are expressed by spin operators as 
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al 
Bid cee gs 4841 8)). (23) 


As stated above, two electrons on an O ion will be actually regarded to be in a single 
orbit having antiparallel spins, the restrictions 


S332 + 833_;=0 , (j= 1, 2, eva), (24) 
will be imposed on the formula (22), and using the relations : 
P32, sj-1=1, and P54, 3g Pj, 3g al, (25) 
the expression (22) is reduced to the constant which is denoted by &,: 
(4, | FT|) =Ey —2N Ja= Fy , (26) 


where /,,, (f=/7’) is eliminated, for /,,, is no more an exchange integral but a Coulomb 
integral and should be included in Z,’. 

(¢|A|¢) and (¢| W|%) in Eqs. (13) are the factors which ate connected with the 
transition of an electron and are reduced to 


us fT | rt) =64+6'Px_4, St > (27; 1) 


where. 


re \2* Ge Ppa iyi 


b'= \oe (37— 1)d,* (3) Ad, 3i— 1) 5,(37) oer ay . 


_ The first term of the right-hand side of (27-1) corresponds to the direct transition, 
fi-5S1, and the second term corresponds to the indirect transition, ~,-d,, d,—5,, which 


is supposed to be most probable in indirect transitions. Similarly from ¢., fo and fe, 


(4 |Z|A) =64+ OP, 34-1) » (27, 2) 

(|Z |t)'=640 Pus, we (27, 3) 
and 

(2) | H\t)'=64+ OP gy aie (27, 4) 


(Z| H1|t,), etc., are also written by the complex conjugates of 4 and J’. As the indirect 
transition term, 4’ is estimated to be considerably smaller than the direct transition term, 
6, the indirect transition will be neglected in the later calculation. 

At least two orbits are different in the excited configurations ¢ and ¢’ so that the _ 
integrals which are involved in (¢|/7|¢’), Eqs. (13), will be certainly negligible in 
comparison with the exchange integrals, /,,, etc. Then in the formula (18) we ignore 
the terms which contain the factor, (¢| 7|z’), namely a coupling between excited configu- 
rations. If, however, one needs to get the higher approximation the above-mentioned 
indirect transition and the coupling between excited configurations must be simultaneously 
taken into consideration. Thus because of our simplifications the important terms which 
are concerned with the spin operators in the formula (18) up to the fourth-order pertur- 
bation are the first term of the third-order perturbation : 

LEONA) is 
: (Z,—£,)° 
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and the first term of the fourth-order perturbation : 


|Z ACACIA L 4) (29) 
(Z,—£,)° 
Now (¢| |) can be written as follows : 


ee 
t 


se Lag N N 
(¢ | fT | t) = El + 1S pot Paj—9, 3gj-1 ar De va 542, ag t+ Pays, 34) 
i= oe 
Seb 


+t—1 


; N 
+ SJ pa (P52, ag + Pozi, ag) +]; P12, 3t—1 +/ 5a Py, 3t 

g=1 

+t 


tJ pal Pare, 3(¢—1) Psp-2, ot) + y5( Px Ht, seat Ps £9, Foch f (30) 


where E,/ is the constant which contains the orbital energies and the coulomb energies in 
the excited configuration Zand does not depend upon ¢ If we confine our consideration 
in the case where the excited orbit to which an electron on an O ion has been translated 
is an empty orbit we may impose only the restriction (24) upon the expression (30) and 
we have : 

(¢ | fl| t) =F, — 2S pa S3¢-2* S3¢-1) — 2 (Tsa—J pa) S3e—1 Ss: » (31, 1) 
where 


1 


E,= Ey —(2N—1) Jga~ Soa = 


Similarly we obtain 


(¢| Z| 2) = 2) —2] pq Sse-1* Sap — 2 (Sea a) S802 * Sa¢e—1) (31, 2) 
and using the functions (21-1) and (21-2) 

(¢| Z| t)! =E,—2J pa Sx_—1- S3¢—1) — 2 (J 1a pa) S30 ~2* See ; Giz) 
and 

(¢| | t)! = E,— 2] pa Sx4-2° Sse — 2( Jsa—J pa) Sse -1* S31) « (31, 4) 


Regarding the terms which are concerned with the spin operators as perturbations and 
putting £,=—F, and (¢| Ff" |.t) = —2 Spa Su—2° 830-1) 2 (Jsa—S pa) Sp—1 "Sse ete. the third-, 
order perturbing term (28) is written as follows : 

5 GL IAG LAD) Gl ley fae OS 
z (4>— 4)? (A 2,)- i 
+ S39 ° Say + Sy Sy )) > (32) 


(Si-) ° So, + Sez -9° $3 (¢-1) 


te > 


where the sum over all excited configurations, ¢, ¢, ¢’, and i igseakens. ei he right-hand 
side of this formula is reduced to zero owing to the restrictions of the zero spin in O 
ions, (24). 

Therefore the spin-coupling between the magnetic ions does not present itself up to the 
third-order perturbation when the inner- and the inter-atomic exchange integrals are regarded 
as perturbations in comparison with the orbital splitting energy (~£,—Z,). Then we 
should calculate the fourth-order term (29) from Eqs. (31) making use of the relation: 
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* > << a 1 
(S$;,°S,) (S,-8;) amelie + oe (S;x 8;). 
We obtain from Eqs. (31), 


9 9 a i N 
PGT — 3 Je Joa—J nay”) — 8 3) Fra Set T na) S10" Bae» 
=1 


and except the constant term the fourth-order term is given by 


yp Gl AOC AGA 6) 2 86° Sa—Jya) Sg 
2. (4,—£,)° ais (BE, — 21 Sse * S31) - (33) 


The last formula shows the spin-coupling between the electrons on Mn ions and has 
the same form as the ordinary exchange interaction. The effective exchange integral, 
— 80° Jya(Ssa—/ pa) /(E#;— E,)*, has a positive sign as long as /,,<0 and /,,>0 which 
will be in accord with the Hund rule and it gives a ferromagnetic interaction. On _ the 
other hand the effective exchange integral becomes ferromagnetic having no relation to the 
signs of /,, and /,, if the absolute value of /,, should be smaller than the absolute value 
of /,,z- It should be noted, however, that these conclusions are derived only if the orbits 
@ and s of the same Mn ion are independent. The same result will also be obtained 
from the four-electron system making use of Serber’s method in the Appendix. 

The generalization of our calculation to the case in which the magnetic ions have 
more than one 3d electron can be easily made and a result quite similar to (33) is 
obtained except that the spin operator of the single electron is replaced by the total 
spin operator of the magnetic ion. 


§ 4. Antiferromagnetic coupling in the superexchange interaction 


In a real compound the preceding discussion is not necessarily sufficient to decide 
whether the superexchange interaction is ferro- or antiferro-magnetic, because the excited 
configuration in which an electron on a negative ion has jumped into the level of the 
adjacent magnetic ion which is already occupied by an electron should be reasonably included 
in the previous calculations. This excited configuration becomes more important when the 
splitting caused in 3¢ levels of magnetic ions by the surrounding crystal field is appreciable 
and the inner exchange integral in a magnetic ion is not so great. In practice the level 
splitting will not be expected to be greater than the inner exchange integral. 


When the electron on a negative ion goes to the level which is already occupied by 


another electron, the additional restriction on the spins in the excited configuration /, 
Sy -1+8,=0, (34) 


must be required because of the exclusion principle. 


By use of Eqs. (24) and (34) the expression (31-2) is further reduced to 
(Z| Fl | /) =F, —2 J paSse *S3¢—1) » (35) 


where 


426 M. Shimizu 


E,= EE — (2 + <\r 


Jia is no more an exchange integral but a coulomb integral and is eliminated from £, for 
it should be already counted in /,’. Strictly speaking the present E/ is different from the 
previous ,/ in Eq. (30), but the difference will be small. (Z| H\0), (Z| F1\t)’ and 
(Z| Ht)! are similarly rewritten. Then the first important term of the spin-coupling is 
derived from the third-order perturbation, the formula (28), and newly putting 


Lae and (¢| #1" t) = —2JpaSy* Sse)»  CtCes 


it becomes 


CEN) CPN CEASE S88 ras pea 36 
ES CARES Cae es ie 


The above spin-coupling makes an antiferromagnetic coupling because its effective exchange 
integral 80°/,,,/(£,—£,)” is negative if /,,<0 as in Section 3. 

This antiferromagnetic spin-coupling is the third-order and will give a greater con- 
tribution to the superexchange interaction than the fourth-order ferromagnetic spin-coupling 
in the previous section, although the energy differences in the denominators of the effective 
exchange integrals are different. This difference will be neglected if the exchange integrals, 
Joi and /,,, are small compared with the excitation energy which is necessary for the 
electron to jump from a negative ion to the adjacent magnetic ion. 

The generalization of our method to the case of several electrons in a magnetic ion 
instead of one electron can be achieved with the slight modification in which the excited 
configurations that an electron has jumped from a negative ion to each singly-occupied orbit 
of a magnetic ion will be simultaneously compounded, and assuming that the orbital 

energy splitting in 3d-shells is not so large, we can obtain the same expression of the 
superexchange interaction in terms of the resultant spin vectors of magnetic ions. 

In either compound which contains the magnetic ions with more or less than half- 
filled 3c/-shells the third-order antiferromagnetic spin-coupling will be more important 
generally. In the former case the excited state to which an electron on a negative ion 
has been translated is either 4s level or 3a level and the 3d level is to be occupied by 
an electron. The ferromagnetic interaction caused from the first excited configuration with 
the 45 level will be weak when the orbital energy splitting between 4s and 3d levels has 
occurred to some extent and the antiferromagnetic interaction will overwhelm the other. 
Then in a compound with the magnetic ions which possess more than 5 electrons in the 
3d shells, an antiferromagnetism is likely to take place as Anderson concluded, and these 
conclusions do not contradict with the experimental facts at all. 

On the other hand in the case of magnetic ions with less than half-filled 3¢ shells 
a ferromagnetic spin-coupling can be seen even when the excited state to which an electron 
jumps from a negative ion is 3a@ state, but it seems that the antiferromagnetic coupling 
which must be naturally taken into account even in this case is superior to the ferro- 


magnetic coupling as mentioned before. From the fact that this does not hold in CrTe 


On the Magnetism of Magnetic Compounds 427 


which shows a ferromagnetism it will have to hold that E,>E, or J sa—TSa has a con- 
siderable magnitude in order that the absolute value of the effective exchange integral 
= 80" J eal Jea—J pa) | (E, — F,)* is greater than the absolute value of 80] nal (Le ot 
else it will be attributable to another interaction, for example, the direct exchange interac- 
tion. It will be apt to satisfy the first condition, but if Jca 3s larger than the orbital 
excitation energy of the jumped electron, /,—Z, becomes small or negative and our 
calculations of the superexchange interaction will be unwarranted. Then another method 
to calculate the ferromagnetic superexchange interaction, for example, the method shown in 
the Appendix, will be necessary. 


§ 5. Conclusion 


From our calculations we are inclined to believe that the magnetism of any compound 
in which the direct exchange interaction does not play an important part of the magnetic 
interaction is essentially antiferromagnetic. CrTe is an exceptional case where a more 
detailed calculation is required. The best example of our criterion will be CrO, but un- 
fortunately it is not yet found in nature. Nevertheless manganites, e.g. LaMnO,, etc., 
which have been recently studied by Jonker and van Santen will be suitable as test examples, 
for these materials have the perovskite crystal structure and the nearest neighbour-interac- 
tion between Mn ions is the superexchange interaction. Ca’*Mn‘*O,, Sr?*Mn‘tO, and 
Ba*'Mn**O, are probably antiferromagnetic and these facts support our conclusions as well 
as the facts that CrS, CrSb, Cr,O,; and MnO, are antiferromagnetic compounds. 
La**Mn**O, is not yet ascertained whether it is ferro- or antiferro-magnetic, but in either 
case the Curie temperature will be considerably low. 

The linear lattice model has been used in our calculations, but it is easily seen that 
the three-dimensional cubic lattices are constructed by the superposition of the linear 
lattices as shown in Fig. 2 (a) and (b). The one (a) corresponds to LaMnO,, etc., 
and the other (b) corresponds to MnO, etc., which has four sets of the simple cubic 


antiferromagnetic sublattice (a). 


(b) 


Fig. 2. Two-dimensional square lattices instead of three-dimensional 
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On the other hand the impurity semiconducting magnetic compounds, that is, ferrites, 
mixed manganites, etc., exhibit mostly ferromagnetic properties and these facts are explained 
by Neéel’s theory of uncompensated antiferromagnetism or ferromagnetism,” but in exceptional 
cases the experimental values of the saturation magnetizations of the mixed manganites” 
cannot be consistent with the concepts of the uncompensated antiferromagnetism. In this case 
the interaction between the Mn ions with different ionic valencies has been thought to 
make the magnetic moments strongly parallel and Zener! attributed the interaction to the 
double exchange interaction. Perhaps a certain interaction between Mn’*+ and Ma‘*~ ions 
will be considered to overwhelm the above-mentioned superexchange interaction which is 
assumed to be antiferromagnetic in this material and the ferromagnetism will take place in the 
mixed manganites. This sort of interaction between the magnetic ions which have different 
ionic valencies and are intermediated with each other by non-magnetic negative ions will 
be discussed in another paper. 

In conclusion, the writer wishes to express his cordial thanks to Professor K. Ariyama 


and Dr. S. Nakajima for their interest in this work and their invaluable advice. 


Appendix 


We take the local model of a magnetic compound, two magnetic ions possessing one 
electron and one negative ion with two electrons in the middle of two magnetic ions, 
namely a 4-electron system such as Anderson used, and we shall seek the value of the 
energies of the spin states of this 4-electron system by means of Serber’s method,” making 
use of the irreducible representation of the symmetric permutation group. 

Generally the 4-electron system has the spin states of two singlets, three triplets and 
one quintet, but as the two electrons on a negative ion are assumed to be on the same 
orbit, these spin states should be reduced and the quintet is entirely omitted. In the 
ground configuration the permutation matrices will be limited in the reduced representation 
in which the interchange of two electrons on a negative ion is in identity when taking a 
diagonal representation of this interchange. Thus the four-electron problem is actually 
reduced to a two-electron problem and we have one singlet and one triplet, which are 
assumed to be degenerate, in the ground configuration. 

As mentioned in the text the ground configuration in which two electrons are on a 
negative ion and the other two are on two magnetic ions respectively is combined with 
the excited configurations in which an electron on a negative ion has been translated to 
the left- or the right-hand magnetic ion. We use the same notation as in the text and 
construct the energy matrices for the singlet state and the triplet state as follows. The 
ground configuration can be expressed by the function : 


$=P1)p(2)a,(3 a4), 


and two excited configurations in which an electron has jumped from a negative ion to 
the right- and the left-hand magnetic ions are respectively expressed by 
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p=P(1)s,(2)a,(3) a.(4), 
and 
= (1 )so(2)d, (3) ao(4). 
Assuming that all orbital wave functions are orthogonal with each other and there 
is no overlap between two @- or s-wave functions, we can obtain the following secular 


equations from the permutation matrices :° for the triplet state S=1, 


2A 0) 0 26 0 0 26 
CeO a eA Re Fela" OAL 0 

One Be ee 0 

Din Pen PB On Olas 0% 

(perme Gg MTR ea 3. ee 

0 LEO Be oe, 

Pa GS Che eee ee rere 


ASE 2] — W., 


By=f,—)ps— W, eee: ’ 
5 Al 
Bae 2S Ima sd W , Bys= xe (2) a — —Jsa)s 
1 1 
By=E£, +S Toa Sa W, Baa Sea ’ 


and for the singlet state S=O, 

2A 0 26 0 2) 
Oto Ca Cpa oD) 
DO ptaceos ker i \=0; 
Oe ig POU iC a ee Cis 
Die <0) Vb Btece Ges 


; 1 
Cx =f, —)ns +] ya ar 355 Sst Ke 


- 1 : 
Cae EE t+Jis— Por ow By ‘5 a W ’ 


as 
Sia 


where /, and £, are sums of the orbital and the coulomb energies in the 
Ei, is the resonance energy between two excited 


Cy= cag 


ground- and 


the excited-configurations respectively. 
configurations and is expressed by 


Ey= Soros. pO)s(2)ded° 
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It is noted that the exchange integral /,, comes out in these determinants because 
of the local model of a crystal compound, but it is not concerned with the final result. 
These determinants can be divided into the part which does not combine with the ground 
state and the part which combines with that. The latter parts for S=1 and S=O are 


A 0 0 26 
A 0 26 


=(0:3 ):dand< 2) 0° Ga a wee ee ee 
= 26 Gig Geshe 
| 26 By By, By + Le | : : 

We can solve these secular equations exactly, but in order to compare the solutions 
with the previous results in the text (formula (33)) we shall solve these equations by 
means of perturbations and obtain the energy difference between the singlet and the triplet 
as follows : 

W,-W,=- Sas Ey —— J na Ssa— J pa) 
This result coincides exactly with the previous result (33) and the resonance energy LZ, 
between the excited configurations does not appear up to the fourth-order perturbation. 


And this warrants our approximation taken in Section 3. 
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es 
The angular distribution functions of 8-rays that are used to obtain the angular correlation functions 
are calculated taking into account the effect of the nuclear charge. The calculations are performed up 
to the second forbidden transitions for each f-decay interaction type of the Fermi theory separately but 
including the mixture of the nuclear matrix elements. To obtain the angular correlation functions easily 


in the case of the mixed nuclear matrix elements they are given in considerably simple forms in two 
interesting cases. Also in the appendix, transformation coefficients (7 3 77 | j;3,m) are given. 


§ 1. Introduction 


When two particles are emitted successively from a nucleus, there is angular correla- 
tion between them.” This evidence is now well known. Studies of the angular correlation 
is useful for understanding spins and parities of nuclei. Besides them, when f-decays are 
concerned, it can be used to decide the (-decay interaction type. 

Many theories have been issued concerning the angular correlation. These theories 
are divided into two, the one is that which is common to all kinds of radiations and the 
other is the study of special cases. The first was investigated by Falkoff and Uhlenbeck,” 
Racah,® and Lloyd.” As to the latter, there are studies by Hamilton,”® Goertzel,” Ling 
Jr. and Falkoff,” Lloyd” and others for y—y, and for the cases internal conversions are 
included, there are detailed calculations by Rose c¢ a/.” 

For the cases f-rays are included, Falkoff and Uhlenbeck™ and Fuchs and Lennox"? 
studied, but they either omitted the effect of the nuclear charge or took it into account 
only in the approximation of uZ€1) Therefore, in this paper we calculate the angular 
distribution functions* of /-rays taking into account the effect of the nuclear charge per- 
fectly.! 7 


§ 2. General theory 


In this section we introduce the forms of the angular correlation function WO 0) 


* As to the meaning of angular distribution function see Section 2. 

+ But the effect of the finite nuclear size is not considered explicitly. 

+t Recently the authors knew that Fuchs and Al-Ghita investigated this problem ; M. Fuchs, Thesis, 
(University of Michigan, 1951); M. K. Al-Ghita, Thesis, (University of Michigan, 1951), But the authors 


have not seen them yet. 
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which are convenient in the cases of the mixed nuclear matrix elements. Mainly we follow 
the procedures of Falkoff and Uhlenbeck.” i> 

We consider only the directions of particles, and do not observe the polarizations of 
them. Then the angular correlation function (U(0), the relative probability that two 


; ; zc 
particles are emitted with the angle @, is” 


O(9) =8, 825131 (Bra| 1h Wes) | Ar) (Cx| He He) |B) (1) 


The notation is as follows: the nucleus changes 4,—>/,,—>C,,_/, m and u are the 2- 
components of the total angular momenta, A’, and A’, are the directions of the first and 
the second particles, and §, and i, indicate the sums over all the directional arguments 
(spin etc.) except for A’, and A’, Generally, in the right-hand side of Eq: (1) there 
are interferences between different 77’s ; but when we select the z-axis as #’,, the interferences 


vanish’? and Eq. (1) becomes 


WO) =S1 [3 {8,|(B,,| 7, (0)|4) |2} 3 {S5)(Cal 72(9) |B) [24]. (2) 
We put 
S,| Bal ZC) [Ad =Pin(9), So] (G.| 29) |B.) -=Pan (9) - (3) 


Pin( 9) is the relative probability that the nucleus changes from A, to /?,, and the first 
particle is emitted into the direction @, and P,,,(@) is that of the second particle. Then 
Eq. (2) becomes 


(0) =X Pim(O) Pn (9) (4) 


etn. i,...¢, be the irreducible tensors of the Z-th rank for the rotations of 3-dimen- 
sional space. The interaction Hamiltonian is invariant under the space rotations, so that 
it can be represented as follows : 
H=) a[T(X,)] Bee, reer ee) Lgisot Aha) (5) 
TX 5) dirseed < 
where X, are vector operators for the nucleus, A, are argument vectors for the emitted 


particle, a[Z(X;)] are numerical coefficients and >] denotes the sum over various irredu- 
TX ;) 
cible tensors (including various ’s). In the theory of the angular correlation, the magnetic 


quantum numbers play important parts, so that it is convenient to use the polarized solid 
harmonics” Y zm normalized as follows : 


a F ou (XY rk (4) = af Le rae (XG) Tt (Ad . (6) 


These polarized solid harmonics have the following properties. Let /, 1 and uw be the 
total angular momentum, its s-component and other quantum numbers of the initial nucleus 
respectively, and /’, 72’ and wu! be those of the final nucleus, then 


CT |F r(Xi) lam) =Ma, oJ", Xe) (JLmM | JL! mm), (7) 


where Gas J eke aisea complex number independent of m and mm’, and is called 


On the B-Ray Angular Correlations 433 


a reduced nuclear matrix element. (//md7|/L/'m!) are transformation coefficients for 
art) 14) : 

the vector addition,” and real numbers. They vanish unless 72+ J/=mm', and this shows 

the selection rule for the magnetic quantum number. 


From Eqs. (5) and (6) 
ee [7(X)] > DT lek) Hike (AY. | (8) 
By Egs. (7) and (8), Eq. (3) becomes 
Dave (0) ace [7(X,)] Me (aXe) (J/imM|/LJ' m') Oe (A,) | 2) 
with + M=m'. 


In the right-hand. side of Eq. (9) the @-dependent parts are Os (A,).. Let. >" denote 
é . \ 7X) 
the sum over various irreducible tensors retaining the / constant, then Eq. (9) becomes 


Pmm (8) = S| 3 eae [7(X)] MCX) (SLM JL mn!) Y (Ad |? 
=) (JimM |jLJ’ m)? S| >» a [7(X)] mcxX,) Y %(AD|? 


> sau (JL,mM\/ LJ nt!) (JLmM J L,J' wm) 8 x 


ED TX) 77, (Xp 
fa*[T(X,) ]a[T(X)] M* (XY MX) F rv F soit (As) tec} (10) 
with m+ M=m'. 
We put 
FAC) =S\ Xt al T(X,) | MX) Fri (Ad, 


GES) 


Fr X(O=S >) fa*(L(X,)] a [T(X3)] Me Xe) MUX) 


FRE ene #) 
; Ve (A,) Tens) +c.c.}, : (11) 
then Eq. (10) becomes ! 
Pom (O)= 1 (ShamM |S LJ") (JLomM |JLoJ' ml) FiO) (2) 
with m+ M=m'. 


F,,4(0) are called angular distribution functions. We obtain the angular correlation 
function by inserting Eq. (12) into Eq. (4). 

In the formula (12) the transformation coefficients are determined entirely by the 
group-theoretical method, and the angular distribution functions /”,, M(@) are to be deter- 
mined in each case. JVM takes the values from —ZL, to L(L,<L,). However, these 
27,+1 functions are not independent of each other, and if we know a suitable one among 
them, the others can be known mathematically. The reason is as follows. As SY Foy Tall 
is the only part that is connected with 0, we observe that part only. 


Soe S(— il eae mM sare, 
=Sy) (—1)*(L,L:— MM |LpL,J 0) F so. (13) 
J f 
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There are following relations :” 
SY s=UsVrn J even, At 
=05 a oud, 
where 27, are independent of J/, and J'o are the spherical harmonics. We put Jaan; 


(7: integer) then 
SF uD ait = (1) 4 (LL — MM |L,L£, 200) ton Von o » 


Li Dog 2 Lg pe (15) 
From Eqs. (11) and (15) we obtain the following parametrization : 
J eee x (=1)¥(L,L,—MM |L,L,200) 682, Pm (cos 8); 
dBA SIA A Ere EAE (16) 
where 4;(7, ate parameters and P,, (cos #) are the Legendre polynomials : 
P,(2)=1/(2"n!)- (d/dz)"{ 42-1)" | (17) 
The first four of Eq. (17) (even 7) are 
P,(cos 0) =1, P,(cos @) = (3/2) cos? ?— (1/2), 
P,(cos 0) = (35/8) cost 0— (15/4) cos? 6+ (3/8), 
P,(cos 0) = (231/16) cos* 0— (315/16) cos‘ + (105/16) cos*9—(5/16). (18) 


Therefore, the problem reduces to the determination of 6,'7,. 


We write Eq. (16) explicitly in several cases. - We multiply 4,7) by suitable numerical 


factors, and write a,°7. 

1 abd geo b 

Lie (0) =a + a9 P.(cos.0), 

Fy (8) =a? — 2a? P,(cos 6). (19) 
2) oh 1h 2 

f2(0) = — Fy.’ (0) =al? P;(cos 6), 

0 

3) L, =2, Lo= Z; 

F# (0) =a) + 2a P,(cos 0) +a P,(cos 4), 

FS! (8) =a? —a® P,(cos 0) — 4a$? P, (cos 0), 

F'3(@) =a — 2aS P,(cos 0) + 6a P,(cos 0). (21) 
4) Li=2; t= 3 

Fy (0) = —F5*(4) = 5a? P,(cos 0) + 2a8)P,(cos 4), 


On the B-Ray Angular Correlations 435 


F.3(0)= — Fis" (8) = V10 af} Py (cos 0) — V10 a3) 1?,(cos 8), 

Fn (Oy=077 (G2) 
bn gas a Oe ee} 

F.2° (0) =a® + 5a Py(cos 0) + 3a? P, (cos 0) +a P, (cos 6), 

70) =a — 7a? P,(cos 0) —6aP, (cos 0), 

F#' (0) =aY —3a® P,(cos 0) +a P, (cos 0) + 15a P,(cos 4), 

F3(0)=a® —4aD P.(cos 0) + 6a} P, (cos. 9) — 20a{) P,(cos 8). (23) 


The angular distribution functions of 7-rays are given in reference 7 for the dipole 


and the quadrupole radiations. 
F9(8) =2|ul"{1—Pa(cos 8) }, 
F3(0) =2|8|?!1 + (5/7) P.(cos 9) — (12/7) P, (cos 8) }, 
F3(0) =2V15 Pe (up*) P,(cos 0). (24) 
v. and [9 are the reduced nuclear matrix elements of the dipole and the quadrupole radia- 
tions respectively. 
We obtain the angular correlation function Gy (0) from 77;,75(0) above Bown and 
Eqs. (12) and (4). In this case the sums of the products of the transformation coefhicients 
appear. There are several relations between these sums. Falkoff and Uhlenbeck” calculated 
these relations in some cases. By the same method we obtain them in other cases. 
Let the spin changes of the nucleus be /—4/—>j— j+4/. For simplicity we put 
gir=(G—47,1, m, 0| 7-47, 1,),m)’, 
d= (j—dj,i,m—1,1|\ 7-4 us, m)?+(j—4/,i,m+1, —1\s7— 7S ccd ee 
em=(j— 47,1, m—2, 2|\ 7-4, 4,7, m)° + (j—47, 2, +2, —2| I-44, 1,7, m)’, 
m—(7— 47,2, m—3, 3| 7-47, 2,7, mm)? + PRA ed ae) Aj, 1, j, 2)”, 
d= (—- Yi, m—-1,1\ 7-47; m)( {—4j,t+1,m—1,1 |7-47,i+1,7, m) 
—(s-—4Aj,1,m+1, —-1 | 7-47, 7,7, 17) 
x (f— Aj, i4+1, mH1, —1I-Gith ym); 
Cii+i = ‘Sie dj, OB m—2, oA fers dj, ts m) (Gee 4), 2 ae 1, m— 2, Qe 4), 2 “ts 1y, 7) 
=—(7-47,4 m+-2,—2| j;—4j, 7,7, m) (J—4y, t+ ly mt 2,—2|/—4,,i+1,7, ™); 
Gr= (ji, m, 7,474 4, ™)*, 
DE=(firm i fi,jt al, m4)? + (G4 m Mh i,j+4/,m—1)’, 
Em=(jrismy2\ fri jt Yr m+ 2)?+ (fim —2\ tI As m—2)*, 
Din= (p50, 751 |fjst,j+4/,m+ 1) () ¢+1,m, 1| 7; t+ Lit A], m+ 1) 
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—(j,i,m, -1|7,47+Y, m—1)(7,t+1, m, moe en 1,7+4/,m—1). 
(25) 
We attach ’ to the second transition. 


When the first transition involves /=1 and 2, and the second transition involves 


L=1 and 2, W(0) is 
(8) =>) Ler lii(0) +a Fe (0) +939 Fa (0) ap ae FS (0) + ex FE? (0) +d%F3(0) ] 
[Ct FPO) + DEEE (0) + GB FRO) + DEERE (0) + EB FEO) + DEF M4) I. 
(26) 


When we take the z-axis as the direction of the second particle and the 0@-direction as that 


of the first particle, we obtain the same angular correlation function : 
W (@) =>) Ravear (@) “te awk S (A) +a Fo (@) + dg FS" (@) oe cy Fx (@) ar ays F3(8) | 
[Gi Fi9(0) + Dat Fi#! (0) + G8 FL (0) + DEF" (0) + EB Fa (0) + D2 Fi (0)} 


(27) 
The right-hand side of Eq. (26) is equal to that of Eq. (27) identically in regard to 


ae, a2? and 6. From these conditions we obtain the following relations between sums. 


For simplicity we write 2,,G,, etc. for >} 977 Gj ete. 


m 


2uGa=(1/2)lduDu—GuGw)s Zn? u—aiGas 

VeeGa= (1/6) (52,64 —dseP), 2a Pn= O/3) G4e 25, -UaCe)s 
GnG f= on De UeG te Di p= 2d. Gee 

£uGy= (1/6) 581nDx—AuDwx), SnExw=FnDx—SuDe, 
Wop (173) 20 pee os 3) A ye CO oe 

Pe Gal LAV Od a Deg ds asd ogee 

S55 Hog = Con (op 1/ 4) ( 2diag Gob 3d op Fics) 

lop Dog= A 99 Hay y Cnn Eno = (1/4) (6d 99 Gap + 4d 09. Doo — 34 9 Ean), 
Li) 5 — Da D5 

OsGu=— aye, 

SD 9= A Dyy= — (1/2) ex D 9 » ; 
QC Op) dy ON ele ose (28) 


Inserting Eqs. (19), (20), (21) and (28) into Eq. (26), we obtain the following com- 
paratively simple form of the angular correlation function, 


a) =[(3/2) a? a” 1@u GyutdadyD,, } “hb (5/2) as ayy” {do GytdoDy;} 


48 (5/2 )at? aos” {$11 Det y Do} + (5/2)apan? { Lop Gog + ds Dag d xy Es} | 
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+ [349 a {-2d,,Gy4+4,D yj} +7a@a® {2d 99 Gy— AnD, } 

+ 70}? 8 {2.8 Doy =A, Doo} + 70@ a {2d yoG op + galas 2G acl ooh 

+ 3ahp a Ay. Dy + 30D a dy Dit (7/2) a2 ab dy Ey 

+ (7/2) a§ a? es D+ a? al Ay,D),| P{ cos 0) 

—[(35/4) a? as { 6d 99 Fy — 40 99 Dog + A 09 En} | Ps (cos 0). (29) 


When the first transition involves L=2 and 3, and the second transition involves [=1 
and 2, the relations between sums are besides Eq. (28) 


§Gy= (1/10) (—fsGut 3fs0n), &3Du=(1/5) BfaGutfesDu); 
Cp p= 41/15) fe Gag 8D yi) > eg Dp = 41/15) (16 f Gu FT fg DN); 
les Gn= (1/3) fo GintfulDn)s tseDy3{2/3) SuGutfaPuds 
PG / 10) faa = 3/eDat 37a Be), 
§ 3 Dop= (1/5) (— 3 fs3 G00 3fo5 De +f 95 Een) 5 
§3Lm= (1/5) (313 Ga +FosD 0), Fs3D0= (1/5) (fos et 2fen E20) 
Dee LN) fal et Bhatia); 
A og Fog = (1/15) (125 Goo t+ 8fs3P 20+ fog Lo) 
ls, Cn = —feg Get fal > 
Pap eM SD fae e522 no 4 2S a Pe) 5 
ged Sh OG ERY 3 Dn tf cx Los); 
Cele 2 fePi, ee Dp=— (3/5) fs Dies ,* ss Dis=0, 
Bee Se Deh 2) 10 Ce Ding bog yg = lo Dr 5 
dag Gn 2d xlig— (3/10) eHow » Lo Gog = (1/2) (= V 10 dos Bap bog Lie), 
dn Dos — 30 0 Boot (5/10) C0 Fo, Cn, Lop (1/2) (10 ax Hoo 3 053 Eas) 
ee (Oi ADs : (30) 
Berherhalaticorelation fiction’ (01(0). is 
(4) =[(5/2) a ai {dogG y+ dn Duy} + (7/2) a8 A { fsGutfonDu} 
+ (5/2) a® a {do Gop + 42 Dog+ doy Eo} 
+ (7/2) a as { fs5 Go0+ fas Doe +Sas E09 | 
+[7a® al {2d Gry—adoD } — (42/5) a? a? {2fsGu—fos Pu} 
+ 7a® a {2d Got A 99D 09 — 2A 09 Fg} 
— (42/5) aQ ay {2fGutf 33 Dp 2f 53 H 09 | 
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+ (7/2) a al? D+ (42/5) ab AP fog Dyo+ 21a) ay)? C9, Day 

+: (7/2) ass am / 100 93 Eoo-+ 5403 o9} + 7a? aie éy,.D32| Po(cos 9) 

+[— (35/4) al? al? { 62 Gn — 4.20 Dp + dm Han} 

a (77/3) asp as { 6fs3 Goo— Sos Doo Sast x} 

— 35a; al {10 A, Emo— 2 em, E 99} ] Py (cos 9). (31) 


The independent sums that appear in Eqs. (29) and (31) can be calculated with the 
table of Condon and Shortley"” and the Appendix. 


$3. Angular distribution functions of B-ray 


In this section we calculate the explicit forms of the angular distribution functions 
defined by Eq. (11) for the f-rays up to the second forbidden. We treat each five 
interaction type of the Fermi theory separately and do not consider the case of mixed 
interaction types. 

The angular distribution functions are obtained as follows. At first we calculate the 
matrix elements of the interaction Hamiltonian corresponding to the definite change of the 
magnetic quantum number of the nucleus. We denote them with //,,,, where x and 7 
are the quantum numbers of the emitted electron. Neglecting the common factor, the 
asymptotic wave function of the emitted electron ‘is 


P= >) Ham Pum + (32) 


zm 


Pym ate obtained by extracting the out-going waves, the parts containing exp(74v), from 
the asymptotic forms of the eigenfunctions (standing waves) that contain the trigonometrical 
functions. We construct ¢*# from Eq. (32), sum over all the neutrino states and compare 
with Eq. (12), then the angular distribution functions are obtained. 

We assume that the neutrino mass is zero. Then the Hamiltonian of a free neutrino 
commutes with 7; (We take 7,=—2u,v,4, as Konopinski and Uhlenbeck.”” From this 
fact the angular distribution for any nuclear matrix element is the same as that for the 
nuclear matrix element which is obtained from the former by exchanging 1 for 7, and a 
for O simultaneously. For example the angular distributions for |Yt(A5) |? and |M(L§) |? 
are the same. The angular distribution function for any nuclear matrix element containing 
8 (Dirac matrix) is obtained from the angular distribution function for that without # 
by replacing A’ (neutrino energy) by —K. 

We use the following properties of the phases of the nuclear matrix elements. _ The 
reduced nuclear matrix elements for the (-decay defined by Eq. (7) are divided into two 
- classes ; the nuclear matrix elements belonging to the same class have the same phase (or 
phase difference 7), and the phase differences between those belonging to the different 
classes are 7/2 (or 37/2). Up to the second forbidden the two classes are as follows : 
the one consists of (1), MP), Mts), MP7s), Mo), M(Fo), Wa), M (Fa), 
Mi (ox ys We (fo x i); WiCa x Ts We (Ry), ite (K§), WMC Sisn) > MC Sih) and the other 
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consists of IN(G-9"), M(Pa-1), M(Pa-r), MC), M(Fr), M(B,,), M(BS), MC Ay), 
M45), MCT), Wi T§). For the tensors of the same rank the ptoof has already been 
given by Longmire and Messiah.” For the tensors of the different ranks the proof is 
almost the same. 


As an example, we consider 4;; and .S,,;. By the time reversal (@ is the time 
reversal operator), the wave functions Pf and YM’, (/ and ./’ are the total angular 
momenta, and J/7 and JZ’ are their g-components). and the operators* A,} and S;,,/ 
transform as follows : . 


ROX PO ok RE Sere a, 
RAER =— AZ, RS ARKt=—Sf, (33) 
where ¢ and ¢ are arbitrary phases. The operator § can be represented as follows: 
R=U8, (34) 


where §, transforms the wave function into its complex conjugate and U is a unitary 
operator. From-Eqs. (33) and (34) 


Ag\ OF) = (QUH', RAZR K O4)* 
= — A (D5 AB O5*)* 


== __ pil¥—%) 43-M—M! x (35) 
a2 <- 


68M MI__/ M! 
Ai; =( VF 


Similarly 
“83MM! __ __t(w—s —M-M! 
Size ==”) Sis as (36) 


-On the other hand the transformation coefficients have the following relations : 
(JLmM | JLJ' ut) =(—1)""7 4 (JL—-m—M|/L/'—m). | (37) 
Comparing Eqs. (7), (35), (36) and (37), we obtain. 
M4) WE (Ad) (38) 
M(Syf)_ M* (Sof) 
This indicates that the phases of (Aj) and M(Syf) ate different by 7/2 (or 37/2) 


from each other. 
Using the above results we obtain the angular distribution functions : 


1) Allowed 
all isotropic. 


2) 1st forbidden 
a) scalar 


F3(8)=|Me(Br) |? [{ (1/3) K? Ly + (2/3) KN, + 22, 4+ My} | 
4-{ (4/3) KLygt2L,+4M 2} Po(cos 8)]. (S1) 


* Although Konopinski and Uhlenbeck'®) have used this notation for matrix elements, we use it here 


for operators. 
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b) vector 
(8) = |W a) |? Zo + |ME(a*) |? [{ (1/3) K?Ly— (2/3) K M+ 2L,+ Mot 
+ { — (4/3) K Ly +2L,4+4M 2} Po (cos 0) ] 
— {iN*(a) M(r) +e.c. }[{ (1/3) KL, — Mo} 21. PAs’) |e “CV 9 
c) tensor 
Fig (0) =|M(Po-r) |* [(1/9)K2Ly + (2/3) KN, + Ma] » 
F2(0) =|M(Pa) |? Ly + |M( Pox 1) |? [{ (1/6) KL, — (2/3) KNy+ (1/2) Li + Mo} 
+{ (2/3) KLy+ (1/2) L,—-2M 0} Po(cos 9) | 
—{M* (Pa) M(Bo x) +c.c.} [{ (1/3) KLZ,—M} + Li P2(cos 9)], 
F3(8) =|M (BS) |? [{ (1/12) K* Ly + (3/4 Li} + (3/4) LP 2(00s 8) J, 
F2(0) ={M* (Po-")M(BS) +e.c.}(1/ V6 ) {KL y+ 3N jo} Po(cos 8), 
Fi(0) = — {iM*( Ba) M (BS) +c.c.} {3/(2 V2 )} Lys Po(cos 8) 
— EM* (Ro x YY M(B) +e.c.} 
-(1/ 72 ){ — (1/2) K Lyn + (3/4) £4 (3/2) M2} Po(cos 9). (T1) 
d) pseudovector | 
Foo(F) = |M(7s) |? Zo + [Me +7) |? [1/9) K°L,— (2/3) KN + My] 
— {4M* (7,) M (6-7) +c. }[(1/3)KL,—M] , 
F3(0) =|M(o xv) |? [{ (1/6) K°L, + (2/3) KN, + (1/2) 2,4} 
+{— (2/3) KLy.+ (1/2) LZ,—2N 9} ] P2(cos 9), 
F339) = |M (By) |? [{1/12) K? Lo + (3/4) £1} + (3/4) L£, P2(cos 9) ), 
F8(0) ={iM* (7,) M(Bis) tec. } (V3 / V2) Ly Po(cos 0) 
+{M*(G-P)M(B;) tec.) (1/ V6) {-K Ly +3} P2(cos 0), 
F3(0) = — M* (ox r)M(B,,) +e.c.} 


-(4/ V2) {(1/2) K Lie + (3/4) Le+ (3/2) Nyt Ps (cos 0). (Al) 
e) pseudoscalar (We define IN(/%7,) as the Ist forbidden). 
Fg (8) = |MB75) /° Lo - . (Pl) 


oy) 2nd forbidden 


a) scalar 
Fe (9) = |M (AG) |? [{(1/30) K4L, + (2/15) K27 M+ (2/3) K2L, + (1/3}K2 MM, 
+2KN,+ (9/2) Lo+ 3M} + {(2/15) K*Ly+ (1/3) K2L, + (2/3) K2 Nyy 
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+ (6/7) KL +2KN, + (36/7) [2+ 3M, + (18/7) Vx} Ps(cos 0) 
+ {(36/7) KEy,+ (27/7)Lo+ (108/7) Nx} P,(cos 0)]. ($2) 
b) vector 
FY (8) = |M(a x) |? [{ (1/6) K2 Ly + (2/3) KN, + (1/2) L,-+ Mp} 
+ {— (2/3) KLy.+ (1/2) L,—2M 2} Ps(cos 8)]., 
F2(9) = |M (Ag) |? [{(1/12) A? Ly + (3/4) LZ} + (3/4) Z, Po (cos 9) ] 
+ | M73) ? | (1/30) K* LZ, — (2/15) K8 N+ (2/3) KPL, + (1/3) COM 
—2KN,+ (9/2) Lo+ 3M} + {-- (2/15) KF Ly + (1/3) K7L, + (2/3) KN, 
— (6/7) KLy3—2K N,+ (36/7) Lo+ 3M, + (18/7) Ns} P2(cos 4) 
— (36/7) KLo5+ (27/7) L.+ (108/7) V2} P4(cos 8) | 
— {2M* (4,5) M(R,;) +.c.} [ {(1/30) APL, 
— (1/6) K?N,+ (1/2) KL,— (3/2) N;} 
+ {— (1/6) K?Ly+ (1/2) KL,— (9/14) Log— (3/2) M4} P2(cos 7) 
— (27/7) Lg P,(cos 8)], 
FA(0) = — {M* (ax P)M(A,) te.0.} (1/2 ){ (1/2) K Li 
+ (3/4) LZ, + (3/2) Ni} P(cos 0) 
— {M* (ax P)M(Ry) +e.c.} 1/ V2) (1/2) KP Lot (1/2) KL,— KL ys 
+KNi2.t K Nn + (3/2) Let 3Mi—(3/2)N,—3M,3}. Po(cos 9).  - (V2) 
c) tensor 
03 (9) = |M(Ba-1) |? {(1/9) K°L, + (2/3) KM, + Mo}, | 
F3(9) =|M(AS) |? [{ (1/12) K? Lot (3/4) Ls} + (3/4) L; P.(cos 4) ] 
+ |MC ZG) 24/12) [1 1/15) A“ Ly — (2/5) KM + K*L4+K mM 
—6KN,+6L ,+9Mi} + {KL + (12/7) K Los — 6 KN, + (48/7) Lo 
+9M— (36/7) Nx} P2(cos 0) 
+ {(72/7) K Ly (36/7 )La— (216/7) Nag} Pa (cos ay) 
— {MN* (AZ) MU TS) +e.c.} (1/4) (1/15) KL 
— (1/3) K?N,+ KL,—3Nj} 
+ {KL,+ (6/7) Log— 3} P.(cos 0) + (36/7) Lo, P4(cos 9)], 
Fs incon (1/72)[ {(1/15) K4 Ly +2K° L,+ 15L5} 
+ {(8/5) K?L,+ (120/7) L,} P2(cos 4) + (90/7) L,P,(cos 4) ], 
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FO) = — {6 M* (AB) MC Sige) +e-0-} ( 10/73 )[ {(1/60) K* Lye 
+ (3/28) Lys} P»(cos 0) + (15/56) Lo, P (cos 7) | 
— LIM* (TA) M(Sist) tec} (/10/ V3 )[ 11/300) (= K*L yp 
+5K?7 Ny.) + (1/28) (—K Ly + 2Lo+ 3.) } P.(cos 9) 
+ (5/56) {—K Ly +2L,+ 3M x} Ps (cos d)]. (T2) 
d) pseudovector 
F8(0) =|M(T4;)|?/12) { /15) KL + (2/5) K?°N+K°L£,4+-K°>M 
4 OKN,4+6L, 49M} + {K2Ly— (12/7) K Lag + KN, + (48/7) Lo 
+9M,— (36/7) Nx} Po(cos 4) 
+ { — (72/7) KLn+ (36/7) Lo— (216/7) Nos} P,(cos 8)]; 
F2(8) =|MCSiy,) 2 4/72) [{CA/15) At Ly + 247 £, + 15 L5} 
+ {(8/5) K°L, + (120/7) Ls} Ps (cos 4) + (90/7) Ly P,( cosh) ] , 
FA(B) = — EM* (Ty) M(Sige) Fee} (10/73) [ {(1/300) (KF L2-+ 5K? M42) 
+ (1/28) (KLin+ 2L+3NVn)} Po (cos 8) 
+ (5/56) {KLy,+2L.+ 32} P4(cos 9) J. (A2) 
e) pseudoscalar 
F3(9) =|M Pr") |? [{ (1/3) K?L, + (2/3) KN, + 2L, + My} 
+ {(4/3)KLy.+2L,+4M 4} Po(cos 8)]. (P2) 


The notation is almost the same as that of Konopinski and Uhlenbeck," but we write # 
explicitly for the nuclear matrix elements including it. Moreover, we use the following 
new notation, which is necessary to describe the interference terms between different Pine Si 


ie = r Fy ea —f,¥-» 008 (0,—d_2) 
73 27 


470 
Son a 
3W 
eet a FY E288 cos (0_,—9_») +f, fa cos (6,—4;) 
2 2T- 4m" 
cere 
15 
Lo i. ae f, cos(0_,— 05) —fog_3 cos (9.—0_s) 
s 27 4rp° 
4 
RAE UE: 
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| Zia F-19008 (0 i (ee Oe) =—2 if» cos (0, —0_,) 


27 4" 
BINS Ae The say ce core 8 ne 
45V 6W 40? 90 20” 
N=( v PF) fuifs cos (0_; 0.) +.212-5 cos(3,—0_») 


4m" 


Pee ee ear, 
923.1" 26 


Nn =( P yes cos (0_,—0,) +f, f_» cos(0,—0_.) 

27 470° 

QP Fe Pr UZ 

15 6W 20° 

Nis=(-Lr) ‘Lrg s08(8-.9-0) —gfr eos 0-3.) 
27 ; 4zp° 


—> — 


ete WLS, 
Ic 3 
Ad eo SADC 


Na=( Pp ee ~2fs 608 (9-2— 95) +5285 c08(0,—9_5) 
¢. 27 473 


a 


Pop Pe eZ 
—>+_+ : 
225 90W 20 se. 


In the above definition we mainly follow the notation of Konopinski and Uhlenbeck"® and 
Rose,» but it should be noted that the suffixes of f and g are not those of. Rose’ but 
quantum numbers x. It is more natural and convenient to use the sufhxes x. The rela- 
tion between the two suffixes is shown in Table I. 0, are the phases of the asymptotic 
wave functions. —>denotes the approximation which is valid for v7IV/p<1. When this 


approximation can not be used, the i Bt BP IIS ot ie ANA Oa de Sa ae Soh Pa 
calculation of Eq. (39) is consider- pee of Rostwsionw 2 awk OL 2 oe 3 ee 


ably complicated, and moreover, for x 3 S20 Ne 2 es 


the heavy nuclei it is necessary to - 

Table I 
- change f, and ¢, from the Coulomb 
wave functions and to take into account the effect of the finite nuclear size.” 
the values of f, and x, are to be taken at =p. (p is the nuclear radius.) From Eq. 
(39) it can be understood that J, and /V,; are strongly affected by the Coulomb field. 


Finally we mention about the relation between the reduced nuclear matrix elements 


» As usual 


used here and the nuclear matrix elements used commonly in the theory of (spectra. The 


latter ones have the forms of 


: oa) ye (J! ml \T;..2,|Jm)* (J! 


Ty... |S) ; 
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By Eq. (6) this eqeals to 
SOS | il ey S| Foal J) - 


uml 


By Eq. (7) this equals to 
WE (Laut, WU Di e,) JEM JL ly 


(2/144) (2) Ay Ue Coa a 


For example, 
St AM T3= (271 +1) /(27 +1) (AG) MC TH)- 


(2/'+1)/(2/4+1) is common to all the terms, so that this factor need not be con- 
sidered in the angular correlation. Therefore, when we study the /-spectra the factors 
such as S1ARK TS, may be replaced by the factors such as IM* (AF) M( TH). 

Comparison with the experiments will be reported in the subsequent paper. 

The authors wish to express their sincere thanks to Professor S. Nakamura and Mr. 
~M. Umezawa for their kind guidance, and to Professor T. Miyazima for the suggestion 


of this problem. They are also indebted to Mr. H. Taneichi for his valuable assistance. 


Appendix 


We calculate the transformation coefficients (7,372, t2| 7,3 72), using the formula in 
reference 14 p. 75: 


(J; fom, my fy Jo ft) =9 (m, m+ m2) 


[Gen GHAAI! GARD! G+)! (Jom)! J+ 
(J+ htpe+))! (Aim)! Git ma)! (Ge- mee)! (fo m2)! 
(—1)* tt ( f+ j.+—*)! (fi— m+)! 
* (J—fitfe—*)! (J+ m—x)! 41 +p)! 


The results are shown in the following table. 


(f:3 mM, m| 7,37) 


Ving gees 


ap {& m2) (ji+m—1)(f+m)(fi+m+1) (f+m+2) fitm+3) 
AAV Af +2)(2A43) ZAF4) ZAFS) Zt 6) 


eo 6 j (firm +3) (fet ma1) (fit) (frtmtl) (ft mt2) Atm+3) 
(27:41) (27,42) (2,43) (27144) (27,45) (27,46) 


pet. vis, [aoe 3) (jr—m+2) (frtm) (frtm+1)(jtm+2)(j+m+3) 
(2741) (2A+2) (2+ 3) (2I+4) (2A+5) (27,46) 


ae m0, i= M3) (j—m+ 2) (ji—m+1) (Gjitm+1)(J,+m+2)(j,4+-m+3) 
(2/41) (2/42) (27,43) (27+4) (27+5) (27 +6) 
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Bes fedea 2) emt?) (A—=m+1) (fi—m) (fit m+2)( ft m3) 
(27:41) (27,42) (2,43) (27,44) (27,45) (27,46) 


ma —2, V6 | Bm m+3)(fr—m+2)(fp—m +1) (f,—m) (fy—m— 1) it m+ 3) 
(2 fr+1) (27,42) (27,43) (2:44) (27,45) (27,46) 


ary | (Amt 3) (Ji—m42)(f,-m+1) Ce — 7) (i m— 1)( ee m—2) 
(27,41) (27,42) (27,43) (27,44) (27,43) (2 j:+6) 


J=Nnt2 


Mas ee Pe m+ 3) ( f,tm—2) (frt-m—1) (fit m) (fr+m+l) (itm +2) 
N 27,(2f,4+1) (24,42) (27,43) (27,+4) (27,46) 


my=2, —2(2j-=3m46),| AMD GAM) bm tI jek 2) 


N 27,(27,+1) (27,42) (27,4 3) (27:44) (27, +6) 


M=1, — Vi0(j— 343), (Ces m+2)(f,+m) (fytm+1) (ji+m+2) 
2 7:(27:+1) (271 +2) (2/143) (27,44) (27,4 6) 


FO. 2A 30m ((i-m+2) (f—m4+1) (f4+m+1) (J+ m4+2) 
2 fi(2f+1) (27:42) (2f,4+3) (2fi+4) 2j, +6) 


M=—1, Vi0(j+3m+3),| if 7-2) ee) ee) 
27:(2 f,+1) (24,42) (27,43) (27,+4)(27,+6) 


My= —2, 2(27,+3m+6) (im +2) (Ammt » (a—m) (fj—m—1) 
27;(27,+1) (27:42) (27,43) (27,44) (27,+ 6) 


ie A v6, | Gam? (j,—m +1) (fr—m) (fy 1) (fi = 2) (i m+3) 
2 27, (2:41) (2p,4 2) (2A + 3) (2A. +4) (271+ 6) 
Coe ae | 


ted 5: 3, [Ge m+3)(jr—M+2) (fytm—2)(fy-m—1) (ptm) (AEMED 
(2-1 2fA(2fi+1) (2/142) 2A+4) (27+ 5): 


Mm, =2, W103 +4) | l (i—m +2) Gitm—1) (firm) (jtmtd) 
N(27,=1) 27(2Ii+ 1) (27,+2) (27,44) (27,45) 


Foe 


’ Cau. m) (ji, + metAye 
— 107,7— 15m" ays +25m—10) | =o 
Sey ‘ (2p,—V2j(2/,+ V2f,+ W2/A+ VZAFS) 


: = og 5 , (Gj,—m+1) yt m+) 
0, 2220/3 (72-5? +2 Jf UAE A RUA 
i PEF AI ia) aj (pt (2A +2) BA+4) BAS) 
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pee — 1, — (4, > rane BRS: eens 10) 


% G—m4+D Gm) 
(2j,—1) 22+) (2h+2) 2i+4) 2A +5) 


ki GirmtD ham) Am D i tmt2)_ 


M,=—2, /10(7,4+30+4 
vi MW (27,—1)27,(27,+1) (27:42) (27,4432 72-5) 


(27,—-1)27:(27,4+1) (2142) (27,44) (27,45) 


pee. (is, Ue We GHD ee 1) Gi —m) (fi—m +1) 


THh 


My=3, —2V5. [GA m+3)(fy—m +2) (f,— m+ 1) (F, HM it M— Dy +m — 2) 
: \ Op=2) 2h N2R OTD CACHED 


my =2, 2(m—1) /30 (j,—m+2) (j—m+1)( jitm) Gitm—1) 


(2f=2) 2A-V)2fi (2/42) (27,43) (2/44) 
mMo=1, 2V2[7, 4,41) So tages —2] 


iB Site ao (ia-m4+1) Gitm) oe 
N (2 f,—2) (27,1) 2), (27, +2) (27,4 3) (27,44) 


My = 0, —4m (37 $—Su8 + 37-1) i é x py oes ued 
VW (271—2) (27,—1)27 (27,4 2) (27,43) (24,44) 
My=—1, —2V2[7,(7,4+1) —5m(m4+1)—2] 


“jf (ij—m) (G+m+1) 
(2 j,—2)(27,-1) 2f,(27, +2) (27,43) (2744) 


(Am) Gi=m—1) (i tm+2) Gitm+ 1) 
(27-2) (27,-1) 27,(27, +2) (27,43) (27,44) 


My= —3,2 saws, [Ge (fiers) a ee) (A+m+3) (j;+m+2) (j4+m+ 1») 
(2f1—2) (2fr-1)27,(27,4+2) (27,43) (27, +4) 


Ms= —2, 2(m+1) V30 


J=f—1 


SAL A (fi—m +3) (Jim +2) Gm +1) Gm) it m—1) Git m—2) 
(27,—3) (27,-2)27,(2f, +1) (27, +2) (27,43) 


my =2, — (f+ 3m—3) V10 | Cig 4) (fr—m+1) =m) Gitm—1) 
N (24,-3) (271-2) 2f,(2f, 41) (2,42) (27:43) 


My=1, (JP +107,4+ 15m?—5 7,—15m+6) 


J G-mtynG— 
(27,—3) (27,-2)2A,(27,41) (24 +2) (27,43) 
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aot viee (Ci m) itm) Z Bo. 
(2), <7 3) 27-3 2) 2p (27; “fe 1) (27, Se 2) (24; +3) 


Mo=—1, (—f, —10 fe + 1590? —5 74+ 1577 +6) 


ae Gsm Gem 
(27,—3) (2/,—2) 27,(2f, +1) (27,42) (27:43) 


My=0, (f~—5m—1)2 v5 | 


mez —2, (—j-e3m43) vi0, | M1) Ge m+2) Fm) Gem) 
\ (27:3) (2); te) ada (27,+ 1) (27;+2) (27; +3) 


eee eee [Gi=m=1) (j,=m—2) (j,t+m+3) (Y,+mt+2) (Gjitm+ 1) Cm) 
‘ (27,3) (271-2) 2 (2A +1) (2/42) ZA+3) 


J=hi-2 


ie eats a | (Gj,—m+ 3) (Gja—m+ 2)(ji-m+1) (j,—-m) (ym —1) (fit m= 2) 
N (241-4) 2h,—2) ZA D2 Zh 1) 2A +2) 


(j,—m+2)(j,—m+1) G—m) (Ai—m—1) 
(27,—4) (271-2) (21-1) 24, (241) ZAF2) 


Mg=2, 2(27,4+ sm—4),| 


. age ek) ( ,—m) (7;—-m—1) (7 typed) 
My=1, —(f7,+3m—2) V10 J s J Z J ae! Ji 
\ (27-4) Qi-2) (271) 27; (27,41) (27,42) 


}- 


| Gam) Gam itm) Gtma1) 


My=0, 2mV30. | —— SS - ee : 
N (27,—4) (27-2) (2/:-1) 27: (2A +1) (2.42) 


: —~ (j,—m—1) (7,+m4+1) Gi+-m) (jtm—Y) 
=—l1, 1—32m—2 / 10 - - : - 
a = laa el (ees (27,—1) 27,(27,+1) (27:42) 


(j,+m+2) G4Am+1) (j, +m) Gi+m—1) 
2js—4) (27,=2) ia 1) 27,(2f;.+ 1)(27,+2) 


M,=—2, =2(2),-3—4) | 


Bik, NE a So i / (f,—m—2) (frm 3) (f+ m+2) Vtmt1y itm) (fj+m—1) 
; “ (27,4) (24,-2) (2/4, D2 2A Zit 2) 


e. pie ie ee?) Gi—m+ 1) (7,—-m) (j,-m—1) (j;-m—2) 
tN (27,—4) (27,3) (21-2) 2A- D2 2A+1) 


gj Game?) (j,—m+ 1) (j,—m) (j,-m—1) Vi— m—2) (j,+m—2) 
My=2, mao ‘ ‘ = 5 : F 5 
Cog) (27e>3) (27,—2) (27,-1) 2A CAD) 
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Ges —m) (f,—m—1) (A— m— 2—2) (J, +m) (fj, +-m—1) Gitm—2) 
fem.” a (27,—4) (24—3) 27-2) 2A -—D2A GA) 


i 5 A m—1) (fi—m—2) Ft mM41) Git) (ftm=l) (fitm— 2) 
M,=—1, E a 


‘ (2 7:—4) (27,—3) (27,—2) (27;—1) 27, (27,41) 


ee ae lA m—2)(V, +m+2)(fjtmt1) (fi+m) i +m—1) i+m—2) 
a \ (27:—4) (2/4,—-3) (2f1-2) 21-1) 27, 2A +1) 


[+ m+3) Girm+2) (Z+m+1) ( j,+m)(j,+ +m—1) (J, tm—2) 
NM (27,—4) (27,—3) (2f—2) (27,-1) 27, 27,41) 
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We investigate the 8—y angular correlation of Sb! taking into accoun the effect of the Coulomb 
field. It is shown that the linear combination of the three nuclear matrix elements, \ Ba, \ Box and 


Be. in the first forbidden tensor interaction of the Fermi theory explains the 8-decay of Sb!*4 almost 
completely, and in this case the transition of the nucleus is 3(—)—2(+)—O(+). Moreover, many 
other cases are discussed. 


§ 1. Introduction 


In the recent years, our knowledge on the /-decay has increased not only in the 
energy spectra but also in the angular correlations on account of the remarkable progress 
of the experimental technique. Especially, Sb’ has been investigated in both of the 


° 9 
experiments.’ eos 


Therefore, we study it in detail using the (ray angular distribution 
functions calculated by the authors.” 

Firstly, emitting a f—ray* Sb” changes into the first excited state of Teta hex ahs: 
and secondly, emitting a y-ray Te'** changes into the ground state of Te’ which has 
spin zero and even parity presumably. 

Langer, Moffat and Price explained the highest energy (ray spectrum of Sb™ with 
the a—type (first forbidden nuclear matrix elements of the Fermi theory &,, or B};). They 
also decided the y-ray as an electric dipole radiation, using the results of their measure- 
ments of the internal conversion. According to them, Sb’ changes as follows : Sb"! (spin 
3, even parity) —Te'™* (spin 1, odd parity) —Te™ (spin 0, even parity). For brevity, 
we write 3(+)—1(—)—0(+) for this scheme hereafter. 

Nakamura, Takebe and Umezawa” explained the B-ray spectrum with a linear combi- 
nation of Aj, and- 775 terms in the second forbidden tensor interaction. 

Darby and Opechowski” and Stevenson and Deutsch” measured the angular correlation 
coefficients of Sb! (Fig. 2), and showed that 3—2—0 and 1—1—0 transitions with the 
nuclear matrix element £,; (or %,) fit the experimental rusults comparatively well. But 
in these cases, both of the energy dependence and the absolute values of the angular correla- 


tion coeffieients are not sufficient ; besides, in the case of 1—1—0 other difficulty arises. 


* The B-ray of Sb! is complex and we investigate the one which has the highest maximum energy 


(2.29 Mev.). Gites 
** In this case the reason why the direct transition to the ground state of Te!*4 is highly forbidden is 


hard to be understood, 
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Lately Stump” reported that Te’* has even parity and the 7—decay must occur pra 
no change in parity according to the measurements of the polarization correlation of Sb™. 
Metzger” insisted the j—ray is unambiguously characterized by an electric quadrupole and 
Te!* has 2(+), according to the measurements of the internal conversion of the 7-ray. 

In Section 2 we show the possibility that a linear combination of the nuclear matrix 
elements can explain the #-ray spectrum and the angular correlation simultaneously. In 


Section 3 some other nuclear transitions are considered. In Section 4 these results are 


discussed and summarized. 


§ 2. The linear combination of | 2a, | ao xr and /),; 


We find the linear combination of the three nuclear matrix elements, \ Pa, | ro ole 


and £5 in the first forbidden tensor interaction is one of the cases which give the good 
angular correlations of Sb'*. In this case, the transition scheme is 3(—) —2(+) —0(+). 

We use Eq. (Tl) of YM as the (-ray angular distribution functions. They include 
the effect of the Coulomb field completely. By Eq. (29) of YM the angular correlation 


function is 
(0) =[ (5/2) a? a? {4 Doot dy Doo + (5/2) aD a” { dro Goo + des Dog + Coy Lp} | 
1 7ah? a8 {224 Doo — diy Doo} + 74D aD {2g Gp + Wop Dog Ld og lS ash 
+ (7/2) af? aS dy. L»| P(cos$) 
— (35/4) a} ag {629 Gop — 499 Day + Toy Een} P, (cos 8). 


The angular distribution function of a 7 quadrupole radiation is Eq. (24) of YM. The 
angular correlation coefficient a( 1”) is defined by 


(x) —W(a/2) 
W (2/2) 


a(W)= 


We use for the nuclear radius 
4.41058 ANe 
h/ me 


and for the maximum energy of the electron 


i} 


W,=5.49 mc’. 

In order to diminish laborious calculations, the effect of the finite nuclear size is not 
considered, and the approximation u/ZII’/p<1 is used. The latter seems a considerably 
good approximation above the electron energy IV=4mc°. In the calculations of y oew Ee 
etc., we need only their ratios. The computation is done with numerical values from the | 
beginning, and the common factors are omitted. This is so easy that it is not necessary 
to construct the formulae of 2), Ds, etc., by rather tedious calculations. 


We put 


M (BS) PRB Eee ees 


IM(Ba) _,  sM(Goxr) _ 
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where x and _y are real numbers.” 
To fit the calculated angular 


correlation to the experimental 


one, we proceed as follows. At 
a certain electron energy II” we 
equate the calculated angular 
correlation coefficient a(Il’) to 
the experimental value @,x,. 
Generally, «2 and y which 
satisfy this condition form a 
curve of the second order. (In 
this case it is a ellipse.) Now, 
we consider at =W=5mc'; 
substituting the upper limit of 
the experimental value for @,.) 
(=—0.39)* the curve is No. 
1 of Fig. 1, and substituting 


the lower limit of the experi- , 

mental value for @,x,(=— 0.46) —30 —20 —10 0 +10 # 
the curve is No. 2 of Fig. 1. Fig. 1. Curves of the constant angular correlation coefficients for 
The domain between the curves 3(—) —2(+)—-0(+), | ba+ | pax a+ Bi, 

No. 1 and No. 2 supplies the No. 1: 2(5)=—0,39, No, 2: a(5)=—0.46, 


pairs of x and y which give No. 3: a(4) = —0.30, No. 4: a(4) = —0.33. 


the good angular correlation coefficients. But this domain varies with the electron energy 
W, so we carry out this treatment at [V=5 mc” and 4 mc°. Certain pairs of x and y 
which lie in the meet of these two domains will give the correct angular correlation. 

Moreover, we must check whether these pairs of + and 7 make the Kurie plots 
straight or not.** From Fig. 1 we choose some pairs of x and y. The angular correlation 
coefficients are given in Fig. 2, and the Kurie plots are given in Fig. 3. The Kurie 
plots are straight only above the electron energy Il/=4 mc, because of the mixture of the 
other decay schemes below this energy. All of the chosen pairs of x and y in Fig. 2 
are suitable except for 4,3 only (v=0, 7=0). 

In order to make the Kurie plot a straight line the correction factor must be large 
in the high energy region of the electron. On the contrary, in order to make the angular 
correlation large in this region, the sum of the parameters a@)”,, of the angular distribution _ 


functions, which is the correction factor itself, must be small in most cases. We find 


[ites |Poxrs Bg satisfies these contradictory requirements. In this case the energy 


* We use the results of Darby and Opechowski.”? 
** If we should not carry out the ¢rial and error method, we must find the domain of x and 1 which 


makes the Kurie plots straight. The mee¢ of this domain and the former mce¢ is a favourable one, For the 


B-ray energy spectrum of Sb!%4 we use the results of Langer ¢7 al}) 
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a(W) 
—0.25 


—0.30 


0) 


—0.40 


—0.45 


3D 4.0 4.5 5.0 5.5 
— IV 


Fig. 2. The angular correlation coefficients for 
5 =) SAGE OG Ns \ Ba | Ba x r+ Bi. 
ic — Ol —0: If #=0;, y= —0.2. 
Ill. «=—5, y=—0.40. IV. x=—5, v=—0.63. 
V. «=—10, y=—1.08. VI. x=—15, y=—1.48. 


Experimental values of Darby and Opechowski.) 


Experimental values of Stevenson and Deutsch.*) 


|—x—| |—e—| 


Arbitrary units 
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Bee 4.0 4.5 5.0 


Figs: 


dependence of the calculated angular correlation accords with the 


limit of its error. . 


— IV 


The Kurie plots for 
| 82+ {Bax r+ Bé,. 


. x=0, y=0. 

. «=0, y= —0.2. 

. x=—5, y= —0.40. 
. =—5, y=—0.63. 

. «= —10, y= —1.08. 
| = —-15, y=—1.48. 


5.5 


experimental one in the 


The ft-value for Bf (= (27°/G*) -log2/>}| Bf |*) is of the order of 10°~10" (See 


Table I). 
the first forbidden transition. 


Table I. 7 values for 25 in the case of \ Ba+ \Baxr+ BE, 


ft =(2r°/G?) -log 2D Bi \° 


The ratios of the nuclear matrix elements 
x 
I 0) 
II 0 
Ill — 5 
IV —5 
V —10 
VI —15 


0.28 x 1011 
1.3 'X 101% 
0.32 X 1014 
1.7 X10" 
2.3 X10 
2.6 X1011 


This is considerably larger. than the usual one, but it is not inconsistent with 
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From these circumstances it seems that the (decay of Sb’ is explained with the 


linear combination of | ee, | Boxr and 4,5 in the first forbidden tensor interaction. 


§ 3. Investigation of the other cases 


We consider the other cases which differ from Section 2. We assume the following 
conditions at the beginning of this section. 

1. The ground state of Te’ has spin zero and even parity. 

2. The direct transition from the ground state of Sb’ to the ground state of Te™ 
is forbidden more highly than the one from the ground state of Sb'™ to the first excited 
Matenorete. (1le-~). 

3. The case of an anomalously large nuclear matrix element (small // value) is 
excluded. 

These conditions are kept throughout in the following discussion. But we set up 
more conditions under certain circumstances, for there are too many possibilities in spite 
of the above conditions. 

[a] Tensor interaction. 

We do not use the mixture of the interaction types but only each interaction type 
separately. The tensor type explains the /—decay best. Therefore, we take up this type 
at first. 

{a-1{ Te’?* has spin two and even parity. 

This is the most probable. In this case the following possibilities are found. 

(a-1-1) 3(—)—2(4+)—0(+4), {ita + | 0x r+. Discussed in Section 2. 

(a-1-2) 4(—)—2(+)—0(+), 45. Angular correlation : bad. 

(a-1-3) 4(+)—2(4+)—0(4), Ag+TZ+S,j,. This case is similar to that of 
Section 2. The calculation is done using Eqs. (31) and (T2) of YM. If we put 


1M (AG) ze M155) 

Me Sih, T= MCSE.) 
a andy are real numbers, and the curves of the constant angular correlation coefficients 
are given in Fig. 4. The angular correlations and the Kurie plots are given in Figs. 5 
and 6. Here we temark that the Kurie plot for Sj;, in Reference 1 was incorrect and 
the true Kurie plot is more straight than that given there. The fitness of the angular 
correlation and the Kurie plot is somewhat worse than that of Section 2, and moreover, 
a serious defect exists. Namely, the ff value for Sjj, (= (27°/G") log 2/33 | Sie |?) is 
of the order of 10 (see Table II), and this is about one hundredth as large as the 
usual one.» A larger ff value may be explained by the unlikeness of the wave functions 


of the initial and the final states, but a smaller ft value is hard to be explained. ‘There- 


> 


fore, it seems this case 1s improbable. 
(a-1-4) 5(+)—2( +)—0(+), Si,. Angular correlation ; bad. /¢ value: too 


small. 
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Fig. 4. Curves of the constant angular correlation coefficients for 
(a-1-3), 4(+) —2(+) -0(+), 454+7§4+5ih4- 
No. 1. @ (5) =—0,39. No. 2’. a (5) =—0.41. 
a (5)=-—0.46 has no solution. 
No. 3. @ (4) =—0.30. No. 4. @ (4) =—0.33. 
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Fig. 5. The angular correlation coefficients for (a-1-3), Fig. 6. The Kurie plots for (a-1-3), 4$+B5+5;5,. 
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2 
St = (278/G?) -log 2/3} | 5,5. 
eg ee Pe Mane SPS Tet Ae 


Table II. The /¢ values for S,°, in the case of (a-1-3), AG+T§+ Si. 


| x y | ft 
I 0 0 6.3 X 10° 
II 0.3 0.1 1.1 x 101° 
Til 0.8 0.18 1.5 x 1019 
IV | 5 0.26 1.5 x 1019 


rr 


On the current version of the shell structure, it is not probable to assign spin five 
and even parity to the ground state of Sb'™. 

ja:2{ Te'!* has spin one and even parity. 

This has been probable secondly until now. 

(a:2:1) 3(—)—1(4+)—0(+), Bs. Angular correlation : bad. 

(3-2-2) 4(+)—1(+)—0(+), Sj}, Angular correlation: bad. ff value: too 
small. 

{a+3{ The other cases. 

Once Langer et al’. thought that Te'’* has spin 1 and odd parity, but by the 
new results of Stump” and Metzger” their opinion turned out to lose its importance. 
We have done considerably detailed calculations in this case before the publication of the 
results of Stump and Metzger, so we describe the tendencies. 

(a-3-1) 0(+)—1(—)—0(+), | 2a | for. Angular correlation : very good. . 
Kurie plot: not straight. Shell model: improbable. 

(a-3-2) 2(+)—1(—)—0(+), [a+| Boxr+Ze, Angular correlation : bad. 
Shell modell : improbable. 

(a-3-3) 3(+)—1(—)—0(+), 48. Angular correlation : bad. 

(a-3-4) 3(—)—1(—)—0(+), 4§+7$4 Sj, Angular correlation : bad. 

Whatever the ratio of the nuclear matrix elements may be, the calculated angular 
correlation is not so large in absolute value as the experimental one. 

(a-3°5) 4(—)~—1(4+)—0(+), S;j,. Angular correlation: bad. /¢ value: too 
small. 

(a:3-6) Perhaps Te™* has not spin two and odd parity or more than spin two, 
according to the measurements of the internal conversion coefficient, so that we do not 
consider them here. 

[b] The other interaction types. 

We only calculate in the cases of a single nuclear matrix element. 

Generally speaking, there is no suitable case. 4; and Rf (spin change 3—2—0) 
have a suitable angular correlation. However, the G~—T type interaction exists almost 
certainly, so that in. the case of 3—2, parity change no, the allowed transion appears, and 


Riz and Rj are concealed. 
We do not calculate for the case of the mixture of nuclear matrix elements in the 
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types except tensor, as it is considerably troublesome. But we expect that foxr+By 


in the first forbidden pseudovector interaction is fit to the experiments relatively well, but 
other cases are improbable. We do not consider the mixture of the types, for they are 


very complicated and we do not expect any remarkable results. 


$4. Discussion and summary 


. =e . / He, . 124 

It is difficult to explain the anomalously large B—y angular correlation of Sb by 
a single nuclear matrix element. If one mixes some nuclear matrix elements, whether 
they belong to the same interaction or not, ome may be able to get the large angular 


correlation. 
The results of Darby and Opechowski” and Stevenson and Deutsch*) are somewhat 


different in the energy dependence. In the above sections we have used the data of Darby 
and Opechowski, but we can expect the same conclusions using the data of Stevenson and 


Deutsch. 
If the P-decay is the first forbidden, the cos'@ term does not appear in the angular 


correlation function ()(0) ; on the contrary, if the decay is the second forbidden and 
the y-ray is not a dipole, the cos'@ term appears generally. This term may be small, 
but if it will be distinguished we shall be able to exclude the first forbidden transition. 

The main tendency of the angular correlation with a single nuclear matrix element 
will not be determined by the nuclear matrix elements but by the spin change and the 
rank of the interaction Hamiltonian. But one cannot generalize the above conclusion in 
the case of the mixture of more than two nuclear matrix elements. The effect of these 
interaction terms has large influence. 

In conclusion, the large angular correlation of Sb’ does not contradict the Fermi 


theory and it can be explained with the linear combination of the three nuclear matrix 
elements, | fa, a0 xr and Bf in the first forbidden tensor interaction. The transition 


3(—)—2(+)—0(4) of the nucleus is almost certain. 
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A new method is proposed which allows to express the frequency-distributicn-function of solids by 
real functions. The result can be written in such a way that it contains the experimental data in terms 
of a modified Debye-temperature. 


§ 1. Introduction 


The problem to find the elastic spectra of solids from the specific heat has recently 
received much interest. Montroll” has solved the problem by the method of Fourier- 
transforms. This solution involves complex functions which make a direct application to 
actual problems impossible. Grayson-Smith and Stanley” have solved the integral equation 
in question by expanding the frequency-distribution into a Fourier-series. This method is 
appropriate only when low-temperature data of the specific heat are used. 

We intend to find an expression for the frequency-distribution in terms of real func- 
tions and we propose the following way. 


/§2. Method 


We write the number of eigen-vibrations of the solid in the frequency-interval between 
vy and v+dpv as f(v/»,)dv/%, where ¥ is a frequency in unit of which we express the 
frequencies. Its value we choose in a way explained later. The specific heat per mode 
C(T) at the temperature 7 is then written as 


n= 4 (a _@LDaehy 


(el *P — 1) (1 — elk?) 


ey 


Introducing +=hT/h», and 2z=/v/kT, we obtain with f(z) ==2°¢ (2) and C(x) =ha F(x) 


1 2) 


F(x)=|d a og (22) (1) 


Our problem to determine the frequency-distribution g(z) by means of the specific heat 
F(%) is now to solve this integral equation (1) of g(). Using the Fourier-integral of 
F(x) 7 
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L(y) = ie \ aty(t)cosxt, ¥ = | auP@) cos ti , (2, 2a) 
7 
0 0 
we express g(%) by the integral 

2 co 
g=— larg Ore, i) 

0 
aes | a Bes | au Way chara (3a) 

T . 


where 7(z) has to satisfy the following equation obtained by insertion of eqs. (2) and 
(3) into eq. (1) 


( ay (42) 
(#—1) 1-2") (+) 


cos 4 = az 


If we could find the solution of this integral equation (4) in real functions then eq. 
(3a) would be a form satisfying our intention. 
In order to solve eq. (4) we observe that the homogeneous equation : 


Mite aif (#2) 
pa) =a| & aL EaS (5) 


foo) 


has the solutions ¢(1)=.+% where w can take any value for which the integral has a 
meaning. Since cos can be expanded into a power series, we are allowed to assume that 
7(z) can also be expanded into a power series and find then easily 
© ov 
(NGA —)” = ’ 6 
(2) 23 ) (2v)! (20+ 4)! €(242) SE 


C(x) being the Riemann €—function. With the relations 


See el ee (7) 


(2v)! (244)! 1" 
and 
J cg Upon othe) : 
C(4) oS nu 3 ( ‘ ) 


(7) being the Moebius function, eq. (6) takes the form aimed by us as follows. 
ob Aat) | J (2 Viz/2) | 
ies Re} = : 9 
i) pa ie : (2/i1)” (2) 


To get further, we express the temperature dependence of the specific heat, /(2), 
in terms of a modified Debye-temperature (7) as 


Ba) 
HGS 3 | a: 
0 


( 


4 


=) Ge) 


(10) 
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Now we come to a definition of the frequency %. It seems convenient to choose v, in 
such a way that /y,/é is the minimum Debye-temperature of the solid in question. With 
this expression eq. (10) for F(x), we rewrite eg.) (2a) 

i Y (20) /2e 


¢(¢) =3| du cos 20 | Fe nas 
0 0 


CRAY OR ae 


(11) 
By a partial integration and a change of the integration variable 2 into v 


U(u)/u=v or u=X(v), (12) 


X being the inversion of the definition of v, we obtain 


o 


[dosin 00) Gas Se 


0 


3 


a 
L 


gQ= 


the insertion of which into eq. (3) gives our final result 


@ 


2D 
g@)=3— ja 
0 


sin ¢ {ae v'y(2t/X(v)) (14) 


t (e"—1) (1—e7”) 


Especially, in the Debye case, %(7) has the constant value unity and %(v)=1/v. Then 
with eq. (4) we find 


sin Z cos 7¢ Elia Unese eiey Os 


g(z)=3 “ ja ms | (15) 


a Oe 12 
0 


which leads to the well known Debye frequency-distribution 
sai eet’ paces) OY Sy, (16) 
Mo My 0 2 UPN; 


as it must be. 
A discussion of our results we reserve for another publication. 


Appendix 


It may be of interest here to see that the integral-expression of g (2), eq. (3), is 
allowable. We observe that ¢(2) can obviously be expressed as a Fourier-integral 


Eo). =? 


es \ dt cos zt| du costug (2). 
; 2 0 0 
Applying for cosz¢ eq. (4) 


2 Tet vy (stv) j 
Pages Tu costu+g (2), 
gz) = \a| # (1) (1—e") J‘ a cos t1L +9 (2) 


© fo] oo) 4 
oe vg (wo) 
eee Ate slaty indigo ee ; 
stem |aer(e | cost| ) (@—1)(1—e") 
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pas ja 7(2/) | au F’(2) cos tu , 
7 
0 0 


A;N 


jae ed r(zh). 
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On the basis of the joint probability for the two states occurring at different times proposed by 
reset the theory = eee motion is generalized to the case of isolated systems such as treated 
by “the thermodynamics of irreversible processes.” Fokker-Planck’s and Langevin’s equations ate also 
generalized. When the deviations from thermal equilibrium are so smail that the entropy of the system 
is expressible in a quadratic form with respect to its state variables, these equations are integrated, and 
the probability distribution for the state variables at each time is obtained. 

As two examples, the problems of the Brownian motion of a free colloidal particle in a uniform 
isotropic medium and of the heat conduction along an isolated one-dimensional rod are treated. The 
result of the former coinsides with the usual one, but that of the latter differs essentially from the 


Orstein-Milatz theory. 


§ 1. Introduction 


Many attempts to build up “the thermodynamics of irreversible processes’? by 
making use of Onsager’s reciprocal relations have recently been accomplished with a certain 
success”. The next fundamental problem to be solved is of course to seek for the 
molecular theoretical generalization of this new thermodynamics, especially its relation to 
statistical mechanics. Before these researches, however, it seems to be necessary, as a 
preliminary, to examine its relation to the old theories of fluctuation phenomena given by 
Einstein, Smoluchowski, Fiirth, and others”. We shall do this preliminary work in this 
article. 

In order to avoid physical ambiguities, let us consider mainly isolated systems, each 


. . . . i? 
macroscopic state of which is assumed to be specified by a set of values ,', Us/,*+*, Ay of 


macroscopic Variables Uy, Ug,***, Uw 3 ©-¥- a Set of temperatures of the small parts of the 


system (cf., § 5). According to the thermodynamics of zon-uniform. systems, a value of 


entropy S(u’) is supposed to correspond to each state u/ of the system, provided that 


every small part of the system is substantially in its thermal equilibrium state. Assuming 


the guasi-static process in its extended sense, the rate of change of entropy is given by 


do; Gai} 


aS (a) 1 2 Au! du! 
at ae ~ i) ae 


* The main idea of this article (§§ 1, 2, and 4) was already reported in Japanese: Bussei-ron Kenkyu, 


(Mimeographed Circular in Japanese) No. 45 (1951), 63; No. 46 (1952), 92. 
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ge : 
where 7° denotes the temperature of the system at thermal equilibrium, and A(u’) the 


affinity defined by 


SS / 
Aa) = T° Be os (1-2) 
ou, 
Since the rate of change (1-1) must be equal to the rate of irreversible production of 
entropy (aS/d¢) ;,, because of isolation of the system, we shall assume here, in “ the 


thermodynamics of irreversible processes”, the phenomenological /inear relations 


/ N 
da; sos ez LjA,;(u’), (1-3) 


and Onsager’s reciprocal relations between the kinetic coefficients 
Lg La (1-4) 


When the assumption (1-3) is permissible, we shall call the system to be /znear dts- 
sipative. The second law of thermodynamics imposes the conditions for the matrix (/;;) 
to be positive definite. 

At this point Onsager” found the fact that Eq. (1-3), which determines the course 
of an irreversible process, can be derived from the variation principle, te principle of the 
least dissipation of energy 


miei eben: (1-5) 


under the assumption of Eq. (1-4). Here @ denotes the dissipation function 


c —— (1-6) 


the matrix (A,;) being the reciprocal of (Z,;) : 


> L why = 33 Rul “14 — 0:35 


(1-7) 


Further, he compared Eq. (1-5) with the variation principle determining the equilibrium 
state uv”: 


LS max., (1-8) 
taking Loltzmann's principle 


k log W(u') =S(a') + const. (1-9) 


into account, and proposed, as a statistical see Gee? of Eq. (1-5), the joint probability 


W(a', At, u!') for the two states wu! and a! =u! + gv’ occurring at the times ¢ and 
a f + dt respectively : 


* 
For the sake of simplicity we confine ourselves to the case of no magnetic field, or no Coriolis force 
(cf. Casimir?)). 
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d log W(u!, At, ul!) = |S(u) +S (at!) — 9M 40) Se 
g W( ) es (u’) Uses) Fd; + const., (1-10) 
where 
ine 
P(da', du!) = 7, 2, Ris Ma,! Aaj. (1 -11) 


& denotes Boltzmann’s constant, the parameter that is in close connection with fluctuations. 

The probability (1-10) gives in fact Eq. (1-3) as the one representing the most 
probable course of the irreversible process. This will more easily be seen by introducing 
the transition probability from the state uv’ to the state u!’: 


T (u!, At, ol) =Wul, At, u!) /Wal), (1-12) 


as we shall show in’ the next section. On the other hand, if we find the concrete expres- 
sion for the transition probability, we shall at once be able to construct a statistical theory 
of irreversible processes on the model of Brownian motion theories, and this construction 
is our principal aim in this article. Thus, in conformity with its general importance we 
shall call Eq. (1-10) Onsager’s principle. 


§ 2. General theory 


In this section we shall first derive the approximate expression for the transition 
probability 2 (u’, 47, v’’), and, making use of this, obtain Fokker-Planck’s equation. 
Next we shall introduce the fluctuating part of the affinity, by which we shall generalize 
Langevin’s equation in the theory of Brownian motion. 

From Eqs. (1:12), (1-10), and (1-9) we obtain 


/ / 
hlog F(a’, At, ul = 2 {a s— OR BA) + const. (2+1) 
where 
AS = S(a") — S(a') = (AS) ine. (2-2) 


If we notice 4u’/=O(4t) and 


* The reason why the factor 1/2 was inserted is as follows: From Eq. (2-6) we have 
(az (t/)ag (2’)a(t)=al +as/aj/— 04/605 (0/) daley=al 64 (21) Dale) =alay” =2kT OL 454 
or, averaging this over all possible values of a’ with the weight //’(a/), 
hag (tag (t/)>)-+ as (Aag (4) — Cag (2) 05 (27) >> — Cas (0) ag (4) >) = 247 Lg Ae. 
On the other hand, by the temporal homogeneity and. of the microscopic reversibility : 
(6ag(t/)ag(t) >) =(ai(4)a5(4)) = 4150), 
Cas (taj (¢/) = (Kas (t/a (t))) = a5 (40), 
we obtain Agi (At) =A45(0) AT °L 49 M4 


which is nothing less than the Onsager’s (4-7) in his second paper’), if we put 7” Let = cs f. 
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N 
aa | 
2p 3) 


Iie 
Te aA 


A,(u') da! + O( 42), (2-3) 


we may rewrite Eq. (2-1) into the form 


; 5 7 >} N 
Ua, dt a! )=N(e) exp | - s" iy du! — =) Ly Au!) Ae| 
JOTI 9 (jut 1 fad bi ( Tash 


N e 
$ Lin Ante!) del + o(4e) |, (2-4) 


m= 


| du — 


where (V(u') is a normalization factor. The expression (2-4) gives a distribution for 
the amount of change dv’ occurring from the fixed initial state v’ during the small time 


At. The first two moments of this distribution are as follows : 
N 
(di \en-u0= 2 Lop Lal) 41+ O(4f°), (2-5) 
jg=1 
(My, 4u,\e yaar =2kT Lj dt+ OC M2’). (2-6) 


At a glance it will be seen that the most probable course determined by Eq. (2-5) 
agrees with the one determined by Eq. (1-3)””. 

In order to obtain Fokker-Planck’s equation we must assume the stochastic process 
under consideration to be Markoffian, i.e., the validity of Smoluchowski’s equation in the 


form : 


N 
W(u!, t+ 42) =|--| W (ou! —Au!, t) 8 (ua! — da’, At, o!) I a(4z,'), (2-7) 
t=1 


where the integration should be taken over all possible values of dv. For a sufficiently 
small df the transition probability (2-4) will have the form of sharp Gaussian distribu- 
tion, so that the integration range may be replaced approximately by (—o, ©). 
Making use of Eqs. (2-5) and (2-6), we obtain by the usual procedure” 


OW (a, t) ay ud | (OW at) Ale | 
eos Bae A a SNS oe Vee JOYS A Mee iD seo SSL) it. / | ee 
ar a Ou, | Ou, (esp i. ) (2 ) 
where 
IBN Re A RN be BAN Oat 5 (2-9) 


It- will be interesting to notice that the affinity A(u’) plays again the role of driving 
force as in Eq. (1-3), and that the generalized diffusion constant D is given by the 
generalized Aywstern relation (2-9), since K has formally the meaning of resistance. 
The fundamental solution I/’(u’, ¢), which satisfies the initial condition of the type 


¥ 
Wal, 0) = i O(a, —a,*), (2-10) 


determines the probability that given u* we find u in the range (u’, uo! +d(du!)) a finite 
time ¢ later. In the limit > co it must converge therefore to the equilibrium distribu- 
tion IV(u') given by Eq. (1-9). In fact we see that W(u') is only one stationary 
solution of Eq. (2-8) because of the definition of the afhnity (1-2). 
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We have shown above that the linear relation (1-3) is valid on the average™. 


Bow we shall generalize it into a stochastic differcntial equation, which will be valid 
without averaging procedure : 


au, 


of = 3B Lu{ Aj(a) +.A,(a, t)} (2-11) 


by introducing a fluctuating part of the affinity (0(a,7). Since « becomes a random 
variable, the systematic part of the affinity A(u) should also be regarded as a random 
function, the functional form of which is the same as that defined by Eq. (1-2). The 
statistical property of Cé(v, 7) is supposed to be determined by Onsaget’s principle. 
Integrating Eq. (2-11) with the initial condition a(¢) =a’, we have 


. 
4u,= 2 Ly {A,(u’) d¢+ B,(a’, dt)} ; (2-12) 
= 
; t+At 
Da, Ar) == \, A,(u!, €)aé, (2-13) 


for a time interval of duration 4¢ large compared with the average period of a single 
fluctuation of Cé(v,§) but small enough for the change 4u to be negligible in the 
arguments of A(u) and Ch(u,#). The probability distribution for the random variable 
B(u!, At) is obtained from Eq. (2-4) : 
N Fic t 
P(a!, dt, al )=N! |= Se et ear Nog eae AL | . 

3 (u al”) (u!)exp 2. BT ds By (ai, Oly oy (an.dt) | 3 (2-14) 
the terms O(4/) being neglected. ’ denotes a special value of 2. Similarly the first 


two moments are given by 
(Bie, Mt) eu) a = 0; (2-15) 
Cghls, 4B, (a, Mt) \ 20 =2kT°R, Mt. : (2-16) 


Since the higher moments have no physical importance because of the special construction 
of the dissipation function itself, (1:11) or (1-6), the preceding results exhaust the 
statistical knowledge given by Onsager’s principle. Thus the validity of Onsager’s principle 
(1-10) will be justified by the experimental justification of Eqs. (2-15) and (2-16). 

For linear dissipative systems the validity of Eq. (2-15) may be considered as being 
justified by the empirical linear law (1-3), while the experimental basis for Eq. (2-16) has to 
be seeked for in the observations of fluctuation phenomena, e.g., fluctuations in temperature, 
concentrations, electric current, and so on. For this purpose it is more convenient to 
rewrite Eqs. (2-15) and (2-16) into more usual forms by imposing on the properties 
of Cb(u, €) a few plausible conditions. These conditions will, however, be inevitably of 
somewhat rough character. Let us first treat Eq. (2-15). Remembering the definition 
(2-13), and interchanging the order of integrations, we shall have 


* In the case of diffusion, Sugita!) already pointed out that Eq. (1-3) corresponds to averaged 


Langevin’s equation, 


466 N. Hashitsume 


(BA; Mt) day=ar= (Ai, ©) vas =0, (2-17) 


where the symbol (-::),, represents some averages that may contain partly the a 
average over the interval (4, 7+ 4/). If the ietegrand (C0,(v’, ©) )r does not vary wi 


€, we obtain 


CD (alc) rut (2-18) 


In the similar manner, Eq. (2-16) becomes 
t+At ie rid peer: I ye! 
(Bal, 4) B,(u!, At) ee (Ai (ul, 6) A,(0!, 8) ard de 
t 
=2kT"R,,dt, (2-19) 
or 


[A, YAM, E42) par de =2kT Ry (2-20) 


approximately, if the integrand (A.(v, VCO (0', +7))g, is independent of € and 
vanishes very rapidly with increasing |z|. Since the kinetic coefficient / in Eq. (1:3), 
and hence its reciprocal FR, is assumed to be constant, the apparent dependence of the 
integrand (Ct,(u’, €)Cb,(u’, F+7))a on u! is effectively compensated - by integration. 
Now let us examine experimental justification of Eq. (2-20). This must of course be 
done in each case, but the general validity of Eq. (2-20) will be made plausible by the 
following consideration. In the case of electric current there are the well-known Johnson’s 
experiment and its Nyquist’s theory”. After some generalizations, AVyqzist's equation 


may be written in the form 
(O(a, 8); (1, E47) ar =2kTR: 8 (cz), (2-21) 


where (7) denotes Dirac’s delta function. The relation (2+21) satisfies Eq. (2-20). 
Thus the general validity of Onsager’s principle (1-10) may be considered as made 
plausible. 

In the preceding paragraphs we have shown that Onsager’s principle describes any 
irreversible process of linear dissipative systems including fluctuations, and that the fluctua- 
tion is closely connected, through the kinetic coefficients, with the energy dissipation as 
in the original idea of Nyquist. The latter fact was the reason why we have coupled 
A(u) and Cb(v,t) in Eq. (2-11). From the former fact we see that Onsager’s 
principle plays the role of the second law of thermodynamics. If we take into account 
that our theory is, from its beginning, closely related with the well-known method of 
Boltzmann in statistical mechanics, it will be seen that Onsager’s principle gives an expres- 
sion for the famous. statistical interpretation of the second law of thermodynamics by 
Boltzmann. By this interpretation the entropy of an isolated system may increase as well 
as decrease, though it must increase on the average. In our theory this temporal -ehaviour 
of entropy will be most explicitly described by the stochastic differential equation 
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@()y_1 s A dug 


a Tt Soe) 


ne 
=z, © Ly Ai (4) {4,(4) + Ay(a, 2} 
TS 
“(2),,(0-+ be a 
where 
Alu, t) — Fe Lu Ada) ,;(a, f); (2-24) 


(5 (a!, =)) «=0, (2-25) 
| (5 (al, &) (ul, &+ t) ede =28 (2) (u'). (2-26) 
—o trr. 


dt 
[the use of the reciprocal relations (1-4) being made!. Since the first term of Eq. 
(2-23) is a positive definit quadratic form, the entropy will increase on the average, except 
for at the equilibrium state u° defined by Eq. (1-8), ie. by 


ou ; 
A(t) =P Oo =0, (2:27) 


§ 3. Special ease of a quadratic entropy 


In this section we shall confine ourselves to the case of sufficiently small deviations 


u'—o° from the equilibrium state u°, so that the assumption of independence of the 


fluctuations on v’ may be permissible. In this case the entropy for a state uv’ is given 
in a sufficient approximation by 
N 
Bie) SSO SYS ales af): (3-1) 
2 t,j=1 
2 0 
ee |=- ga). (3-2) 
M duu; 


The matrix (.S;;) should be positive definite by virtue of the second law of thermodynamics. 
The affinity (1-2) has the form 


N 
Akg) == T*5' Sy(af—4;); (3-3) 
= 
which gives in turn the frictional force 
N N 
>) Ly Aj(4!) = — 2 Ajj 43! —43'), (3-4) 
gat j= 
where 
N 1 N 7 
Ai; —— Fi" pa doy Si Bey pa Du Say (3 -5) 
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Though the matrices (/,,;) and(S;,) are symmetric, the matrix (4;;) is not so in general. 
In the following we shall see that this matrix (A,;) will determine the relaxation time 
spectrum of the process under consideration. 


Fokker-Planck’s equation (2-8) has the form 


ACAD ae a w z 
Boe oe Re wl Ayal at) We O} 


OW, 1) a) 


N 
= cepa S, 


Gu 7 (al —a,)A(a/—a;) 


This equation can be solved by the orthogonal transformation” 


x 
Ui ae di Pri(4s—4:°), (3-7) 
where the coefficients ¢/,, are determined by the eigenvalue problem 
Mic 
2 PiAyg=*Pry > (3-8) 


A, being an eigenvalue. By this transformation Eq. (3-6) becomes 


OARS 1) em re) mee 1 a°W(y7/', ¢) 
ODS) Cy AE eee ae 3-9 
at pe T ig 17,’ Wy’, ¢)} 3 219 yf dy. (3-9) 
where we have defined 
N : 
Fre 2D Ye Dishes (3-10) 


The fundamental solution, which satisfies the initial condition 


W(y!; 0) al Oe Has 3 : 11) 


is given by 
= 1 s 
Wl, D=NOep| 2S Pee ae m) giamterd |, B12) 


where /V(¢) denotes the normalization factor, and 


(Pn = on [1—exp{— (4, +4.)¢} ].- (3-13) 


The corresponding solution of Eq. (3:6) will be obtained by making use of the inverse 


transformation of Eq. (3-7). This will be carried out easily when the matrix (S,;) is 
diagonal. 


The stochastic differential equation (2-11) has the form 


ee =o Ai(4j—4/)+ F(t), (3-44) 
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_where we have neglected the dependence of the fluctuating term on uw, and defined 
F(t) =o ly A,(2). (3-15) 
The statistical properties of Cf are determined by Eqs. (2-18) and (2-20) : 
COAG a ee Gato) 
| (ADA t) at =2D,,. (3-17) 


After the transformation (3-7), Eq. (3-14) becomes 


a; 2 
t= — hay + GAO), (3-18) 


where 


4.O= S be: As'Ds (3-19) 

which satisfies ~ 
(FE) a=: (3-20) 
{4 CE a ee (3-21) 


The formal solution of Eq. (3-18) is given by 


t 
9; (¢) ayer + | pues Oe he) de, (3-22) 
0 


which has the probability distribution (3-12)”. 


§ 4. Brownian motion of a colloidal particle 


As the first example we shall treat the original problem of Brownian motion of a 
colloidal particle in an uniform isotropic medium of temperature 7. The isolated system 
under consideration is composed of both the particle and the medium. For the sake of 
simplicity let us suppose that the variable u specifying the system be only the momentum 


of the particle p =-( 2,, Py Dz)- 


For this case the equilibrium distribution becomes the Maxwellian 


W (pp!) = (2amkT)-*” (-¥ 3 4-1 
(p') = (22mbT")""exp( -— F  ) (4-1) 


where z denotes the mass of the particle. Remembering Eqs. (1-9) and ie): we 
obtain the affinity vector 

A(p’)=—p'/m. (4-2) 
On the echo hand, as the medium is isotropic, we may put the matrix of kinetic 


coefficients (Lij) to be diagonal ; 
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Lis=f ors (@, J=4) I> 2); (4-3) 
f being the friction constant. As the matrix (S,;) is diagonal, the eigenvalue problem 
(3-8) is already solved, and there is no eigenvalue other than 
A=f/m. (4-4) 
Thus Fokker-Planck’s equation (3-6) or (3-9) becomes 
Mh i pal Cree 
OW (p', t)_ 9 9. ty w(p, O} fap abes a (4-5) 
at ap’ ap” 
where 
D=kTf (4:6) 


is the diffusion coefficient in the momentum space. (The diffusion coeficient in the 
ordinary space is given by D/f?=£T"/f). As is well-known, the fundamental solution 
of (4-5) is 


rd 


7 -2 —3/2 |\p—p*e 
Wp", t) = (anmkT"(1—e™)} 2 exp | - ee 


nea) 
Similarly, the stochastic differential equation (3-14) or (3- 18) becomes 
ap _ Sof Ear (2), (4-8) 
at m 


where the fluctuating force F'(¢) satisfies 


(P(E) ) p =0, (4-9) 
| PO) BE +2) ) pede =201, (4-10) 


1 being the unit tensor. These results are completely in agreement with those of the 
usual theory of Brownian motion. 


When an external force AK with a potential y, say* 


K(x) =— 28), (4-11) 


acts on the particle at each position a, the system becomes wov-isolated, though is 
thermally isolated, for there is the mechanical work done on it. Thus our theory can 
not be applied to this case. However, by considering this case, we shall obtain a sugges- 
tion for the generalization of our theory to non-isolated systems. 

From the Maxwell-Boltzmann distribution 


(at, pt) = exp] —{ 2" toler |, (4-12) 


° 


* An external magnetic or Coriolis field can be treated in the similar manner. Cf. Callen. 
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we obtain the affinities* 


(A;, As, Azy == (a0"),, (alas 1,, Ag) = ——p' /m. (4 5 13) 
In order to get the equations of motion 
ax _ p' 
at m 


(4-14) 

ly! / 

oP = 7 24 Kia) 
at m 


from the linear equations of the type (1-3), we must assume the kinetic coefficients of 
the form Z 


(Ly=f (5 1) + : eB (4-15) 


which has the symmetric and the antisymmetric parts. 
Thus we must in general divide the kinetic coefficient into its symmetric and antisym- 
metric parts : 


Ly=LO+L?, 
L®O=L& L@e=—L@ C43 16) 
mcs Anata) Rare Jes 
Then, as pointed out by Callen”, the antisymmetric part (Zi?) does not contribute to 
the energy dissipation. On the other hand, according to the idea of Nyquist, the fluctua- 
tion should~be coupled with the energy dissipation. From this point of view it will be 


natural to assume the stochastic equation of the form 
du; a (a) af (s) 
ae LP AM4) + 2 L} {A,(4) + A,@ 2}, (4-17) 
j= i= 


where the statistical properties of (£(u, ¢) is determined by the transition probability 


1 5 PD [ (du) irr, (da’) ee 4 
flog (ul dt, o!") = 2 | (AS) im. — ae 1 (4-18) 
\ a 4 / 2 
(45)... = To oa A,(a’) (da Vee tar); A (4-19) 
‘=i 
N 
P [ (Ad!) typ. C40’) for] = 2 DRY (4a!) tor (My Darr, (4-20) 
4,j=1 
N 
4a), == da, — my LA, (a’) de, (4-21) 


* In Eq. (1-2) the entropy S has to be naturally replaced by —/(a’)/7°, / being a free energy (or, 
more precisely, the “minimum work ” necessary to take the system out of complete equilibrium a@° into the 


given state a’). 
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the matrix (X{§) being the reciprocal of ( LS). It will be interesting to notice here that 


the principle of microscopic reversibility stated in the form 
(A,(v', ENGL (als + T) ya = COHGE € t= T) A,(a', €) Yai (4 ‘ 22) 


excludes the appearance of the antisymmetric part (L@) in Eq. (4-20) [cf. Eq. (2-20) ]. 


§5. Fluctuations in heat flow 


As the second example of our theory, we shall now consider the conduction of heat 
along an isolated rod. This problem was already treated by Ornstein and Milatz’”. 
Their treatment, howevét, contains one essential assumption, which made their result com- 
plicated and different from ours. The problem of diffusion will be treated in the same 
manner’. 

For the sake of simplicity let us confine ourselves to the one-dimensional case, in 
which the value of temperature 7’(2) at a position x does not deviate so much from its 
equilibrium one 7", and the approximation 

1 = 1 poate. (5-1) 
Ter) Miele, a Z 


4T' (#4) =T'(4)-T° (5-2) 


may be used. Under this approximation Casimir gave the expression for the entropy 


Su Zhe 


2 Jo bee 
pee) ise oe SAT! NAT! (a \dedae = 
ral el (ex (x) (ards (5-3) 
Se, = Eie—#), (5-4) 


where Z denotes the length of the rod, and C the heat capacity per unit of length 
(assumed to be constant). If we regard 47 (1) as the variable u,, the theory developed 
in §3 can be applied, after its generalization to the case of continuous parameters. 
Since the entropy (5-3) is a functional, the affinity is obtained by the functional derivative : 
OS Care 
—— 2d (4). : 

Wrap. v Cz 


Ale AL \j==f° 
From Eq. (1-1) we have the rate of entropy production 


dS Perea oe ee Oe eal O4T' (x) 
at ) r= 2 ab out lean eee ? (5-6) 


_ which is easily found to be equivalent to the usual expression in “ the thermodynamics of 


irreversible processes ”””: 
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(ph le Te leat 


Pah ee 


within the approximation (5-1), if we notice the equation of energy .conservation and 
the boundary condition : 


OL (2) a 0 
2 eee 
Q'(0) =Q'(L) =0. (5-9) 


By the assumption of Fourier’s law 


Q'(x)=0, | (5-8) 


arn) 


O' (x) =— 
Q'(x) Seger 


(5-10) 


Eq. (5-8) becomes the well-known equation of heat conduction 


ar'(x)_* #T"(2) 
Or G Ox 


; (5-11) 


which can be rewritten into the integral form 


/ L 5 
| Le, *) Ale pAT ade": (5-12) 
0 
0 22 Posey 
Fre eee OS rd (5-13) 


ee Ax” 


The equation (5-12) is just Eq. (1-3) for the present case. x denotes the coefficient 
of heat conductivity. 

As we have known the integral kernels S(+, x’) and L(x, x’), we can now develop 
the theory of § 3 explicitly. First we must solve the eigenvalue problem for the kernel 


x 0(r4—2’') 
G ax 


LL 
A(z, #'!) = mt Taye Sha tg ee (5-14) 
0 


Under the boundary condition (5-9), the eigenfunctions are 


Ao dee cos (“% x): n=1, 2, ee (5-15) 


from which we shall, however, omit the first one in order to avoid mathematical difficulties. 
Thus we confine ourselves to the functional space determined by the orthonormal set of 


eigenfunctions 
fn(£) =, 2 cos (2), Hae TDS 3), art (5-16) 


In this space we may put 


0(4—2')= Slice (2) cos (7 2’), q (5-17) 


es 
TE: eL 


+ 
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so that we have the eigenfunction expansion 
24 = nm NT 
Nee ee ( ta) cos ( = ), 5-18) 
(a4 } 7 ANG : ( 


where the eigenvalues are 


ha( ee) pas oN (5-19) 


The transformation (3-7) becomes 


m=, 247) cos (ee r) es 
tel es ee | (5-20) 
4T(*#) Se o2 Tn COS (=z) * 


Similarly the matrix element (3-10) becomes 


Gl at 
nm = 2| \ AT L(x, #1), (2) Pn (adede! 
070 


1, T02 
se a Neh eas (5-21) 


In Ornstein-Milatz theory” this o,,,, was assumed to be of the form GOnm, Where the 
diagonal element o is a constant inaependent of n. Such an assumption will contradict 
Onsager’s principle. Since our matrix (Gnm) is diagonal, we can compute the reciprocal 


of the matrix defined by Eq. (3-13): 


C Cates 
AT® 1—exp(—2,f) 


= 
Dm = 


(5-22) 


which gives in turn the probability distribution of 7: 


of. £T® ey =z ee 
Wey t)= It | 2" Ales ')| me F iC ns jet) | eet 
Dus (1) 
G 


If we may make use of the kernel (5:14), we can express the preceding distribution 
in terms of the original variables J7’(1). For this purpose we utilize the eigenfunction 
expansion 


(A 4) @ #) = 


Dre ; um NI 
> An) cos (+) cos (2!) (5-24) 


for any function f(A) that can be expanded in a power series of 4. For example, repre- 
senting the average with respect to IV| 47"; ¢] or W(7/, t) by (--+),, we have 


(4r@)).=/ 3 (fn) t cos(™ x) 
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G2 Wn he ks nm 
erred Wn cos (7 ue 


- 
=|" ar¥(a!) (eo) (2, ade’ (5-25) 
where 47*(x) denotes the given initial temperature distribution 
ar*(2)=,/ 2 Sint cos ex). (5-26) 


In the same way, we obtain the variances 


({47 (4) — (AT (4) ))} 1472’) —(4T@’)) 3) 


sa ( Lone (7m) i) (75> (Ym)e)) # cos (#2) cos lee Bah 


) 


cas 
a Ty mae ss ws, a3 un 
=— = Ga iA 2 me peri 5 bate 
C ree —e ) cos( x) cos (“" x') 
re dpe 2 
= (1—e"*™*) (a, 2’). (5-27) 
GC 
As is readily seen, in the limit ¢—> oo these averages and variances approach the usual 
results’: 
(47 (4) a= 
5-28 
(AT() AT (2!) uw =A Oe — x!) | Ge 


Making use of the expressions (5-25) and (5-27), we can at once write down the pro- 
bability distribution for 47(*) 


| e(3 
AT ole x SONY Sink : 
WAT! 5 #] N(dexp | al, (ae) ') 


{dT"(x)—(AT(2)) 3 AT") —(AT Qa") dvds’ |, (5-29) 
where /V(¢) is the normalization factor 


i 02 —1/2 
Nt) = | 224 Ad” -2 ent) | j (5-30) 
n=1 


- which, unfortunately, becomes infinite. In order to obtain the finite V () we should 
have cut off the higher Fourier components of AT'(x). The expression (5-29) reduces 
to the equilibrium distribution (1-9) with the entropy (5-3) in the limit ¢—> ©, as it 


should be. 


To compute the correlation between the variables at different times or the spectrum 


of 47(x), in addition to our general theory, we must know in general the details of 
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the fluctuation spectrum of C8(/). In fact, from Eqs. (5-20) and (3-22), we have 
CRO Vee 3 {nt conte [ie r,0-9-G,, (6) )d3 cos ax): (5-31) 
(Fn (E) y= (5-32) 
[CGa@ Gu E+E) pt =Fam (5.33) 


and hence 
CAT, 3) an = % aS he aces (“" x)= (AT(2)),5 (5-34) 
Vb, n=1 Us / 
where the average (-::) a7 has the same meaning as that of {---),, in Eq. (2-17). 


Similarly, for a sufficiently large t( > 0) compared with. J¢ we have 
({AT(a, s) —(A4T (4) ) i} (474, 547 \— (AT (2) Vaa2} Dag 


3! cos (=x) cos(™ x a ). aé j.2 DE! ene) mG! —#=D) (F,(6) F m(§") af 


a2 
WL, 
oO 7 ; 0 
= S31 @7*m™ cos (2) cos (ae ) Cnt rm” du 


—t 


«|e Onda Gu E) Goal E+ 2) day de (5-35) 


approximately. It will be seen that our result (5-33) is not sufficient for the last 
integration in Eq. (5-35). However, if the integrand itself of Eq. (5-33) may be 
assumed to contain the factor 0,,,, of Eq. (5-21), we can carry out the integration : 
( {47 (4, s) —(AT (4) )} {47 (2, s+ 2) — (AT (4) ders} arr 
La poe 2 ; a 
= C 7 ern*(1 —e~ An‘) cos (42) cos (2) 


BT” ) 
= p(x, Tt, x’), (5-36) 


where we have defined 


Plat, Bee ae) rae) (5-37) 
The expression (5-36) reduces to Eq. (5-27) in the limit t—> oo. It will be interesting 
to note here that p,(, tT, 7’) satisfies the original equation of heat conduction : 
CE i ean amicon A Chur 2”) 
ar G CEs 


(5-38) 


This suggests the existence of some relations between the fluctuations in heat flow and 


those in phonon diffusion”. From Eq. (5-36) we obtain the spectral Seuaty matrix 
(not normalized) for J7 (x): ; 
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eae \" {AT (x, s)—(AT(x))} 


{47 (4', s+7)—(4T(#') ) p42} Ya cos(wt) de 


Sl aS ea ae 1 ey ee nm 
Cpe o4ae (1—e7*n#) cos( 7 Ww ) cos (2a) 
Ee A < 
ee en). (S39) 


the normalization factor of which is the reciprocal of 


foo) oe pale} 
| Gale, ¥)do= AT Zeya) (5-40) 
Thus we shall see that, under our previous assumption employed in the derivation of Eq. 
(5-36), the normalized spectral density matrix does not depend on the equilibrium 
temperature 7°, and is determined only by the quantity x/(CZ’). 


§ 6. Concluding remarks 


We have shown that, for isolated linear dissipative systems, a general statistical theory 
can be constructed semi-empirically to a certain extent on the basis of Onsager’s principle 
(i107); 

The essential approximation in our theory lies, however, in the use of the definition 
of entropy given by the ordinary thermodynamics of non-uniform systems. In fact we 
have always made use of the same functional form of entropy .S(u’) whether the probability 
distribution of u is the equilibrium one, V(u’), or the non-equilibrium one, ]V (u’, ¢). 
This is expressed most explicitly in our use of affinity A(u’) defined by Eq. Clie2) Sen 
in Eq. (1-1) or (2-8). As was stated in § 2, this procedure is, however, closely related 
to the method of Boltzmann in statistical mechanics, and can be applied only when each 
small part of the system under consideration contains a very large number of particles. 
Thus our whole theory can be applied only to such systems, but is hoped to be useful 
to analyse semi-empirically fluctuation phenomena in irreversible processes, especially those 


in the neighbourhood of transition points. 
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Note added in proof: After submitting my manuscript I could read the very interesting work of M. S. 
Green [J. Chem. Phys. 20 (1952) 1281]. He has started from the Kirkwood theory and fairly clarified 
irreversible phenomena from the microscopic view, while my theory based on the Onsager’s is a semi-empirical 
one and is discussed from the macroscopic view. Though the relations in the former theory are more general 
than those in the latter, both theories have many points in common. Especially, Green’s equation 


\ Kosmos trsroplda= Ses (a> 0) 


seems to coincide with my somewhat obscure relation (2-20), or more directly, (3-17). And when <v;)=0 
and €;j;=const., his equation (30) 


Sg eee SA hee EMRE A etn nae 
Fane [-(worDge 9, Wed) TDG, G7) | 


u 1 % 
Ej Sy Ess t ba] =F, 


agrees with the Fokker-Planck equation in my theory 


OV % 0 ua 0 OW Aj hVve 
—— L(@) ,;4j5W = ¥ oS 
oe = da,7! 1545] ea rer kale kT? )} 


Dip ZS kT*L() 4g =hT (ROS)-1) 53, 


which is derived by making use of my expression (4-18). This will support the way of the omission of the 
antisymmetric part 7‘“) in my theory. The definition of entropy proposed by Green seems, however, to be 
different from the usual one in the thermodynamics of non-uniform systems, in which man utilizes the additive 
property of entropy. 
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The reaction of radiation on the scattering of electrons with radiative corrections is treated on the 
basis of covariant theory of radiation damping. It is shown that the ultra-violet divergences are removed 
by the process of usual mass and charge renormalisations ; and the infra-red divergence, which still persists 
in the second order corrections to radiationless electron scattering is exactly compensated by the correspond- 
ing divergence occurring in the scattering with the emission of radiation. In § 1 the interaction Hamiltonian 
for the scattering processes are given after Feynman-Dyson formalism. In §2 the covariant formulation 
of radiation damping and the scattering cross-sections are given. The § 3 deals with the infra-red diver- 
gences involved in the electron scattering. 


introduction 


The problem of infra-red catastrophe in electron scattering and its interpretation by 
Bloch and Nordsieck,” Pauli and Fierz,” and Braunbek and Weinmann® showed for the 
first time the significant part played by the virtual quanta accompanying the electrons and 
the inadequacy of the customary perturbation theory where use is made of expansion in 
powers of u=e/4nhc. By making use of a canonical transformation these authors were 
able to include the virtual quanta in defining the state of the electron in closed form, 
at least in non-relativistic approximation, without expansion of the series in powers of 4. 
It was thereby shown that the infra-red divergence associated with the scattering of electron 
with the emission of radiation was exactly compensated by the radiative corrections to 
electron scattering without radiation. It was further clarified by Pauli and Fierz that the 
compensation takes place only for the emission of quanta of low frequencies. But for the 
emission of high frequency virtual quanta involving energies higher than the electron’s 
kinetic energy we are faced with new divergences (ultra-violet) which are again logarithmic 
and remain uncompensated, there being no corresponding ultra-violet term in the radiative 
scattering probability. The origin of new divergent terms was investigated by Dancoff” 
and Lewis” from relativistic considerations. It was shown by Lewis that they are all 
attributed to divergent mass increase of the electron. The work of Bethe and Oppen- 
heimer” further revealed a new difficulty as regards the compensation of the infra-red 
divergent terms. They showed that the complete compensation does not take place when 
one takes account of the effect of the radiation damping on the electron scattering by the 
perturbation method of Heitler” and Wilson.” It has been, however, recently shown by 
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one of us” that the application of the theory of radiation damping as proposed by Heitler 
and formulated by Pauli,’”) when properly modified to take account of radiative corrections, 
removes completely the infra-red divergence difficulties pointed out by Bethe and Oppen- 
heimer, at least up to the order of vu. Recently a new formulation of a covariant electro- 
dynamics has been developed by Tomonaga" and Schwinger” which gives a powerful and 
consistent method for investigating the radiative corrections successfully up to any order of 
approximations, and in which the ultra-violet divergences causing serious difficulties in 
previous calculations are removed unambiguously by the process of charge and mass te- 
notmalisations. It has been already shown by Schwinger that in the new quantum electro- 
dynamics the infra-red divergence, which is left out after mass and charge renormalisations 
in the second order corrections to radiationless electron scattering, compensates the infra- 
red divergence involved in the scattering with the emission of radiation. Schwinger has, 
however, not considered the effect of the radiation damping on the electron scattering. In 
present paper we shall extend Schwinger’s calculations to study the effect or radiation 
damping on the problem of electron scattering by a time independent scalar field and show 
that the scattering in this case also becomes completely free from divergences, infra-red or 
ultra-violet, after the usual charge and mass renormalisations. Contrary to Bethe and 
Oppenheimer, the infra-red divergences involved in the scattering with radiation is still 
being cancelled by the corresponding term due to the scattering without the emission of 
radiation, the extra term needed for the compensation being supplied by the higher order 
radiative corrections. In the first article we shall briefly work out the interaction Hamil- 
tonian for the scattering processes after Feynman-Dyson formalism. In the second article 
the theory of radiation damping and scattering cross-section will be given. In the third 
article we shall discuss the problem of the infra-red divergences involved in the radiative 


corrections to electron scattering when radiation damping is taken into account. 


§ 1. Covariant formulation of interaction Hamiltonian 


We shall first derive briefly Schwinger results for the interaction 
of an electron with the electromagnetic field from the -Feynman-Dyson 


formalism. Fig. 1, gives the lowest order elastic scattering of an 


electron by an external field and the corresponding matrix element is as 
FT (9) = —12$ (4) 7pP (40) Au (%)- (1) 

The diagrams describing the second order radiative corrections to the 

electron scattering are’ obtained by introducing the vacuum polarisation, Fig. 1 


self-energy and the vertex parts to the Fig. 1 as shown in Fig. 2. 


The matrix elements of various processes of Fig. 2 are given by 


VERS Hi) =_ on az ais Spur (Gigs Sp (4)—%;) Ray SS (25 —2x,) ) 


x Ai (4) Dei — 42) $ ee) (49), (2) 
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| 
I 
| 
I 
| 


Fig. 2 


HS? kare) = = = | ax, dx, Ay (4%) [¢ (4%) Vw Sr (4— ay) Vy Sp (%.—*;) Vy iD (4) 
x Dy (4o— 41) +) (42) fy or (41— 4s) tv De (4;—%) Sp(%— 4%) re Pe) | 
De rr Ome \ dx, Ay (%5) [¢ (4) Te Sr(X, —%») y (44) 


+¢ (4) Sr(%—t)T¥ EAE 39 


c CUT Ae he 
[genes (%5) a oe a \ ax, Ax, Ay (45) Ly (4) Ty Sr Ga 4) Vp Sy (%— a) 


x TP (42) |Dr(%i—*2)> Gao) 
where u=c?/4mhc and D(x) and S;(%) are Feynman’s functions for the electromagnetic 


field and electron respectively and given by 


fn —21 oe Pz 4 7 ENS =a —ipx rp —*o . 
= ai | Sipe eke we FN pte sit Olas 5 
(x) (27)' ee a ©) (27)" Je 5 Cm. a 


1 is introduced in D,(x) to avoid the anticipated infra-red 
divergences and will be made to—O after all operations are 


performed. Similarly the lowest order matrix element for ees xh, 
bremsstrahlung is obtained from the Fig. 3 and is given by tN as 
aie (4%) ee \ ax, [y (4%) Vp Sy (ha L)tvo (4) ‘ 
2he Fig. 3 
ze (4) Ty Sr (m= 24) Vp uy (4%) ‘ Ag (%) A; (4,) , ( 6 ) 


where Af(2) is the external field and A,(x,) the electromagnetic field. 


We now proceed to calculate the second order corrections to the charge-current. The 


charge-current due to the vacuum polarisation can be expressed as 
NX = & A. 2 N 
O78 (%) sinuc| dr, Gy(ay— 7) 9A (m), Gon 


where 


9A, (24) =—¢/2| de Dra — 2) POTS» (8) 
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and 
Gy, (#) =Spur Hrd CaN he Sl Aes (9) 
Now by making the Fourier’ integral representation of S»(1) and evaluating the spurs 
we can write 
hy! hy Wk, WE yarns ae le) (10) 
(h2 4x2) (Rk? “ie, 2) 
It is easily seen that the requirements of charge conservation and gauge invariance are 


satisfied if 


Cen: eee ak! dak" ¢ sic (kl +k!) 


(ee (1) 
IEE Fe Bil Be Pe 


Introducing new variables %, and f, defined by 


byl = hy 0) +P byl = by A 42) Ps (12) 
and writing 
285 7 DPD nS ie 
& il Se ——= ny jel +h rep e (ene) +3 | ; (13) 
(2? + x7) (BP +x) 2J eRe 
we obtain, following Schwinger 
Gale —0d JO? Gyles (14) 
ays erage wOP)G,(2) 
where 
+1 
eet aia Z 9 Pe Ree (ten O72 a a2 :- 
GU) = Gaye |e?) | a Xpe (x +) 4- 4 (1—z )) (15) 


Sar Ong # (log to —1)ae) + 2, a(A@— + F.@)) (16) 
z 87x, 3 


37- Psa % 


by a partial integration with respect to v. 
The expression (7) for the charge-current is eh reduced to 


Nea —2 L I} R 0 20 ~ 
OV (4 )= — ( Zelog=+*2— 7G) == ee ae (A (%)—4;) 


LA) Gdn, | (17) 


where 
1 


; a e* dk 
F,(4)= {2 dv = yi | EEA) Ga” (18) 


and 
Pea v Pe ae (19) 


The diagram (b) corresponding the self-energy part gives rise only to mass and 


ioe DN 
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charge renormalisations. The charge-current cortesponding to this diagram is given by 


wuec 
2: 


+ ip (45) (4,75) Ss (= 2) red (x) ] 


Ou (4%) = \ ax, dx5[ h(a) vu Sr (i=) K (4-45) $ (42) 


é IN 9 as a ‘e . * ~ 
eee oe Ome {ax ly (2) ian Sr(41— %)f(4,) +¢ (44) S43 eT eel > (20) 


where A(x) is given by :— 


YE) = aN 7 Tie fea Cara Meta 3 
(27)* ie [(~—4)? +27 ](C +2) (21) 


Now since 


1 


1 e ° 9 2 
[G—2)2+22][2 +2] — j dul (kup)? + xpu + #P(1—u) +u(1—u) (+4) 1%, 


0 
(22) 
the transformation 
Ry khy tips (23) 
brings A(x) into the form 
1 


K(4)= eae | dedpe™| du (1 —Upy =~) 


rf 
0 B 


x ! % wp —t) 17k + 2%, : (24) 
{B+ ux +P (1—-u)t+ (Po+x7)u(i—u)}? . 


Here the first derivative in the integrand represents the contributions from a surface term 
which must be added to take into account the effect of the displacement (23) at large 
values of |£| where the integrand does not tend to zero rapidly enough. Taking 


j hy fe) ak=0 )4 hy f(k)dk= ee By, | Mf )aek , 


and simplifying and rearranging terms as done by Karplus and Kroll" we obtain finally 


2 8 ‘ome (1-Fa) ede 2 er, 
Bs a \~ oe jae {| (24 A272 ee 
0 


L, Qimx2u(1 +2 * ond 


Now substituting (25) in (20) and evaluating the integrals in the usual way, the first 
term which contributes to the self-energy cancels with the counter self-energy term as given 
by the last term of (20). We thus obtain finally, after replacing the renormalisation 
factor Z, by Z,'", as shown by Karplus and Kroll, 


: 6 x P+ P, 3 
Bit (0) = 2 (2log 72 — log + 2) Jaa)» (26) 


0 
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where we have used the relation 


ch=2k min - (26a) 


This is proportional to the current operator and therefore can be removed by the procedure 


of charge renormalisation. It will, however, be shown that this cancels with the term 
from the vertex part when we add them together to obtain the total current. 


We now calculate the contribution to the current arising from vertex part: 


Oe (4%) = LAE | cede (a) Kut %,—X4) P( 42) (27) 
where : 
Ky (42 ea) =D, ae) Ty Sp(%— 4) Tp Sx Xo- 878 . (28) 


By making the Fourier integral representation and proceeding in the usual way we can 


express (28) as 


— , 3 
KG (aon a X) =|) Ge x | | ae dt,dk dk! dk eta Vig do ar? 
(s 
ye tk (e220) > i (41) Ty (ak! a %) Tu (irk" ia %) Ty ey (42) j (29) 
(242) (2? +x,2) (he + x2) 


We now introduce the variables 
Pe =u — hy > pul =k" — hy » (30) 


and note that f(x,) and ¢(%.) occur on the left and right respectively and that the 
integrations are performed with respect to x, and x,. This means that only values of 
pul and p,!’ should occur for which pr tap ag SOF and (ixp'+%,) (on left) =0 
and (i7p"’+x,) (on right) =0. 


As a result of this transformation (29) becomes 


ps 9) eB . 
Ky (oy Ko—Xp) a aon | aeap! ap ee gel eaase) 
71 (t7( p +2) —%) 7. Gr (0" +4) —% 
va 7 (p ) ») hy : (31) 


(E+ 2hpl) (E+ 2hp") EER) 


Writing now 


1 a +1 
(2-4 2p) (2+ 2p") (E+R) j a j Gil nies? 
shu (0 +0") 400" =P (32) 


and making the transformation 


hy, > hy — — (pul + Pu!) +0( pul! —dy!)} 5 (33) 


we obtain 


aa 
.. 
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4] ocak 


< RY : ip! (ai—x 11 (ro — 
Ma (4 Fin ho ahaa | dk dp! dp Cle Ree Pa ae | a 
=i 
Weer Okt pe 2g ep op 7'))) =x] 
(24 A)? 
XTul@rtet p"—u/2(p' +p" +0(0"—7'))} —% lv (34) 
where 

aA 24 m2). (p'—p")2, Af=vx?+70—2). (35) 


Here no surface term is necessary since the divergence is only logarithmic. 

In evaluating the integral we note the symmetry of the denominator with respect to 
k-integration and discard terms linear in 4, which do not contribute, while replace 2, £, 
by (1/4)0,,4°. After these simplifications the factor involving 7’s in (34) becomes 


iy LOR PW oa 
7[ir(¢ ; 2 (p"—p)—x, | 


aK ra| ir(2"”— = -(p' +7") cai ae ("=7))—» |n—# re : (36) 


This expression has already been obtained by Schwinger’ and following him we can write 


after performing the integrations 


p) D} 
Ky (4p %2—%)) = — - O(4%)— 42) Fy E log — a Lt log Ete | O(4,—%) 


Paro X 


ike gee 
zs (Fy (%o— +1) +f; (4,—4;)) me Gt en 


2 . 
’min 


FES Ce — en) B gy 2 Fy(%—%1)- (37) 


An CAG 


rr ey fg 
47- ee 


0 


FF (44%) aie ; : Gx) | 


Substituting (37) in (27) we obtain finally 


i ee % ce | ee > 
Os (4) = is | log 2h. i 4 0g 2 ja) 
Py ee ype S| Llm—a) ie (4-4) a (4%) ax, 
47 Dhan Xo 
ae i LT i : Llp) $F (4-2) + 26-2) [lade 
Ate Z 2 
= ¢ a [Re —H) tendo (38) 
75 SE ae ba 
where 
ae 1 
My,(X) =~ b(x)on$(), ONT oan ear Getta)» (39) 
2, 21 . 
and 
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1 


( > 1 dpc? log(1 +P? A—w) /4%°) 
G(a)=) ao. +0) mi j pc?" log(1 +P 


1+ (27/4x,") (1—0") 


(40) 


Thus the complete second order radiative correction to the Hamiltonian density for the 


elastic scattering of the electron is given by 


sea —ie| dr, B(2x,) Dy 4)— 2) (4, AL (40) (41) 


where 


P42) = tulog—— FF) +) 


5 
'min ro 


bat Pel 1 1 
Te IT oy 5 CH: pie ay 2% malar Fe 
+ tu ( ; F,(#) + ; F(x) + 5 (z)) 


47 

7) —7 fe} , 
panel C4 =F, 4) 42 
pace )o oe) (42) 


We shall now restrict the external potential to be that of a time independent scalar field 
and accordingly write 


Af(%) =7V(7). (43) 
The matrix element of the integral Hamiltonian for the elastic scattering for transitions 


from a state # to a state g in a static field J”(7) including the second order radiative 
corrections becomes 


(| 19) =eV gu (P)lira+ 2-9) 4), 4 (44) 
where /',(f—Q) is the Fourier transform of I',(#) defined by 
P,(p—9) = |e Ta) de (45) 
rp—) =a 1 4240) +2 FOI G——a |; (46) 
47 XG 
where A(A), /,(A) have been already defined by S. III and 
Kaa |ene* Vo)ar (47) 


the integral being extended over the surface Wa per 


We now proceed to evaluate the eS density for the Giemaserah lus, Making 
use of the relation 


Si(0)= | deo Sj) =— iS 
and putting 
A, (@) = Ak) &™, (49) 


where + signs correspond to the emission and absorption of a quantum respectively, and 


performing the integration in (6) over the surface f=constant the matrix element of the 
integral Hamiltonian reduces to 
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(~|H®| gk) =4ziu,/ he aon u(p)|r. iy(g+) Sie 


ra oe oe Divas 
ee a. 5 7 |u(a); (50) 


whete we have put == 


4,0) =) He, Maange, Ha=upem, (51) 


where ¢, is the unit vector in the direction of the polarisation of the emitted photon and 
Vo, gtkh= | Vv je Pe adr. (52) 


For slowly moving particles the expressions (44) and (52) reduce to: 


(p| | q)=eV mit pia] 1— 2 P=" 7. G9) |u(g), (53) 


te 47x, 
and 
(a) 1| 9h) = pyre G—B)ulg), (54) 
where 
s 4 x 17 é 
5 ees Ly ea ey sa ate (55 
AREY Meno 1 4, he 2) 


§ 2. Radiation damping and the scattering cross-section 


The covariant theory of radiation damping has already been discussed by Fukuda and 
Miyazima."” The S—matrix of Heisenberg describing the scattering processes is defined by 
oo Peg ND 1 * 
sat (SLY E | deed PD), 8) 


where P is the chronological ordering operator and //*(4,) is the Hamiltonian for the 
external field, including the radiative corrections. The S—matrix is further expressed as 


isp eay es aa ed 57 
7 (57) 


where 7 is proportional to amplitude of the scattered wave. Making the Cayley transfor- 


mation :— 


1 @/2he) K (58) 
1+ (i/2hc) K ” 


where K is a Hermitian matrix, we obtain 


R= kKk— WOE (59) 


2hc 
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which is the covariant generalisation of Heitler’s equation for radiation damping. K has 


the following expansion :— 


{oe} 


gq \n-1 
: ) | dep -den He (x,) +++ 1° (4a) €(%, >) °° € (Gn—15 Gn)> (60) 


hc 


bd a 
K=3)- wal 
=| 2 
—o 
where €(a, a/)=+1 if o’ antidates o and —1 if a’ succeeds a. 
Since we ate concerned with the scattering under the influence of a time-independent 


classical field we shall now specialise our discussion to the surface ¢=constant. It is then 


easily verified that 
Ki \ isis e ay (61) 


Since the conservation of energy holds in the scattering process, we can conveniently express 
Raz= 270 (Poa —for) Var, Kag= 270 (Poa — fon) Ian» (62) 


whete ~o1, Por ate the energies of the initial and final states A and 2 respectively and 
Hap is proportional to the integral Hamiltonian. From (59), (61) and (62) we im- 
mediately obtain the familiar equation of radiation damping :— 


Viap= Aan on Flac Vers (63) 


where pod/¢ is the number of states C lying in the energy range /, and EotdEc. 

It is to be emphasised that in the equation (63) the matrix elements include the 
radiative corrections upto any order of approximations, whereas in the corresponding equation 
of Heitler only the non-vanishing lowest orders of the matrix elements are retained. The 
differential cross-section is now given by 


2 9 
U6 42= i | Van |" Pr : (64) 


U4 


§ 3. Radiative corrections to electron scattering 


(A) Without damping (Schwinger) : We shall now investigate the elastic scatter- 
ing of an electron in Coulomb field. We write (43) in the form 


1eZ, 
Ay X mate a a, ’ 
( ) An|r | (65) 
whence we obtain from (44) 
Ped 
(¢|H|@) apes u(p [rtl.(p—@) ]u(Q)- (66) 


The cross-section for radiationless scattering is then given by 


0 
do y= 


; 1 
Bids 31 HO )a2, 


535 9) 
40° hc 2 Spin 


MYO 1 
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ZU. peak 
=2d0,| | q Spur irp—%) (Mt Ls(9—P)) Crg—%) 44+ (G—-9))}; 
(67) 


which is the expression (2-64) of S. III. 

For the scattering with the emission of radiation the integral Hamiltonian follows 
immediately from (50) 

ea eZ ef 

aay . = [ 

AB ‘ os => => = 1a 

a Shp niewy 


2(¢ h') (e 
te oe. )¢ 7” |u(g). (68) 


2 (ep) — (ey) (72) 
—2pk Ms 


The cross-section for radiative scattering is thus given by 


i= 2h \a\ P09 ria a2, 


Woe ten tA ge | 


rere Gi gies smi onan) 
7 7 wo ee ak 


“Hep Ga |p g—EN Te 
x Spur | (é7p—%)( 2 (ep) — (er) (4) rath 2(eqg) + (x2) (ey) ) 


- a2, 


—2pk f 29k 
x (itg—%) (74 AGEs (er) , 2(¢9) t =e (7®) 7.) (69) 


We have thereby utilised the relation 
af il Z 
bo Ua( p) up (~) = —— (tr p—%)an- (70) 
€pin 2D 


The expression (69) agrees with the lowest order cross-section for bremsstrahlung obtained 
by Heitler.” It is to be observed that for the essentially elastic scattering in which a 


small fraction of the electron kinetic energy is radiated we obtain from (69) 


eae ( ae -couc*6/2) (1—Psin*0/2) eh TSH ee Sy (71) 
2n.\ 2h,F 2|2| pi\ gk pk 


which is equivalent to expression (2-80) of S.I[]. It has been shown by Schwinger 
(S. IIL) that in ‘the non-relativistic approximation the infra-red divergence contained in 
(67) is cancelled by the similar one arising from (69). 

(B) With damping (Bethe and Oppenheimer) : We are now in a position to 
evaluate the effect of the radiation damping on the scattering of the electron. Following 
Bethe and Oppenheimer we shall assume that the matrix elements of the scattering potential 


energy V,=eV,, do not depend on the directions of the vectors ? and 7 but make no 
We shall further neglect the higher order effects such as 


restrictions on its magnitude. 
the emission of two quanta or the scattering of quanta. 
The equations of radiation damping for transitions without radiation and for scattering 


with emission of radiation are obtained from (63) and given respectively by 
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(lO 1A) = (el Me) 2, | a2"| et) 101) 


ch(27)* 
ah. 
“* (g|A\p') (gk|0|p), (72) 
+n): (g|Z10'*) (p 
(WEUI a) = (ale) — 2» EX, | aan ae | 2") (8A) 
+(PR\A|p"VP"|U| 2)). (73) 


oa 


p 9 #, p ’ denote the momenta of the electron, / is the absolute value of the “momentum 
which is the same for all states, the integral @2’ is over all directions of ?' and the 
integral a” hb is over magnitude, direction and polarisation of the light quantum. 
To solve the equations (72) and (73) we assume 
C7 |\U| p) =u 9)74 [4;+ (7-9) Aot Coe (7-9) (7: p)Ast+ (:9)A,]u(P); 
(74) 


2(9) al Bile-g) + Bale-p) + (1) Bt C1) -P) Be 


+ 465 9) (7-p) Bs]u(P). (75) 


It is to be noted that the coefficients A’s and J’s are matrices which involve 7, only and 


(g2|U|p)= 


- not the other 7’s. 

We now substitute (74) and (75). in (73) and sum over the spins in the inter- 
mediate states and integrate over the angles. We thereby remember the relations (70) 
and note that in the terms containing an odd number of factors involving ? vanish on 
integration and that 


[GAC Aad = wf. (76) 
Equating the coefficients of (2-9); (e- p) etc. on both sides of the resulting equation we 
obtain 
By=V,C,—iW, Cy (Dot %o01) Art (P74 Ae), 
By=—V,C,-iW, wee —-+p'4), 
EN AGRO (2, ae p. ie EB, TP ae 
B,=—1W. BM (JB ad 1 2A Wp” , 
kee (Por 7s) ( 4 Rg at Speer malta cece 
B= —1W,C,(fy—% 74) As— WiC, Pr A+ 4s) > (77) 
where ; 
peas ie eae ays 


47thc 


‘ye aa 
' 


The Effect of Damping on Radiative Corrections 491 


Similarly to solve (72) we substitute (74) and (75) in it and note that the photons 


. . . - . Berg . 
& emitted are virtual photons and the integration is over d*k=kdkd®,. Performing the 
integrations and using the abbreviations 


n= ag ct , R= Be log - pas ; (78) 
47 Xy Bye 2% Renin 
and introducing 
_ 2 [ LZ a | 
sy Rees fen he! 2 joss ; 79 
i, 3mx,, L 40 v2 ae ie 


which is finite and free from /,,;,, we can easily determine the coefficients A’s by comparing 
their coefficients on both sides of the equations. By retaining only the terms upto the 
order of « and f° in matrix elements (74) and (75) we obtain finally the following 
solution for the amplitudes : 


V,a—y) V. (i 7 tWiuP' rs 
A=" Re ae Wad By) eee 
1+iW,( Pot X74) [14+2W, (pot *o7s)} ; Ree ae 2x, 7 

—  —tV,a/ (47%) AV 5 5 14+2W (pot %74) 
14+iW,(pot%yi) °° «AE 1+2iW, pp 
A,0, A= é 5 ttW (Pot 7s) 
2; 14+2W,(pot+% 74) 
Epa ee Vie RRS = 5% (80) 


1+¢W,( pot %o7s) 
Substituting these expressions in (74) and (75) we get the matrix elements (g|U|/) 
and (gé|U|/) up to the order of u; the cross-section for radiationless scattering is then 
given by : 
do, Po 1 


a >) Ug). (81) 
aQ, Ae Ce I! 9) | 


The cross-section for scattering with the emission of radiation is given by 


Lice od {eae S |ilee) he (82) 
aa, Foe Sa 2 Spin, pol (27)* 
Rmin 


Using formula (70) for the annihilation operator and evaluating the spurs, we get 


nega 1+ (Pg t+P')/2%2 Ap 9/ f°) (29—up' [22%°) 


14+ W? 1+ W* 
2W* hee ea f)\22,, (83) 
we + W”° =\e 4x," 
and. yay 
eS at W*R I dee aQ (84) 
da 1 ni Ww? yy ) q 


where following Bethe and Oppenheimer, we have put 
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W=2x, W,, ae (85) 


Adding the two cross sections (83) and (84) and noting the relation (79) we get 
finally, 


do= Taal 146-940) /2% , O=2-9/P) Poms 2) 
- il + Viz 1 + W 
2 Ww? (¢ i pu ee a )| a2, : (86) 
(1+ W*)?° ATK, 4x. 


The expression (86) is thus entirely free from the infra-red divergences. It is to be 
observed that the infra-red catastrophe involved in the scattering with emission of radiation 
given by (84) is now exactly compensated by the corresponding term due to the second 


order radiative corrections, occuring in the radiationless scattering (83). 
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Letters to the Editor 


On the Interaction Representation 


Y. Takahashi and H. Umezawa 


Institute of Theoretical Physics, Nagoya University: 


October 23, 1952 


In order to treat the interacting system in rela- 
tivistically covariant manner, it is appropriate to use 
the interaction representation which was founded in 
1946 by Tomonaga!). In the theory of this repre- 
sentation, the dominant role is played by the covariant 
commutation relation of the free field based on the 
method of Jordan-Pauli®) and the interaction Hamil- 
tonian determining the motion of the state vector and 
the unitary transformation which connects the free 
equation of motion and one in the Heisenberg repre- 
sentation. 

With regard to the interaction Hamiltonian, 
however, there has been the erroneous argument 
that it should be determined by the integrability 
condition of the Tomonaga equation (i.e. the Schro- 
dinger equation in the interaction representation) *)*). 
But this condition does not uniquely determine the 
correct interaction Hamiltonian and only one of those 
which satisfy the condition corresponds to the unitary 
transformation connecting the two equations of motion 
in both representations. Moreover, in the formalism 
so far developed, the general and simple method to 
determine the covariant commutation relation for the 
free field with the arbitrary spin has not been found. 

In this note, the method to obtain the covariant 
commutation relation of the free field and the correct 
interaction Hamiltonian and the general formalism of 
the interaction representation based on those methods 
are briefly discussed. ~ 
(1) We write the respective equation of motion in 
the Heisenberg and the interaction representations as 
follows : 


Ags (9) Qs (4) =Dasa: al)» (1) 
. Ags (0) Cs (x) =0, (2)*) 


where 
LD Der hy, = (—1)” Ou,"°'On,,» 


Ja: a=Je : py----¥,, =02/004 2 Myree Mas (3) 


OF : By re My =O, Ou. Qa, 


and the / is the interaction Lagrangian. When (2) 
is compatible with the equations of the harmonic 
oscillator, 


(22) Oy (x) =0. 


We can prove that the commutation relation is giv? 


by 
[Qu(*), Op (x) ] ==tRyp(0)A(a—x’) (4) 


by use of “’,48(0) which is the derivation operator 
satisfying the relation 


Ags (0) Rey (0) = ((]—x?) dg. (5) 


Using (5) and the fact that the maximum degree 
of the differentiation in Rys(0) is 2s for the field 
with spin s (mass x40), we can obtain Ry3(0) for 
the arbitrary field. (5) is also the important relation 
between the Green function and the covariant com- 
mutation relation. 4 

(II) As to the interaction Hamiltonian F(x 3 2) 
and the unitary transformation U(¢) which connects 
the Heisenberg- and the interaction-representations, we 
have the relation 


eee n)U (a) =U (a) H(x,03 2) x/o- 
(6) **) 


/1(x; 2) is obtained by means of the fedamental 
relation of our formalism 


[Qa(a, 0), W(x//a; 2)] 
=iRys (0) Dy A(x —a/) Je 4 a(x’), (7) 


where QO, (.r, a) is the auxiliary operator which satisfies 
the free equation (2) and the same commutation 
relation as (4) for the fixed surface o and 


Ol(«, c= aa) Catia): (8) 
Since the Heisenberg operator ?.() has the relation 
Qu (+) =x (*/a) 
+5| [D,Ry8(0),e(a—a’)] A(x—2x7) 
Ae naa (9) #*#) 


with the above Q,(, a), the right hand side of (7) 
is expressed successively by Qy(.‘/o) and //(x/o; 2) 
is determined. Moreover we can prove that the inter- 
action Hamiltonian thus obtained satisfies the inte- 
grability condition of the Tomonaga equation. 
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(III) Using the interaction Hamiltonian previously 
obtained, the energy-momentum four vector is defined 


as follows: 


Zp=U-"(a) peace, —Syy Wa’; n)}do,/Ua), 
ra G 
(10) 


where 7',,°(«) is the canonical energy-momentum 
tensor of the free field. In fact, taking into account 
the integrability condition and the fact that Ox") 
is the point function, we can show that 7'y satisfies 
the continuity equation and is the time space displace- 
ment operator in the Heisenberg representation. 
R,y3(0) has generally the term proportional to 
((]—x2) which does not contribute to the commuta- 


tion relation (4), but this term plays the important 
role as the Green function and gives the term in- 
dependent of the normal in {//(; 7) =(—Giaoite 
This is the very reason why the integrability condition 
cannot determine uniquely the interaction Hamiltonian. 
According to our theory, it is known that if we 
use 4y* as Koba‘), the terms proportional to 
((J—x2) in the Green function are discarded and 
the wrong result is obtained. 

The rule of the automatical cancellation of the 
normal-dependent terms in the S-matrix is not the 4;-*- 
method of Koba but must be improved as follows : 


a) H(x; 7) is replaced by —Z(x), 
b) ¢P(AZ(@) Cu(x), V(8/) Qs (x’)) do is replaced by 


5 Rus (8) MO)N 8) dw(x—w’), 


where J7(0) and /V(0/) ate the arbitrary derivation 
operators. Hereupon, we can obtain the S-matrix 
independent of the normal of the surface and com- 
patible with the equation of motion. 

In addition, the same argument holds true in the 
non-local action and we can also see on the basis of 
(5) the intimate connection between the non-local 
action and the non-local interaction. The detail will 
appear in later occasion. 

We thank to Prof. S. Sakata for his encourage- 
ment and criticism. 


*) “In this paper, we denote the field quantity in 
Heisenberg representation by the undet-line and 
the suffix a labels the different types of the field 
as well as the components of each field. 

«/¢ means on the surface o and /4/(x, a; 7) 
is the functional of Q,(«, ¢) having the same 
form as the functional W(x; 2) of Qy(x). 


**) 


***) We must bear in mind the fact that Q«(*) 


does not always coincide Q,(«/a) if the sufhx 
a labels the constraint variable and one of such 
examples is seen in the fourth component of 


the vector meson field. 
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Tomonaga Approximation 


in Meson Theory 


H. Hasegawa 


Physics Department, Kyoto University 


November 2, 1952 


Recent study of the meson theory seems to have 
much success. Both perturbation theory including the 
higher order radiative corrections and strong coupling 
theory succeed to describe the nature of meson-nucleon 
interaction at least qualitatively and sometimes quanti- 
tatively. Inspite of the successes, we may ask whether 
the methods of calculations in both theories are adapted 
to the problem or not. It is probable that the coupl- 
ing of mesons with nucleons is rather large but not 
so extremely, i.e. lies in the so-called “ intermediate ” 
region. Tomonaga proposed one method of appro- 
ximation applicable in this region, which is based on 
Ritz’s variation principle. Moreover, he showed that 
the result agrees in the two limiting cases with those 
from the conventional theories, i.e. in the weak coupl- 
ing limit with that of the usual perturbation theory 
and in the strong coupling limit with that of the 
strohg coupling theory. It may be worthy of extend- 
ing his theory and comparing the results with those 
of the conventional theories for the various types of 
the mesons. Here Tomonaga approximation is applied 
to the scalar and pseudoscalar mesons, neutral, charged 
and symmetrical. 

To solve the Schroedinger equation 


HV=EY, (1) 


we treat all the problem in Fock space. YW is ex- 
panded as follows : 
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v= >) FA, Ro, cae kin) |B1, Roy ety Ras (2) 


here 4’s are the observables specifying the states of 


the mesons, and the summation is taken over 7 and 
k's. Ket 


Ay, Ro +++, n> satisfies the following relations 
(hy, Boyes. bh n| By5 Ra +++, Rn (3) 
Ora, n Ox", Rt Oxe!, ez" Ok mls ky? 


a* (Rk) |A1 o, aoe, kn) = (92+ 1)—/2| 4, Ro, Bee Ras Rk), 


(4) 
n 
a(k) Ry, ho, ae Rn) =10 12>) 
r=1 

[By «5 Bey Ryty) °° And OK, &,. ° (3) 


Our problem is to find (A, 42, «++, 4n) under certain ° 


boundary condition. The essential point of the 


Tomonaga approximation is to assume the form of 
the function / as 


F(R, Ro, ay) hn) =Cn f(y) Ff (4a) +> (Rn), (6) 


where ¢,, and /(%) are to be determined by the vari- 
ation principle 


6(¥, 7¥) =0 under (¥, VY) =1. (7) 


For the neutral scalar meson ‘theory total Hamil- 
tonian is 


H=> M0744) [e(2) +0*(2)] g(2);_ (8) 


where ¢(2) =e/(2w;,V)*/2. In convenience we write 
V as 


o Ge 
uN 2 ea ay hy AC ho) = flkn)| hy, Roy ky hn). 
n=0 V2! “KR, 
(9) 
variation principle gives a set of the simultaneous 
equations 


EWen=EL sWemyy +n sen—-1+eCn, 
(n=0, rigs) (10) 


where W=33/(4)2, 2s=D/(4 g(&) and e=Dx 
f(A)? 0%. Equations (10) have the physically 
meaningful solutions for the special values of /. 


E=—ELtlet+ule/W), pm=0,1,2,.... (11) 


Variation of (11) determines the function /(/). 
Now we shall discuss the boundary condition. 
Firstly we consider the limiting case sO. We 
postulate that in this limit the mesons do not interact 
with the nucleons and the ¥ contains a single term 
@|> only. This leads the vanishing value of Z, and 
in (11) ms must be zero. In this case til AC?) 
=—g(A)/wz, and’ Z=—e hold. However, under 


other B.C., for example if we refer (9) only in the 
strong coupling limit, non-zero value of y are not 
excluded. 

Thus, our problem strongly depends on the B.C. 
considered. In the following we consider the B.C. 
in the weak coupling limit, and do not refer to the 
strong coupling limit. (Detailed discussions will be 
given in the complete paper.) 

For charged theory, the ¥ will be written for 
charge 1 state as 


On 


Ue=NESS Val aics ws? (Rn) 


Ayt, 
“aaa Rats Ay, 2K) kn? 
ee ee nC. -)| At 
Vn' (#-+-1) I~ us 2 


ree Ray's ky, ae Rs (12) 
Variation principle gives 


— an (EW —2ne) + WE gby+nF bn =0, 
(13) 
=b, (EW —(2n+1)e) + WE sansy 
+ (77> LZ ——Os 


For simplicity we assume that /(4+)=/(4-). (This 
restriction can be removed easily.) General discussion 
of (13). leads that there are eigenvalues of /’,,,,,, 
where 7 is related to the total charge. It has been 
interpreted that the state corresponding to the value 


For symmetrical theory 


For charged theory 


Fig. 1. Energy “ and the dissociation probability 
Pa, where 


EL=D g(h)?/0(4) 


Full curve for charged theory and the dotted curve 
for symmetrical theory. 


om 
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of ==1/2 is proton state and those corresponding 
to the values of m==3/2, +5/2,-- 
states. The B.C. argument along the same line as 
above, we take up only “41/5, 9 here. 

Now we must resort in so tedious numerical 
calculations to solve (13), that we sssume a’s and 
Fig. 1 shows 


are the isobar 


2’s are unity and then determine /(/). 
the energy / and the dissociation probability 7"7 vs. 
v=D\¢(h)2/w%, in which the dotted line corresponds 
to the symmetrical theory calculated in the same 
assumption. 

Next we consider the one meson problem. For the 
neutral scalar mesons, the problem is exactly soluble 
by the transformation oy) Jah 


1 
Y =exp(—I/2)>) nee 2 SA) fF2) +» fm) 
77 “0 


m=) Vm! 
il! 
x2 Vat 0) n(7[f(ko) —f(%o)) 


x | 41, Ro, yet) erat 2(ko)>. (14) 


Here ket |%,, +++, %m 3 7(Xo)) satisfies the following 
relations 


a* (£9) | £1, «++, Rm 3 (Zo) > 
=Vn+t1 Jy) 025 Bm 3 1K), 


me Rem > (ko) 


(15) 
a(R) | 245° 


= Vp | yy see, kim 12—1(2£o)>. 


We can see that corresponding to the presence of one 
meson with momentum “4p the factor /(4y) (72/ f( Zo) 
—f(%))) appears in / Applying this idea to the 
charged and symmetrical theory we get the Y’, which 
satisfies the B.C. that in the limit g—>0 only one 
meson with momentum 4p and the given charge and 
one nucleon, not interacting each other, are present. 
Comparing with the one nucleon problem, a’s and 
é’s satisfy the same equations (13), and the energy 
£’= E+ who) and /(£)’s are unchanged except /(/9), 
in the zeroth order of the volume /”, 


Letters to the Editor 


For the pseudoscalar meson theory we propose to 
apply the same approximation (9) with a slight care. 
o(h)‘s include the spin ¢, so that the J(z)’s may 
also include the ¢. Then (9) is replaced by 


DS) fa) fn) (16) 
n\"p 


Notation S} means that the summation is taken over 


all the eermunteaniers of the order of the factors /(4;), 
flhs), +5 fen). After a slightly complicated calcu- 
lation we find that the eigenvalue Z is labelled by 
two parameters, one is related to the total spin of 
the system and the other is 4. We proceed the 
analogous discussion on the B.C. problem. Fig. 2 
shows the energy and P, for the neutral and the 


charged theory. 


Pag 
Wr ee as 
3 
Be 1 
a ey ee 
6 
20 50 100 U 


Fig. 2. Energy £ and the dissociation probability 
Full curve for charged 
theory and the dotted curve for neutral theory. 


Pa for pseudoscalar theory. 


From the figures we could see that the energy 
£ is identical in the two limiting cases with those 
of the conventional theories for all types of the meson 
field, especially also in the pseudoscalar cases. Thus 
it may be concluded that Tomonaga approximation 
and its pseudoscalar extension will be a good appro- 
ximation for the energy problem. 

Anomalous magnetic moment of the nucleon is 
calculated by using of the one nucleon ¥Y and the 
photomeson production cross section by the one nucleon 
and one meson ¥. The complete paper including 
such problems will be published in this journal. 
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— Rotational Transition of Hy-molecule in the Collision with another H,-molecule — 
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In this paper we consider the rotational transition of H»-molecule in the collision with another 
H-molecule. The general derivation of the cross section and an example of the numerical calculation 
by a simplified method of approximation are presented. The result is compared with experimental value 
of the transition rate in H» gas obtained from the anomalous dispersion of the supersonic wave. The 
agreement of the calculated and the experimental rates is found to be within factor 2, and this is better 
than is expected under the accuracy of the approximation employed and also under the present situation 
concerning the knowledge of the intermolecular force. 


§ 1. Introduction 


In the previous paper” we inferred that the method of distorted wave is adequate to 
treat the energy transfer between the vibrational and the translational degrees of freedom 
in the molecular collision. The energy transfer between the rotational and the translational 
degrees of freedom has been treated similarly by the method of distorted wave. In this 
field, the calculation for the H,-molecule is especially interesting because its result can be 
compared with the experimental data obtained recently from the anomalous dispersion of 
the supersonic wave in the hydrogen gas.” Such calculation was performed many years 
ago by Roy and Rose.) However, their calculation was restricted to estimating the lower 
limit of the cross section, since their aim was to explain the negative result of the earlier 
experiment. 

In § 2, we formulate the problem and derive formally the cross section for the 
transition considered. It must be noted that the intermolecular force is essentially different 
from the spherically symmetric one. In our present case, the orbital angular momentum 
Jj of the relative motion of the two molecules is not a constant of motion. Instead, the 
total angular momentum ¢J is a constant of motion, which is the vector sum of the orbital 
angular momentum jf and the rotational angular momenta of the two molecules, and which. 
defines the rotational state of the whole system. Curtiss, Hirschfelder and Adler?® showed 
that it was possible to separate the rotational coordinate from the n-particle Schrodinger 
equation, and applies the resulting equation to the scattering of atoms from diatomic 
molecules. Following their procedure, one considers the state having definite / and sums 
up the final result over /. We may also apply their procedure to our system consisting 


of two diatomic molecules. But, in this paper, we need not proceed in this way, because 
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our treatment is based on the assumption that the coupling between the translational and 
the rotational degrees of freedom is so small, that the method of distorted wave can be 
used. 

In § 3, we calculate the matrix elements of the interaction potential sandwiched by 
the angular part of the wave functions, assuming a simple form for the potential. 

In § 4, we enumerate various methods of approximation for the solution of the radial 
equation, and in §5, we apply the most simple method of them to calculate the rate of 
the rotational transition in the hydrogen gas. The resulting rate is compared with the 
experimental data mentioned above” and the agreement within factor 2 is obtained in spite 


of the simplified method employed. 


§ 2. General theory for the derivation of the total cross section 


In the following, we consider the collision of two diatomic molecules with each other. 
Both molecules are assumed to be in the vibrationally ground state and the nuclear distances 
inside each molecule are assumed to be constant. 

Several notations must be defined before proceeding further. The center-of-gravity 
coordinate system is used throughout. Thus the translational motion of the system as a 
whole has been separated out. 

BR. is a vector connecting the centers-of-gravity of two colliding molecules. 6:, 9; 
(i=1, 2) represent the orientation of the z-th molecule in the space. 7%;, #; represent 
the orientation relative to the vector FR. 


p= (m,+ my) (y+ my) [ty + a+ Ms +4), 


My 2 Il, 


M, = my tof (m+ My), My=ms114/ (3+ Ms); 
where 2, is the mass of the #-th atom. (see fig. 1). 
The atomic units are used throughout this paper. 

The Schrédinger equation for our system is 

{4/2u—-H+ We V(R, X,, Xs, P:— $s) } =0, 

(1) 
where His the sum of the Hamiltonians for the two rotators and II’ is the total energy 
of the system. The wave function may be expanded as™ : 


uy = = Fivnatan, Ae) Pye Os $,) Ving 35 $2). (2) 


Lmylymg ; x 


Fig. 1 


Then we find that 


* . .. , 
The atomic mass does not appear explicitly hereafter. Thus 77, 72 always represent the quantum 


numbers in the following. VY z., are the normalized spheri i i 
; pherical harmonics from which we get the ei i 
of the operator // as follows: : a ee 


4(441) (+1) 
2M,e2 2Maes? ag ls ¢1) Vi ama (42, 2). 


FLY tym (O15 $1) Vi ors Oo, a) =( 
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Mh. vane ae < 
(a+ Rint, by a oes 2 Lt Sern gmt key My los 


V\Lj ma le 9909!) firrm,tigtms's 3) 
where 
Ring [2R= W—1, (0,41) /2M,€§2—1,(4,41) /2M,§2 (3a) 
and 
(L,12,1,m\V\L! my)! lo! mz ) 
= V2, (91s Pr) Vesa (90, Po) VW Vizrm (913 1) Vigronge (Oo, Po) 2, AD, , (3b) 


: (d2Q=sin Odbdg). 
If f’s are further expanded in the form 


Ty wien te) == =H (27+ 1 ) ge iGo ee. ising Cie) /R} brad & 0, ~) > (4a) 


a,m 
- we get 
(sae AO De ae Hf eae 
| = a J Chas Z aie om a ea R ) 
Fee cc a ones 
= 2 a tmytighmat stmt (Ly Mylo Jn| VL! may Ly mad J 1!) Germ igrmat (R) » (4) 
where 


(Lm, l,mjm|\V \Lf mi ld m7’ m') 
= (2741/2741) !*4-Vj2 (0, D) (L, 210, lomte| VW \L,! ey be mt!) Virus (9, P)a2. - (4b) 
Let us now solve the equation (4) by the approximate method of distorted wave. 
In the following the abbreviation / stands for a set of values (/,,/,) and JW for (72,, 1»). 
Then the equation (4) becomes 


{#0 +42- LEU 1) —2p(LMjm!| V|LMjm)| giz 
<2. SV (LM jm|\V LM on!) ght, (4") 
where the prime on >} denotes the omission of the diagonal term. In the approximate 


method of distorted wave, this set of equations is replaced by 


ba) 


| idl Fi. LS 4 1) 2p(Ly M,j0|V| Ly M70) gi 4,0 (4a) 


{Zag LUt aD —2pn(LMjm| vray gay 
aR? ie é 


= 2p \( LM m|V\L) My" 0) Giron,» (LMP LM) (4'b) 


Then we take the solution of the equation (4/a) which vanishes at the origin and are 


normalized by the following asymptotic form”? 


*). If the scattering potential is spherically symmetric, the wave function representing the incident and 
the scattered waves has the following general form : 


JU) =>) r+ 1) exp (?9n) Ln (2) n P(cos @), 
n=0 
where Z,,() is the solution of the homogenzous radial equation which becomes asymptotically (47)~! sin(z-— 
an[2+%n). (See reference (6), Chap. II, § 1.) 
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V 47 14 exp(7in,) sin(£, R—j7/2+ 5) [fo - 
Let us call this solution Ces (or G?? for brevity). Such normalization corresponds to 
the incident plane wave of unit amplitude, 1.e., exp (7, FR cos O), Then substituting this 
initial state wave function G,” into the right hand side of the equation (4’b) we have 
the inhomogeneous equation for the final state wave function (L+s L,). The equation of 


5 


this form can be solved formally””® and its solution has the following asymptotic form 


gru~— (2n/ 4 ) exp (ik, R +191) * 
pak im (LMjm|V|L,M jy 0)GYdRk (R-), Oh 
7 Jo 
where G2”, is the solution of the homogeneous equation obtained from (4'b), which 


vanishes at the origin and is normalized asymptotically as 
VAT sin(k, R+ nr) [1 : 


It is noted that the summation on 7’ is contained in the equation (5) which causes the 
mutual interference between the partial waves with different orbital angular momenta. This 
effect originates in the fact that the intermolecular force potential is not spherically sym- 
metric. 


As is well known, if the wave function f has the asymptotic form 
fru CR) ~ exp (ik; R) Fin, P)/R (R> ©), 
then the total cross section for the transition 7,7, LM is defined by 
: Onu=(hi/ho) §\Fru Pa? . 
Therefore we have from (4a) and (5) that 
Oru=(bi/o) SF+1) |gi'n (R= © )}? 


= (1/4) (ts /hy) 32741) fan GI, SLM jm| VL, Mg 0)GRARP. (6) 


gl 


Finally, the cross section for the process L,>L is given by 


: So (6’) 


Diss ee 
‘ (2L1) +1) (2Lo +1) ¥ Mo 


and this completes our formulation based on the distorted wave approximation. 


$3. Matrix elements of the intermolecular force potential 


for the two diatomic molecules 


In this section, we consider the collision of two homonuclear diatomic molecules, i.e., 
of the type A,+8,. The main force which contributes to the inelastic collision cross 
section is the strong repulsive force acting at small distance of approach. Thus we may - 
safely neglect the van der Waals force. We further assume that the intermolecular force 


=>) UY 
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potential is given by the sum of the interaction potential y(7) for the four pairs of atoms 
belonging to the different molecules.” In the thermal collisions, the closest distance of 
approach is much larger than the interatomic distances inside the molecules. Then we take 
only the first two terms of the Taylor expansion which give” 


V=49(R) + (1/2) (2?29(R) /AR®) (E22 cos? X, +, cos’ X,). 


The interatomic potential g(7) is usually approximated by a function of the form: 
const x exp(—uar). Therefore, it is sufficient for our problem to consider the potential 
of the form 


V={8+ (7, cos’ %,+ 7. cos’ X,)} exp(—aR). (7) 
In another form we may write 
V= {a+4,P,(cosX%,) +6,P,(cos X,)} exp(—uah), CE} 


where a= [3+ (71/3) + (72/3), b;=27,/3. 
The matrix elements (/,12,l,2.jm| 1 |L) ma! LJ mo! 7! m!) of the potential (7’) are 


calculated easily. By remembering the addition theorem 


i. (cos Az) — (47/22 + Ss Boh Viera. Y;) Y,.60; ~), 


n=. 


and using the abbreviation” ” 
CL m', lm) = (2/2L4+1)**6(m+ i, mn!) | Bin(8) Oy (9) Om (8) sin 06 , 

we have from (3b) and (4b) 

(2,1, lm, jm|V li my le me 7" m’) } 
= (27! 4+1/27+1)'? [ad(4, 1/)0(m,, my) 0(L, £)0(m,, ml) 0( 7,7") 0 (4m, m’) 

+6,C? (jm, 7! m') C? (Li! my, L,m,) 0 (am, +m, m+ m!)O (Ls, £1) 0 (4g, 109! ) ~ (8) 

+3,C? (ju, 7’ m!) CL! tg, Lo1ty) 0 (My + m, td +m!) 6 (L,, £1) 0(m,; m,) | exp(—aR). 
The selection rule 7—7’=0, +2 is derived from the property of the coefficients C”( j7, 7’ mm"). 
The diagonal elements are given by 

(2, 100,l1, jm| V \l, m,loisjm) 
=[at+C2(jm, jm) {b,C?(L, 101, £,,) + O.C? (Lyte, Lpmz)} |exp(—akR). (8") 


The values of C?(/m,l/m!) are listed in the Condon-Shortley’s text” (p. 178) and 
Shortley-Fried’s paper’? for the not too large values of 7 and /’. For the larger values of 
Z and J’, one has to calculate these coefficients from the general formulae. (See Appendix II.) 


*)  Vym(0,0)=O92m(0)Om(y). Do not confuse the function @;,,(0) and 0,(y) with the 6 and @ 
which are the angular components of the vector R. 
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§4, Approximate solution of the homogeneous radial equation 


Now we are forced to enter into a difficult problems, 1.e., the solution of the radial 


equations. The general form of them in our approximation 1s 


(2 Spo 1 Lae g(R) =0. (9) 
aR? Ie 
When we require only the elastic scattering cross section, all we have to calculate is the 
asymptotic behaviour of the wave function (i.e., phase shift). But; we need to know the 
entire wave function in our problem. Moreover, since, in the molecular collisions, a large 
number of the partial waves contribute to the cross section even at the thermal energy, 
we must solve a very large number of the radial equations. Therefore it is desirable to 
make some simplifications according to the required accuracy. In the following we consider 
the various methods of solution : 
(i) Numerical integration 

This is the most rigorous method of the calculation if it is done thoroughly. Start 
ing from the initial condition y(0)=0 and (dp/dR) pov=@ const. at the origin, the 
entire form of the function y is obtained successively. (See for example Mott-Massey : 
reference (6) Chap. VII, § 6.4.) The undetermined factor is fixed by the condition that 


the solution obtained must be properly normalized for the large separation where 
Be> j(f+1)/R’+A exp(—BR). 
(ii) WKB-approximation 
The well-known method of Wentzel, Kramers and Brillouin may be used for our 
purpose. In the neighbourhood of the classical turning point, =R, where #?=7(j+1)/ R 
— Aexp(—BR), the WKB approximation becomes invalid. In this region we may ap- 


proximate the potential function as a linear one so that the solution is approximated by 
a Bessel function of the order 1/3. (See for example Schiff: reference (12), § 28.) 
(iii) Variational method 

This method is employed by Erskine and Massey” for the electron impact. Of course 
this is the method appropriate to determine the phase shift and not suitable to get the 
wave function itself. Yet, this may be used conveniently because sometimes we require 
only the rough features of the distorted wave function when the accuracy aimed at is not 
so high. y 
(iv) Method of modified wave number 


Let us consider the gradients of the two terms in the effective potential 
JG+1)/R?+A exp(—BR). (10) 


For example if 7 is not so large the curve representing the first term is very flat compared 
with the second one at least near the classical turning point. (see fig. 2.) Then the 
first term may be taken as a constant in this region. 


In other words, wave number & is 
replaced by the modified wave number 


— se * 
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b= (P—7(F+1)/R} (11) x 10-8 


and our problem reduces to the S-wave i) 
problem, which is easy to handle. 
(v) Classical approximation ai 

Let us assume that the molecules are 
spherical and that the transition pro- © 


bability depends only upon the relative 


velocity v, along the line joining the 5 
centers at collision. Such assumption | 
is usually made when one treats the 4 
chemical reaction in gas phase by the 
classical kinetic theory of gases. In our 
problem, we have the following founda- 
tion of this assumption : 
(a) The diatomic molecules are dumb- ” 
bell-like for the colliding particles with 

1 


high energy, but they are not so far 


from spherical for the thermal energy 


; | 
particles. ee ee ee ee et ee 
4 5 6 —>R 


(b) The motion of the molecule can 
Fig. 2. An example of the effective potential curve: 

A exp(—22) +7(j+1)/2pk? 
(4=30.7, 24=3675.0). 


be treated classically if the velocity is 
not so small. (Note that the contribu- 
tions to the transition rate from the 


collisions with very small relative velocities are usually negligible.) 
(c) If the collision diameter (sum of the molecular radii) is K and if the relative velocity 
is v, then the angular momentum is 

J=p0R sin 0, . 
(see fig. 3.) On the other hand v;=vcos@;. Thus we 
get 


(404 )°= (ww)?— (7/R)’, (11’) Fig. 3 
which is identical with (11) except that 7” in (11’) is replaced by 7(7+1) in (11). 
Therefore, our assumption is not so unreasonable. 
If we admit this assumption, only the transition probability in the head-on collision 
(or S-wave collision, wavemechanically) is required. Let P,(%;) be the transition proba- 
bility per collision for the S-wave (£;=initial wave number), then the number of transi- 


tions occuring in unit volume of gas phase per unit time is given by 
( Pr(uon) fr )dv, 
= §, Po( ur, )2un! R? (2mp/kT)*!* exp(—pu,?/2kT )v, dv, =n' x. (12) 
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For the transition of the type: A*4B->A+B (asterisk means the excited state), 7’ is 
the number density of molecules A*, 7 is that of the collision partner J. (var, ‘13s 
the number of collisions among A*- and B-molecules per unit time and per unit volume, 
in which the relative velocity along the line joining their centers lies in the range v,, 


eae nk isthe Boltzmann’s constant and 7’ stands for the absolute temperature. 
i} I 


§5. Numerical calculation for the H,-molecule by the classical 


approximation. Comparison with the experimental evidence 


Let us now apply the classical approximation to the rotational transition of H,-molecule. 
As an example we consider the following transition : 

(initial state) +--J;=2 5 = £2, 41,0; 4=m,=0; (m=0); 

(final state) «--J;=m7;=03 4=m,=0;3 (final value of m=initial value of 772,). 


In the final state, we have two idetical H.-molecules. Then the angular momentum 
of the relative motion is limited to the even number, i.e., 7=0, 2,4, °°"; which is the 
characteristic feature of the Bose statistics. But the matrix elements of the potential ob- 
tained in §3 show that /—j’=0 or +2. Therefore the initial state with odd value of 
j' can not be combined with any final state. Correspondingly we must multiply the 
transition rate formula (12) by the factor 1/2. 


Following the programme of the classical approximation, we first consider the case in 


which 7=7’=0. Then the incident wave and its elastically scattered wave is asymptotically 
exp(—zh, R)/R +A; exp (ik;R)/R (R- ) 
=2 exp(i7) cos(k,R+7)/K (A;=exp (277) ). 
On the other hand, the asymptotic form of the inelastically scattered wave is 
A; exp(7h, R) /R . 
The transition probability per collision is given by 
Py (hy/h) Ag! 


Now the S-wave component of the initial state wave function considered in § 2 is normalized 
asymptotically as 


(1/2; R) X sinusoidal funtion. 


Therefore the contribution Q, to the equation (6') from the term with 7=7’=0 is re- 
lated with P, by 


P,= (1/47) (22, PQ)= 4F/%) Qo - (13) 
Q, is from (6), (6) 


Qo= (1/5) SA /47) (A/F 2H), Ge" ViGer dR 


= (14) 


where )7, is the matrix element (4b) of the potential [7 for the transition considered 


ree Be ; ; 
(j=j’=0). However, we know from the previous section that the S-wave is the representa- 
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tive of the other partial waves in our calculation. It seems better, therefore, to replace 
the matrix element ]7, by the average of 


V3= >)( final, 7, m| Viinitial, 7’, 0). 
jl eae 


(See the equation (6). We have assumed here that the phase shift nj, does not change 
rapidly with 7’.) We get from the equation (8) and the Appendix II that 
aS (27’+ 1/27+1)"b,C?( jm, 7’0) C?(2m, 00) exp(—uah). 


ATG 
Fortunately, 17; converge rather rapidly to a limiting value when 7 increases. Thus we 
may adopt /i7 I’; as the average. The results of calculation is 
j>o 


0.4472, (m=0), 
) ; (m=-0). 


Putting this |’ into the equation (14) and combining this with the equation (13), we 
get 


V=lim V;=6, exp (—uR) x 
j>o 


P= 0.4408 sinh(z#;) sinh (2%,) / (cosh(zh,) —cosh(2/;) ss (15) 


where we have used Jackson-Mott’s formula” (see Appendix IIL) and the following values 
of constants: 2/=3675.0 atomic units, J/ (energy difference between the initial and the 
final rotational states) = 1.65 x 10~* atomic units. As to the potential |”(X), see Appendix I. 

Substituting above P, into the equation (12) and multiplying a factor 1 /2 represent- 
ing the effect of statistics mentioned above, we and, i for © f= 197,72 K a1 atmospheric 
pressure, that 


Xeale = 0.55 X 107" R? atomic units. 


This quantity is the transition probability of an excited H-molecule in gas phase to the 
ground state per unit time (=2.42x10~"'sec). This value can be compared with the 
experimental value obtained by J. E. Rhodes.” From the measurement of the anomalous 
dispersion of the supersonic wave in the pure para hydrogen gas, he obtained for the 
“relaxation frequency to pressure ratio ” 


(7/2) = (4/27p) (145 exp(—4E/£T)) =6.6 40.3 x 108 sec”! atm.~! 
for 7=197.7°K. Thus putting =1 atm., we have 
Xoys== 7-4 X 107" atomic units. 


Equating %.1. and %,,;, we obtain R=3.7. But the integrand of the integral in (12) 
has its maximum value near £;=2.0 and the corresponding value of the classical turning 
point distance is K=5.1. If we use this value for KR, we get %.9.=14.2x10-". Of 
course the collision diameter is not identical with the classical turning point distance and 
this ambiguity is inevitable in our approximation method. In any case the result of our 
calculation agrees with the experimental one within a factor 2 and this agreement is much 
better than is expected because we have used the much simplified method of calculation 


and we have no decisive knowledge about the intermolecular force potential. 
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§ 6. Conclusion 


Because of the essentially complex feature of the problem, we have made many simpli- 
fications. Among others the classical approximation for the solution of the radial equation 
is considerably rough, though it has an advantage in simplicity. Thus the solution of the 
radial equation by a more rigorous method (e.g., by WKB-approximation ) is desired. On 
the other hand, it is also desirable to apply the various methods of approximation (includ- 
ing the classical approximation ) to other processes. We are planning such calculations. 

The author wishes to thank Mr. K. Ohno for the valuable discussions. He also 
wishes to express his appreciation to Professor M. Kotani (University of Tokyo) for con- 


tinued encouragement. 


Appendix I. Interaction potential between two hydrogen molecules 
As stated in § 3, we assume for the form of the interaction potential as follows : 
V(R, %,, %) =4e(K) + (€?/2) o"’ (R) (cos? X,-+.cos’ X,). 


Here € is the internuclear distance inside the hydrogen molecule, and its value is 1.44 
atomic units. For the potential function y(r) between two atoms, we have had no deci- 


sive knowledge. J. de Boer” obtained approximately that 
y(r) =2.78 exp(—1.877) atomic units. 
Using this function, we are led to 
V7(R) =[11.1 + 10.1 (cos* 4, + cos” X,) | exp (—1.87X). 


Another detailed calculation of VY was performed independently by Margenau."” His results 
are approximately expressed by 


V7(R) =60 exp(— 2.222) +16 exp( —22) (cos” 4,+ cos” X,). 


In the most important region in our calculation where A is near 5 atomic units, we may 
use more simple form 


V(R) =|20 + 16 (cos” %, + cos? Z,) | exp(—2%). 

The absolute value of this function V and its dependence on K are not so far from the 
semi-empirical formula given by Buckingham and Corner.” We used this form in § 5. 
Appendix Il. The coefficients C"'(lm, Um’) 

Definition and general formula (See reference (10).) 
C*(im, ln! )y=(=1)™™ C* (Em, ln) 
==(2/2k+ Die eee m—m')O(L, m) O(l, m') sin 6a0 


<1 SD Bg Ser ae 
(g—&)! G—)! (g—2’)! (2g+1)! 


as 
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[Qe e414) Um)! (bt mnt N+ nil = mi 
; x 
(+m)! (k-m+m')! 


St t U+m-+t)! (4+1'—m—t)! 
(l-m—t)! (k-l' 4+-m+?)! (— m'—t)\t! ; 


provided that 2g=—£+/+4/’=even and |/—l'!| <&</+/'. The function O(/, m) is 
defined by 


/ — Ly? 
O(, m) =(— >| eel! my Sil ss Ney ey) S 


2 (+m)! (da cos 0)” 
O(l, —m)=(—1)"9(4, m). (m> 0) 
Some formulae with even 7. 
CAT, G7, 0)= J+) 


(27-1) (2743) 


C?(j, 03 7+2, 0) =C*(f+2, 0; 7,0) = 3 (J+1) (+2) (eae 1/2 


2 (2j+1) (27+3) \27+5 
C*(7, 157, 0) = 5 ee 7 ae < (750), 
curiae s[ glen oT” Uno) 
CCG alenage ox 
Ce of oy = OO IG FN) G42)? (jx<0), 


2(2j—1) (2/-+3) 


Ly eae eae SU PO a) t2) ; 
e258) Tato (27+1) (27+5) | as DY 


[° (7-1) 7F+1) (f+2) J? 
a(27—1) (27-3) (27-41) 


C*(7,237—2, 0) = 


Appendix III. Solution of the S-wave equation 


In the equation 


Sloe! exp(—BR)| y(R) £6 


we make the change of variable 
y=(2~A/B) exp(—BR/2). 


Then we get 


508 K. Takayanagi 


eee : seneRy, + ib g(y)=0. 
AP PB oe I LPR } 

Jackson and Mott™’s solution: g(/) =covst. Ki) where g=2k/s, is the solution 
which vanishes at R>—o(y>+0). We must take the solution which vanishes at 
the origin. However, in the slow collisions, the wave function decreases rather rapidly inside 
the classical turning point and hardly reaches the origin. In this case the solution which 


we require is almost same with the Jackson-Mott’s solution, which is 
o(R) =2(g sinh 29)" Kig(9)/4 
under the normalization as in § 2. 
In the case for which the calculation is performed in § 5, the potentials of the elastic 
scattering are 


[atb,C° (J, 0 37,0) C7 (Ay 17434, m,) |exp(—ah) 


for the initial state and a@exp(—wuA’) for the final state. (See the equation (8’).) Here 
the term containing 4, is much smaller than @ and therefore negligible. Thus we put 
A= TS == 

The matrix element of 2/24,exp(—uR) held between above ¢-functions (initial and 
final) is obtained directly following the calculation by Jackson and Mott. The resulting 


formula is 


2d, [¢ (final) exp(—aR) ¢ (initial aR = 2p6,§ ah - 


aw 0d, un (gi Ds sinh TQ; sinh Tay) 1/2 (97 —-9:) ( wee 
a kk; 2(cos 7 g;—cosh 7 9,) 7 


from which we get the equation (15). 
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A j-/ coupling shell model of nucleus is proposed. The theory of 7~/ coupling in nuclei is developed. 
By making use of this extended theory about spin eigenfunctions in 7—/ coupling, nuclear magnetic 
moments are calculated, and the results are in agreement with experiments. The data on f-decay are 
also consistent with the present /—/ coupling shell model. 


§ 1. Introduction 


The difference between the theory of 77 and Z-—s coupling, which is due to the 
half-integer values of 7, is easily overcome by making use of the symplectic transformation”. 
By utilization of this extended theory about spin eigenfunctions in j—j coupling, we 
are able to calculate the nuclear magnetic moments and show that nuclear spins and 
magnetic moments are well explained by the present model, in which several assumptions 


are introduced. 
§2 Symmetry of spin functions 


The nuclear wave function of a system with particles in the outermost orbit is 


written as 


v =V (inner) R(r) -M*h( 7") t J”) 


(inner) is the spin function of the nucleons in the closed shell. SR(v) is the radial 
wave function in the sense of 7-7 coupling, and 7(/¥) is the isotopic spin function. 

As is well known, the symmetry character of the isotopic spin part is the same as 
that of the spin (not the total spin) part in the sense of the atomic spectra. The 
symmetry character of the space spin part ¢(7) in the sense of 7—/ coupling is obtained 
by the decomposition of the character of the regular representation”. 

In the case of 7<5/2 it is necessary to introduce for the spin eigenfunction a 
primitive structure which is peculiar to nuclei and a seniority number, which is the 
analogue of the seniority number in atomic spectra”. 

The nuclear eigenfunction is represented as the linear combination of some linearly 
independent bases. The linearly independent bases are separated into several groups by 
the number of pairs which are coupled to give an invariant antisymmetric bilinear form of 
zero angular momentum and to give unit isotopic spin 


B= 1)? bn (2) bm (2) 75 (2, &)- 


™ 
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The character of the spin function with each seniority number is obtained inductively 
by subtracting the character of the spin function with seniority number s;=7”7—2, u—4, 
renee from the character of the spin function of the n-particle system.* + 

Here the following fact is to be noted. We are also able to consider oe pee) 
number s, due to the isotopic spin eigenfunction if a charge invariant nuclear tntereceion 
is assumed, but since the individual isotopic spin T is a dichotomic variable, the irreducible 
representation of the permutation group has also the definite seniority ee SNe 

Then the spin eigenfunction of the n-particle system, whose seniority number is Sj, 
is represented as the linear combination of some independent bases, that is 


Sle, Po) 8 ME P12) a ae, n—s;—1)$7(s;) 
P e, 


CWtet Cite 
Ss 


x TE(1,2) +The (mw —Sy—2, N—5,;—1) TH, (55). 


where ¢6°(1,2) is the rotationally invariant antisymmetric bilinear form, and P is the 
permutation operator, and €p= +1 for / odd or even respectively. 

Since we assume that the interaction between nucleons is charge invariant, this spin 
eigenfunction of the 7-particle system with seniority number s;, breaks up in the following 
way : 


Dae palo >) fe (1,2) +f (n—s,—2, n—5,—1) $” (55) 
P 1S/jt- SST ee 


x Ty (1,2) +-TEr(m—sy—2, H—S5—1) 7, (55) 


which has the definite residual isotopic spin 7. We call (s,, ¢) “ the primitive structure.” 
In the following we denote simply the primitive structure by (s, 7) instead of (sj, ¢). 


§ 3. Explicit form of the spin eigenfunction 


In order to calculate the nuclear magnetic moment, it is necessary for us to construct 
the nuclear spin eigenfunction explicitly. 


We now introduce the “‘ symplectic representation ” in which we make the unit matrix 


represent the permutation operator which acts on the antisymmetric bilinear form 


Dim (= 1)" bm (7) $m). 


Then the representations of the symplectic transformation and ordinary transformation 
replace one another. 


We denote the partition” in the symplectic representation by [4],,, it is clear that 
L}.=L] 


In the following we will use the symplectic representation for the representation of 
the space spin eigenfunction in the sense of J-J coupling and the ordinary representation 


€ 


* This procedure is easy and convenient for the classification of the nuclear states of special nuclei only. 
For the complete table of the classification of nuclear states, see Flowers’ excellent work4), 
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for the representation of isotopic spin eigenfunction. Then the total eigenfunction is 
wtitten as 


P=$((AJn)7([A])- 


The above considerations suggest that the total eigenfunction of the partition [A,, 25] 
in isotopic spin space (that is, 7=(|A,—A,|/2)) should be represented as 
vd AS Ae J2 — —~7. 
~ Ee v3 » oe Pn (A) Pint (Ay) ¥ 2] Re er Tr (A,) Te (Ay) D 


¢(A) is the totally antisymmetric function and 7(A) is the totally symmetric eigenfunction, 


and its partition is [A]. 3} Lim Ym (Ar) Pmr(Ag) is the eigenfunction of definite total spin 


Jo SD) Peer T (As) Ter (Aq) is the eigenfunction of definite total isotopic spin 7. The proof 
is shown in the appendix 1. 


Consider the case of 4,=even, 4,=o0dd. If we take #(4,) as an eigenfunction with 
zero seniority number and zero resultant angular momentum and ¢/(/,) as an eigenfunction 
with seniority number 4, and then of the partition [A,],, and the eigenfunction of the 
resultant angular momentum /, it is clear that this eigenfunction has a primitive structure 
(s.2) = (Ag, 45/2). 

In heavy nuclei the outermost orbits of neutrons and protons are different, and the 
neutron orbit corresponding to the outermost proton orbit is already closed. In this case 
any total eigenfunction has definite total isotopic spin 7=7;, and the explicit form of 


the corresponding eigenfunction is written as 


41/2 A2/2 
ah 1/ 2/ 


ae ae —__>_ i. 
Sep LP ha m (Ay) Pmt (Ay) j t(A,) t(A,). 
P 1/2 o/2 


—~A2/= 


When 2,=even aud /,=odd and if we take #(/,) as an eigenfunction with zero 
resultant angular momentum, the magnetic moment of the nucleus is determined only by 


the second kind of nucleon. 


§4. Calculation of the nuclear magnetic moment 


By making use of the nuclear wave function given above, the magnetic moment can 
easily be obtained by calculating the average of 
MAG ot Ce 1) + 9nj (Tes + a) Pe ee 
7 
Since the terms of the explicit eigenfunction given above are not independent of one 
another, we must rewrite the nuclear eigenfunction as a sum of terms which are independent 


of one another. The results are shown in the appendix 2. 
It is impossible to check these results by making use of the normalization condition, 


Instead, the following equation is useful for checking the results : 


I> ee, F ty) P= (LF T)(7 & 7, +1), 
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§5, The nuclear shell model 


—— nuclei with less than 28 neutrons or protons 


-As will be shown in the detailed discussion of section VIII, the following assumptions 
are adequate to explain the nuclear magnetic moments and spins in all cases without exception : 
(1) The succession of energies of nucleon orbits is: 1s, 2f3)2) 3P1j2, 3A 5/29 251/25 3ao)05 

4 fry. 

It is not necessary to consider that the a). and 51/2 levels are sometimes crossed and 
have approximately the same energy as considered by Mayer”. 

(2) The total nuclear wave function 1s represented by a. totally antisymmetric wave 
function. 

As is well known, a system of one kind of nucleons must satisfy the Pauli principle, 
and the Pauli principle between neutrons and protons has not been absolutely needed. 
But since, on account of the meson interaction, one nucleon has two states—proton and 
neutron—it is reasonable and necessary to apply the Pauli principle between nucleons 
instead of neutrons and protons separately. 

(3) The interaction between nucleons is charge invariant and thus total isotopic spin 7” 
is conserved. 

This is for example the case in neutral meson theory and symmetrical meson theory. 
The charged meson theory is excluded. 

(4) The ground state of the nucleus has minimum total isotopic spin (7=7;). 

The energy level spacing in a total isotopic spin multiplet is larger that that in a 
spin multiplet and that due to. different primitive structures. 

In addition to the above assumptions, the following subsidiary assumption is adequate 
with the exception of two special cases. 

(5) The ground state of odd A nuclei with 2, neutrons and /, protons has primitive 
structure (5, 2) = (Ajaas Acaa/ 2), where Agar is 4,(Ay) if A,(A,) is odd. 

The ground state of odd-odd nuclei has primitive structures (s, 2) = (4,4 4, |4,—45|/2). 

The ground state of even-even nuclei has primitive structure (0. 0). 

Since the level spacing between the levels of the same total isotopic spin and of 
different primitive structures or different resultant spin is assumed to be comparatively small, 
this rule does not always hold, and sometimes another primitive structure give the lowest 
energy level. Such a situation occurs in F” and V™. 

We have no suitable experimental foundation for assigning the primitive structure of 
even-even nuclei. Only the seniority selection rules in isomeric transitions and /-decay are 
useful for investigating the primitive structure of even-even nuclei. 

According to these assumptions, the spin of the ground state is not determined 
uniquely, although the possible spin values are restricted. Thus the configuration (7)" 
does not always have the state with resultant space spin _/=7. For example in the con- 
figuration (d5).)°, 7=7',=1/2, has the resultant spin 3/2 and 9/2 but does not have 


spin 5/2 if its primitive structure is (s, ¢)=(3, 3/2) according to the subsidiary assump- 
tion given above. . 
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The 7—/ coupling shell model given above is clearly distinguished from Mayer’s one 
particle shell model”* at this point. As will be shown in the detailed discussion, all the 
spin descrepancies of Mayer’s shell model can be explained by the above considerations in 
the present 77 coupling shell model. 

F™ and V"! are the only two cases for which the subsidiary assumption does not give 
agreement with experiments ; but as will be shown in the detailed discussion, the magnetic 


: is x 4 ; Paes 
moments and spins of F"’ and V"! are well explained by using some other primitive structures. 


§ 6. Magnetic moments of odd A nuclei with the equivalent 
orbit of proton and neutron 


In this case the explicit form of the nuclear wave function is written as follows, if 
4, is odd and 4, is even: 


0 A1/2 A2/2 


Pon PR IE SUNRISES 
~ Ep PHA) P(e) Sd) beer Te (Ay) Ter (Ao) 


according to the assumptions stated above. 
Aa/2 2/2 


J 0 
The contribution of the term $(4,) $(A,) 2a,/2,-a0/2 TCAs) TCAs) is much larger than 
A1/2. 9 —Az/z 


that of the remaining terms and gives a good approximation for the calculation of nuclear 
magnetic moments. We call this the first approximation. 
The first approximation of the nuclear magnetic moment is written as 


L =/ Di 
where g;; is the Landé g-factor of the 1st kind of nucleon. Then, according to the 
present 7-7 coupling shell model, the following results are seen to hold in general. 

The magnetic moments of odd-A nuclei are in the vicinity of the lines connecting 
the origin and Schmidt’s points. Then the magnetic moments of nuclei are on the 
Schmidt lines or fall between them near a Schmidt line. This fact gives rise to the 
expectation that nuclear magnetic moments are explainable in a general terms by a shell 
model. At the same time it is expected that the present shell model will be able to 
explain the deviations of nuclear magnetic moments from the Schmidt lines. When / <7, 
the deviation of the nuclear magnetic moments is clear from the consideration of the above 


equation. Besides this, as will be shown in the accurate calculations, numerical results for 


the magnetic moments are written as 
p=g-J where J=913+ BGo; 
(a, f%5 0, and= «> f.) 
From this result it is also possible to explain the deviation of nuclear magnetic moments 


from the Schmidt lines even when /=/,. 


* Recently Flowers proposed another assumption independently. The present assumptions are also clearly 


distinguished from Flowers’ assumption at this point’). 
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$7. Odd-odd nuclei 


Since S=A,+7, according to the assumptions given above, zero spin of the ground 
state of odd-odd nuclei is excluded on general grounds. But if s#A, +4, zero spin of 
the ground state 1s possible. This fact favours the present subsidiary assumption of odd- 
odd nuclei. 

Moreover, according to our assumptions, the spin of a self-conjugate nucleus which 
has two nucleons in its outermost orbit is restricted to being odd, in agreement with the 
experimental fact that all the self-conjugate nuclei of this type have odd spins. 


According to the above assumptions, in the case of self-conjugate nuclet, the magnetic 
moment is given as 
pag, 9= (Ys Gos)/2- 
This preserves Mizushima and the author’s previous results and coincides with Feenberg’s 
results. 
It is worthwhile to note the following. According to. the subsidiary assumptions, 
seniority selection rules are expected in @-decay and 7-decay, if sy-s, > 4, where 5; and Sy 


are the seniority numbers of initial and final nucleus respectively. 


§ 8. Detailed discussion of spins and magnetic moments 


The results of the calculations of nuclear magnetic moments are shown in table 3. 

irae dats) wah es ae aes ( pay), J=3. Both self-conjugate nuclei have odd spin 
states and the above assumptions corroborate the experiments. Instead, the states with 7=odd 
have only even spin and contradict the experiments. 

ahi, Bex (pas)? yf = 3/2: Mizushima and the authors’s previous success” is pre- 
served in the present shell model. 

EY: (dgj)*, J=1/2. This is the exception to the subsidiary assumption. The primitive 
structure (1, 4) specified by the subsidiary assumption has the only one state with spin 
5/2 and does not have a state with spin 1/2. Instead, the alternative structure (3, 4 
is able to explain the magnetic moment and spin very well. 

In Mayer’s shell model the 9th proton has an Sy. orbit, but this model is not 
adequate to explain the comparative half lives of the O” and Ne" /-decays, as will be 
shown below. 

Ne”, Na®: (ds).)**, J=3/2. According to our assumptions the spin 5/2 is 
excluded and, instead, the spin 3/2 and 9/2 are possible where the magnetic moment 
and spin expected from the former agrees with experiments. 

wMg": (dy2)*, /=5/2. The magnetic moment of the state with 7=7,=% and 
the primitive structure (1, 4) specified by the subsidiary assumption agrees with experiment, 
while the magnetic moment of the state with 7=T7. ~=4 and the primitive structure 
(1, 3) disagrees with experiment. The results are shown in table 5. 

Cl” : (dyj2)*, 7=3/2. As seen from the table 6, the agreement with experiment is 
slightly better for 7=3/2 than for 7=1/2. But, as the difference between the magnetic 
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moment of 7’=1/2 and the experimental value is not very large, it seems that the agree- 
ment for the magnetic moment with 77=3 /2 is probably accidental, and the ground state 
of Cl* must be the state with 7=7 <=% which is specified by the above assumption. 

Ser sha) ae = 3/2, /=7/2. The magnetic moment expected from the subsidiary 
assumption agrees with experiment. 

Vos: (foo), J=7/2,. This is the other exception to the subsidiary assumption. 
According to the subsidiary assumption the spin 7/2 is excluded. Instead, the alternative 
primitive structure (1, 3) with 7=7,=3/2 is able to explain the magnetic moment and 
spin. 

Maat fish A fee a Les According to the above assumption, the spin 7/2 is 
excluded and, instead, the spin 5/2 is included; and the magnetic moment of the state 
with spin 5/2 agrees with experiment. 


§9. Alternative interpretation 


In the above shell model the magnetic moment of P™ is not satisfactorily explained. 
This defect is avoidable by making use of the following two alternative models in which 
the assumptions 2, 3, 4 and 5, are preserved, but the assumption 1 is altered by the 
following assumptions 1’ or 1”. 

Alternative assumptions : 
The succession of energies of individual nucleon orbits is 
1’ 15;)2) 2 Psy» 2Prj29 3as)29 33/29 2512). 4f;)9- 
1” 15,2, 2Psy2» 2P;)2, 3As2, 35/2, 251), 4f7)2, for neutron orbits, 
15,2, 2Psj29 2P;)29 3a5j2, 251/25 322, 4f;j2, for proton orbits. 
The magnetic moments calculated according to these assumptions are given in table 7 


and 8. 
The assumption 1’ is not adequate since the spin of K® and K" and the magnetic 


moment of K* is contradicted by experiment. 
The assumption 1’’ explains the magnetic moment fairly well in all cases. This seems 


to be a very promising model. 
§ 16. Excited states of even-even nuclei 


In the present 7—/ coupling shell model, it is quite natural that the first excited state 
and some of the second excited states of even-even nuclei with unclosed orbits have spin 
2 and spin 4 respectively." This experimental law is easily explained by the assumption 
that the first excited state of even-even nuclei with unclosed orbits should have the primitive 


structure (s, ¢)=(2,1) with 7=7,, since the primitive structure (2,1) has only even spin. 
§ 11. Beta-deeay 


As indicated in table 9, 10, 11 and 12, the present 77 coupling shell model is 
adequate to explain the -decay in all but the two cases of C™ and O”. 
According to the present jj coupling shell model the following selection rules are 


expected ; 
1. Principal selection rule 
J-forbidden transition 
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2. Subsidiary selection rules 
a. -forbidden transition 
b. seniority forbidden transition 
c. seniority forbidden transition 
The forbidden transition means that the total spin change and parity change are 


allowed but the angular momenta l’s of the initial and final nucleon orbits are different ; 


for example 3,2 Sides 

Besides this, if the seniority numbers of the initial and final nuclei differ by more 
than four, that is 4s = 4, the transition is expected to be inhibited. : : 

In table 13, the large comparative half life of P® may be well explained by an / 
forbidden transition. 

In table 14, it is interesting to note that the comparative half-lives of the decay of 
Sc! and Sc which are seniority forbidden are to some degree larger than those of the 
other allowed transitions with few exceptions. 

In Mayet’s shell model, O”"——F" is expected to be 2nd forbidden contradicting the 
experiments”. In the present model O" 2(dp)? T=Lp=3/2 expected to have spin 
3/2 instead of 5/2, and F" has spin 1/2, then the allowed transition of O——F™ is 
well explained. 

In the assumption 1”, Mg”, P” and S" are expected to be /*, /-, and /-forbidden 


respectively contradicting the experiments. 


§ 12. Discussion 


Although 1/” is able to explain the magnetic moments of nuclei very well, the ex- 
planation of /?-decay by the assumption 1” is less satisfactory than the explanation by the 
original assumption 1. Thus it seems that the experimental facts are in favour of the 
original 7-7 coupling shell model and exclude the alternative assumptions. 

The deviation of calculated magnetic moments from the experimental ones are appreci- 
able when the nuclei have comparatively large atomic numbers or 7, = 3/2. The calculated 
magnetic moments of H®, Li’ and Be® deviate to the outside of the two Schmidt lines. 
Beside these nuclei, the calculated magnetic moments deviate forward the inside of Schmidt’s 
lines. These deviations may be attributed to the following, 1) Coulomb interaction 
between nucleons, which does not hold the total isotopic spin at T= 5 ops 2 peexchenge 
moments ; 3) angular momentum quantum number / of the decides! nucleon is only 
approximately a good quantum number; 4) the total angular momentum quantum number 


jx of the individual nucleon is only approximately a good quantum number. 
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Appendix 1 


For example, consider the case of 7=1 /2 and y=5. The regular representation LX, 
whose bases are 


u(1)4(2)8(3)8(4)8(5) 
a(2)4(3)8(4) 8(5) P(A) 
4(3)4a(4)8(5)8(1)A(2) 
a(4)4(5)8(1)8(2)8(3) 
a(5)a(1)3(2)8(3) B(4) 
a(1)4(3)8(2)8(4)8(5) 
u(2)4a(4)8(3)2(5)PQ) 
a(3)4(5)8(4)8(1)8(2) 
a(4)u(1)3(5)8(2)B( 


3) 
iA 3)a2) ACIP) BLA) 


includes the three irreducible representations, that is ; 


fo sh2dey po ad 
Thus if ARA~ is the irreducible representation and if £,,,’s are chosen so that 
De T_T, has the resultant isotopic spin 7=1/2, 


fees €~(42)-t7) (345) ~ on 
Rees Te(23) Te (451) Ne 
eee weer ee eee eee 3 
eee eew eee eee ee . 14 


« 
< 
bal 
“ 
as 
= 
Ww 
WY 
A 
al 
Va 
N 
as 
wm 
wm 
jo) 


eee eee see ee eens 


rr 


oS © 6-6 


where 7,’s are the five bases of the irreducible representation [271]. 
Thus da/2 dal? 


ST ep PS) him Pn(12) Pr (345) + Leer Te (12) 7 (345) 


z / 1 8/2 

> ee, Pm (12) Pms (345) a Rey t,(12) raed 
- = ——__ —————,, 

D1 2mmt Pm(23) Pm (451) DI Acer Te (23) Te (451) 

Si BS ei ee es Gea Se petri ir 
aha Kinny Pn (13) Pmt (245) a Ree 7, (13) Ty)(245) 

8/2 
=>] Email fm (24) Pm (351) >! Ree T, (24) Cer SIL) 


Cr a cris 
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1 3/2 
ST bonmr Pn (12) Pm (345) S Bee: Te(12), Te G45) 

was eigen eee ee AS a te Bir see eaisiw.e sie ate = 
—> Ritent (13) Pyr(245) >> Ree Tx ( 13) Tz) (245) 


oa\a nW lee (016 6.0 0 male 
ee ee 


do He | 
os Qs 
dy 4 


where $,’s and 7,’s ate the bases of the irreducible representation [2°1]. 
It is clear from the above consideration that the converse is also true. 


Appendix 2 


The nuclear spin function which is a representation of both rotational and permutation 
groups can be constructed as follows : 


We start from an invariant formula 
T= My, (u,® us —us? u,©) %% x TT, (u® 2,7-uP x)", 
where 2, %, is ey A ce 
Ott a CS Ont D3 Fn)> 
D272 e 27, 


Pta=2 Dae Pat) bs 

The required eigenfunction g(a) is obtained by antisymmetrizing suitable spin 
functions given above. 

The final result is obtained by representing the nuclear eigenfunction 
Ar/2 Ai/2 


F =S) ep PS hunt Gua) Prat Aa) Sh bees TAs) Fer Ae) 
as a linear combination of suitable independent bases. Some of the explicit nuclear 


eigenfunction thus obtained are as follows : 


for v=5, 7,=5/2, J=3/2, (s, t)=(3, 3/2), 


The j-j Coupling Shell Model : 519 


P= 1S 6, Py’, 
> 


a: 
N 


P! = 6 (au) (BB) - (tts)o 572 thspr) (sje sa) —4 (uuu) (9) (hoje Usj2 Usy2) (ayn 2a)2) 
+4 (aun) (32) (2s2 ts) a) (t1j2 U_1/2) +4 (uuu) (3) - CAE Usy9 u_1p2) (ts,2 tt-5)2) 
see) (BB) (1/2 Usp u -u2) (they ye M—sj2) +5 (vu) (8B) (24 112 Maja U—yyo) (ya 1?) 
—2(a, 3,0) (4) (242 Maye i }%» Usys ) Cian 25)2) 

—2(48, Pr) (a) (saa Usy2 .) (Gays 52) + 2 (GBB) eC t-spy 269) CA) 
where (WP) ts ayy yy») =u) B(2) 
+ 4(2)B(1)} B(3) {tsy0(1) 26 5)0(2) — %5j0(2) 245,01) } 25/0 
+cyclic change. 


The other functions needed in the present calculation can be obtained in the same 
manner. 
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Table 1. Symmetry of wave function 


me ~ Configuration sae 7 f gle Paces Structure 
a 1/2 (1, 1)2), 1G; 212) 
3/2)3 
(G/2) 3/2 Ele 2) 
1/2 (1, 1/2), (3, 1/2) 
5/2)3 
C2) 3/2 (1, 1/2), (3, 3/2) 
1/2 (1, 1/2), (3, 1/2), (3, 3/2), (5 1/2) 
(5/2)° 3/2 (1,. 1/2), (, 1/2), (3, 3/2) 
5/2 (iy 1/2) 
(7/2)8 1/2 (42); 12) 
3/2 (i, 1/2)5 (2.3/2) 
1/2 (1, 1/2), (3, 1/2), G, 3]2), © 1/2) 
(7/2)° 3/2 (1, 1/2), (3, 1/2), (3, 3/2), G, 3/2) 
5/2 (iy 29, 0372) 


ee ee 


Table 2. Primitive structure and spin 


be ee 


Orbit Primitive Structure Spin 
(4, 1/2) 3/2 
3/2 (3, 1/2) LZ, 5/25. 42 
(3, 3/2) 3/2 
(1, 1/2) Sizus 
a (3, 1/2) 1/2, 3/2, 5/2, 7/22, 9/2, 11/2, 13/2 
G, 3/2) 3/2, 9/2 
Gaai2) 1/2, 3/2, 5/2°, 7/2%, 9/2, 11/22, 13/2; 15/2, 17/2 
C20) 7/2 
(3; 1/2) 1/2, 3/2, 5/22, 7/2%, 9/22, 11/2?, 13/2? 
15/2, 17/2, 19/2 
7/2 (3, 3/2) 3/2152, 9) 25-125) A}2, 
(5, 1/2) 1/22, 3/24, 5/25, 7/27, 9/27, 11/27, 13/27 
15/25, 17/28, 19/24, 21/23, 23/2%, 25/2; 27/2 
(5, 3/2) 1/2, 3/2%, 5/22, 7/23, 9/23, 11/23, 13/28 


15/22, 17/22, 19/2, 21/2, 23/2 


xX tei +» Ss 


ee ee Te 
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Configuration y vi == |Z ae 


i nas he : He Peal Hexp 
oe 1/2 1/2 —1.91 
1/2 1/2 2.79 
H3 (s1j2)3 1/2 (1, 1/2) 1/2 2:72 2.97 
Fi (s1/2)? ) (2, 0) 1 0.88 0.86 
Hes (s1)2)- 1/2 (1, 1/2) 1/2 = 1,92 213 
Li® (Ps)2)? ) (2, 0) 1 0.63 0.82 
Lil ( p3/2)3 1/2 (1, 1/2) 3/2 3.07 3.26 
Be® ( psj2)-8 1/2 (1, 1/2) 3/2 14 Sis 
bo (P3/2) > 0 (2, 0) 3 1.88 1.80 
Bo (f3/2)— 1/2 (1, 1/2) 3/2 3.79 2.69 
Cis (p12)! 1/2 (1, 1)2) 1/2 0.64 0.70 
N¥4 (piy2)? 0) (2, 0) 1 0.37 0.40 
N's (p12) 1/2 (11/2) 1/2 —0.27 —0.28 
Ol (d5)9)} 1/2 (1, 1/2) 5/2 =O —1.86 
Fe (d5)2)3 1/2 (3, 1/2) 1/2 2.74 2.63 
Ne! (d5/2)® 1/2 (3, 3/2) 3/2 —0.65 <0 
Na” (d5)2)° 0 (6, 0) 3 73 175 
Na®3 (d5)2)~5 1/2 (3, 3/2) 3/2 2.38 2.22 
Mg” (d5)2)~3 1/2 (1, 1/2) 5/2 —0.62 —0.96 
AL? (d5/2) 1/2 (1, 1/2) 5/2 4.79 3.64 
Si (s1/2)4 1/2 (5,42) 1/2 —1.91 
p3t (s1j2)— 1/2 Giza 2) 1/2 2.79 1g 
S33 (dsj2)} 1/2 Cia) 3/2 1.14 0.63 
ss (d3)2)3 3/2 (3, 3/2) 3/2 1.14 
C35 (d3j2)8 1/2 G5y2) 3/2 0.26 0.82 
C)s7 (dy2)-3 3/2 (3, 3/2) 3/2 0.12 0.68 
K39 (d3)2)— 1/2 (1, 1/2) 3/2 0.12 0.39 
K* (dsj2) 4 ( fii2)* 1 (2, 1) 4 —1.70 —1.29 
Kt (ds)2)— (frj2)? 3/2 (1, 1/2) 3/2 0.12 0.22 
Sc45 (fiz) 3/2 (1, 1/2) 7/2 5.07 4.8 
vot ( fij2) 5/2 (1, 1/2) 7/2 5.79 5.14 
Mni> (fi2)-3( fo2)” 5/2 (3, 3/2) 5/2 4.1 3.47 
Table 4. Predicted spins for some nuclei 
Nuclei Predicted Spin 
Ne*!, Na’ 3/2, 9/2 
Mni55 3/2 3D) 25/9) 2a 2, 15/2 


ee 
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Magnetic moment of Mg” 


Table 5. 


Configuration Lines (Spal) Peal Wiha 
ee i wie Be. (tee 1/2) —0.62 
d5]2) 8 1/2 Ps a Te —0.96 
a2) (3, 1/2) a3 


Table 6. Magnetic moment of Cl5® 


configuration ap fecal fexp 
1/2 0.26 
(ds/2)* i ee —— 0.82 
3/2 0.80 


Table 7. Magnetic moments calculated by the assumption 1’ 


Spin Lecal Lexp 


Configration Tie ie 
pst (d3j2)8 1/2 1/2 0.72 13 
S33 (dsj2)-8 1/2 3/2 1.00 0.63 
C135 (dsj2) 1/2 3/2 0.12 0.82 
cls? (d3)2)— (1/2)? 3/2 3/2 0.12 0.68 
| ong (s1j2)*( frj2)* 1 4 0.85 —1.29 


Table 8. Magnetic moments calculated by the assumption 1” 


Table 8. Magnetic moments allied by 2 


Configuration T=T< W/f, Leal pexp 
p3t (s1/2)1(ds/2)” 1/2 1/2 1.24 1.13 
S33 (d3/2)3(s1/2)? 1/2 3/2 0.92 0.63 
C135 (d3/2)~3(s1/2)~* 1/2 3/2 0.35 0.82 
C37 (d3)2)-3 3/2 3/2 0.12 0.68 
K29 (d3)2)— 1/2 3/2 0.12 0.39 
K* (dejo) ( fia) 1 4 —1,70 — 1.29 


ee 


Table 9, Beta-decay of mirror nuclei 


Configuration ft/108 

& (s1/2)4 1 

Fe ’ (51/2) let 
c (ps2) ; 3.9 
N's (p12)! 48 
Oe (p12) 3.7 
mV - (ds/2)* 2.2 
Sie (d5)2)-! 3.6 
' (s1/2)? 3.8 
a (s1j2)7 3.4 
oe (3/2) 4.0 
A® (d3/2)8 3.4 
Sy Fie) 2.6 


ae cn 
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Table 10. Beta-decay of the nuclei which have the same configurations 


and. spins as the final nuclei but are not mirror transitions 


A 


Configuration 


Log ft 
s% (ds/2)8 5.01 


Sc#8 (Fr/2)* 4.81 


Table 11. Beta-decay of the nuclei which have the same configurations 
as but spins different from the final nuclei 


Configuration Si Gi Log ft 
Ne?s (d5)2,° 5/2 3/2 5.01 
Na’ (d5j2)~8 3/2 5/2 4.8 
S47 (faj2)* 7/2 5/2 5.65 


ET 


Table 12. Beta-decay of the type 7=/+1/2 <2 j=/—1/2 


Configuration Log ft 
BY (3/2) ( Zr2)* 4.18 
N'2 . (f1/2)? (p32) 4.18 


Table 13. “forbidden beta decay 


Configuration Log ft 


ps2 (51/2) *(ds)2)} 79 


ee  ——— 


Table 14. j-seniority forbidden beta-decay 


si sf Log ft 
Cats 5 1 5.98 
Sci 4 0 > 5.27 
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Electronic states of the F,-molecule are first discussed on the basis of an assumption that the 
component F-atom is an ideal system which consists of five 2/-electrons and a nucleus of charge 52 
(the perfect screening by 1s— and 2s-electrons). The result of the calculation is that the ground state 
is ‘D\7 and its dissociation energy and the corresponding equilibrium nuclear distance are 26.0 eV and 
0.840 x 10-8 cm., respectively. Experiment shows that the ground state is 12\7, the dissociation energy 
is smaller than 2.75 eV, and the corresponding equilibrium nuclear distance is 1.435x10-8cm. The 
disagreement of the present result with experiment may be due to the neglect of the effect of s—electrons. 

Next, we consider the electronic states of the O.-molecule. In this case, we assume that the electron 
configuration of the O-atom is 1522s°2fg2fn° and that 1:°2572f, form “the molecular core.” Thus we 
discuss the interaction between two ideal atoms each of which consists of three 2/x electrons and a 
nucleus. We find that the calculated result accounts for experiment. 


Introduction 
2 


In the previous paper? (which will be referred to as “I” in what follows), we 
discussed the electronic states of C,-molecules considering a system of two ideal atoms 
(C-atom) each consisting of two 2p-electrons and a nucleus of double charges. We found 
a fact: “The more the 2/f,-electrons, the deeper the binding energy.” This was due to 
the neglect of 2s—electrons (and 1s-electrons). When we took into account the effect of 
2s-electrons, we found that the rearrangement of the energy levels occurred.” The reason 
is as follows: The attractive force between a 2f,-electron of an atom and a nucleus of 
the other is larger than that between a 2/,-electron and a nucleus, while the repulsive 
forces of s-electrons are stronger for ,-electrons than for #,~electrons as is easily seen 
from the symmetry of the orbitals. 

In the present paper we first consider the interaction between two F—atoms which 
consist respectively of five 2/-electrons and a nucleus of charge 5¢. We arrive at the 
same conclusion as in I, that is, the configurations which contain more fo-electrons have 
the lower energy. Thus, we have to take into account the interaction between 2f, and 
2s electrons. 

In the case of F,—molecules, however, the calculation including 2s—electrons is extremely 
lengthy and tedious. _A more simplified method of treating the molecules are hence desired 
to device. The neglect of 2f, as well as 2s electrons can be a tentative way. It is. 


imagined that this method gives rather a better result. In such a direction we hit upon 
three models : 
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(i) We assume 15°25°2f,°2f,,° for the electron configuration of an F-atom. We 
consider 15°25"2f," as to form “the molecular core,” and neglect them altogether. We 
have then only to consider the interaction between two ideal atoms containing three 2/, 
electrons each. 

(ii) We assume 15°25°2f,2f,' for the electron configuration of an F-atom. We 
consider 15°2s°2, as “the molecular core.” In this case the F,-molecule consists of two 
atoms which contain four 2/, electrons each. 

(iii) The configuration of an F—atom is as in (ii) and we neglect is 27. . ane 
F,—molecule becomes a system of consisting of two atoms which contain two 2s—electrons 
and one 2f,-electron each. f 

To determine in purely theoretical way which of these models is the better approxt- 
mation is impossible unless we take into account completely ali electrons. If we adopt 
the model (ii), the electronic state of a F,-molecule is only (7°2”, 7 et) Se And tt 
the adiabatic potential of this state is attractive, we have to consider this state to be the 
ground state of F,. This way is equivalent to the molecular orbital method. If we 
take the model (i), electronic states of a F,-molecule are °4,, '4,, *2>'7> eb Ties SO ee ce 
and 15'z as we discuss in the case of O,-molecules. It seems that among the adiabatic 
potential of these six states that of *>'7 state is lowest, and we can not explain the ex- 
perimental fact in which the ground state is 'S);. As for the model (iii) we hope to 
consider it more precisely elsewhere. The electronic states of this model are all 5). It 
is expetimentally believed that the deepest state of the F,-molecule is '>}j; and next and 


third are // states. 

We next discuss the electronic states of O,-molecules. They have qualitatively been 
discussed by many authors.” A quantitative theory was first published by Wheland.” 
He assumed 15°25°2/,2f,° for the electron configuration of the O-atom. and neglected 1s— 
and 2s-electrons. He regarded two 2f, electrons as forming a single bond and ignored 
their interaction with the remaining electrons. Thus he treated six 27, electron system 
(three in each atom) and found that the *S!7 state was the lowest of the states arising 
from this configuration. From this result he drew a conclusion that the *“>), state might 


be the ground state of the O,—molecule. 


In the present paper we assume the same electron configuration of the O-atom as 


Wheland, because this assumption can be considered as quite natural from the rfesult 
obtained in II. The configuration 15°2s°2f, is considered as the molecular core as before, 
»-molecule is discussed considering the interaction of two 
electrons each. The calculated result for energy values 


which is in agreement with experiment. The excitation 


and the electronic states of the O 
ideal atoms which contain three 2 /,. 
shows that the lowest state is’>},, 


energy and symmetry properties of lower three excited states are in agreement with ex- 


periment. 
The method of calculation and the notations for variou 
ame as I and II throughout in the ptesent paper. Numerical evaluation 


king use of the tables given in III.” Orbitals are denoted by 


s orbitals, wave functions and 


integrals are the s 
is carried out by ma 
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a= N,-Z-exp(—xr/2), 


naN,(x-+iy)exp(—xr/2), @=N,(4—ip)exp(—%r/2). 


§ 1. F-—molecules 


The electronic part of the Hamiltonian of our. ideal F —molecule is given by 


k=1\ 2 V ak Mok Lie dS V jhe 


. 5 5 ee | 25 
H=—>1( +A, + ee oa eee 


where all quantities are measured in atomic units. If we neglect the effect of the excited 


and ionic structures, the electronic states arising from various configurations of the molecule 


ate as follows: 


A configurations 
2 (67S, oS) 


1 (o7’®, on’ @") 


0 (o°n’@, ox @”) 


(on, on"@’) 


states wave. functions 
Cie ee ee ee ee ee oe 
4, (a; Ga Te ne Oa oy Or Ty TT, e, ) 
— ate Q,- —ate-p,- $m te Ot at en et 
Daf (apo; si To B73 95 Fy Tp, Ty, Ps ) ar (a; Oa 7, Ta oaaee F394 TT, Ty, Bs; ») 


- - beet on + - Fat a + = t+ pet oe + 
ef hss. (ofa; Tg Te Oi, Ty TT, Py, 2, ) ae (Ga 7, To Pa moar Gy Oy, Ty, Ty, e, ) 
5 = - — ete + - + et + — t+ et ee - 
25s (ajo; Tei B40, TT, Ty aS, &, ) ae (a2 Te To Po Ca i Dn Ty, Tp, @;, ) 


= (a — = + =a tea. t + ete oo et eta ote 
as (a; LPG Oy Poy Oy 7, Ty 3) —(efogt Tq a dy TT; Ty, Sy, @; ) 


SAE: 
a —ete— ot atp—rt ota. tet ot orate rig- Gt 
aS) + (ata; ces Ta a, an On Tp, en, ey, ) i (a; Og Te ae er, Go, Oy Ty, Ty, ecard ) 
au 
int + —ete—oit eta Qatar tet em OQ t+ eet Qt Sr 
3a (a; Gq I, a, ear Oy Fy Ty, Sy, By, ) i (a; Bq Ta Ta aoe On Oy Ty, 2» Py, ) 


INA=) Se (et Sore Oot Oso ett ro est + oat OQsot Qo at aot a Gh 
Ts ae (a; On Tq PO, a Ty Oy Ty Ty cart ) a's (a3 Oa Te e, las Oy Ty Ty Ty a, ) 
3N4+ tet oe + = tat ae + ~ 

ae (a; Tq Ta ae Oa Oy 7, 7, &, Oy, ) 


1 + - + — ate + - ota + = tat a + = 
Ba (a4 Mg Ty oer >, Oy Ty Ty, &, @, )— (oT Ty, eae aS, 7, Ty, &, @;, ) 


where A is the axial quantum number of the molecule. 
We first calculate the expectation values of HY with respect to the above mentioned 


states: W=(¢, HY)/(¢, ) where ¢ denotes the wave function of the state in question. 
The result of the calculation for x=5 and 1.4< R<2.0 is plotted in Fig. 1. We can 


find, from this figure, the rough order of these 12 electronic states. 
either (o°7"°@, o' 1@*)'D)F or (0m S, om’ e)'4, 


The lowest level is © 
The "S}; state, however, also arises 


from the configuration (o7°@", om°@-") and the interaction between these two 'S}> states 


lowers the adiabatic potential curve of (o°7°@, om@~)'S\4 


\; State. It seems therefore that 


the ground state of the molecule is (o°7°@, ¢t@*)151*. 
5 2 G 


Now, we shall examine the 'S'* states in detail. 
on@’) and (o7°@?, ot’ 2). 
state is of the 2nd degree. 


f This state arises from (072°, 
The secular equation which determines the energy of the 


The method of calculating the energy was explained in detail 


in II. The effective charge x is considered as the function of R and the variational method 
is applied to the calculation. The numerical evaluation is carried out by making use of 
the tables given in III. We get 0.960 atomic units=26.0 eV for the dissociation energy 
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ei > estate, and. = /t,>= 1.59 --atomic 
units=0.84 A for the corresponding equi- : 
librium nuclear distance. The corresponding 
effective charge is 3.62. The numerical & ! 
evaluation shows that the contribution from t a 
the configuration (o7°@", oz°@) is very § ey SS 
small. , 10 ae 

The experimentally determined ground = & “— 9 R : 
state of the F,—molecule® is (o7°2", E 4 Cees. 
om’ @*) 1S1*. The observed value of the 
dissociation energy is smaller than 2.75 eV | tee 

F 


and the corresponding equilibrium nuclear 
distance is 1.435 A. The above obtained ty : £24: 


result of the present calculation is by no 


means in agreement with these observed Fig. 1 Adiabatic potentials of F)-molecule. 
facts. The reason for this disagreement R: nuclear distance in atomic units. 

: Igo? 2 ast 

is the neglect of the 2s— (and 1s-) 1) (one, on?@?)°D) » 


Dye G2 70-225 one) D7, (on? B, on? RB) es 
3) (ene, on? o> Tl, 
4) (0°n?@, on? *)* 1g, 
¢ : - 5) (CB, Cre 3A, (one, one St IS, 
source of the main contribution to the 5) UPR, eA y, (CR, on IS. 
9 


electrons. The strong attractive force be- 
tween the-o—electron of one of the two 


atoms aad a nucleus of the other is the 


binding energy. If we take into account 

the effect of 2s-electrons, the strong repulsive force between 2s and 2/,-electrons may 
cancel most of the attractive force. The dissociation energy may consequently become far 
smaller, and the equilibrium nuclear distance longer. This is naturally expected from the 
fact found in II. Since the interaction between 25 and 2/,-electron is very small, it 


(eas 2 2a 2 
may be also natural to expect that the ground state of the F,molecule is (s°a7’ 2’, 


2 2-2 1 + 
Sol BR’) D145 ° 


§ 2. O.-molecules 


We consider-next the electronic states of the O,-molecules in this section. We neglect 


15°25°2H, electrons altogether. The Hamiltonian is given in the similar way as in the 


F,—molecule : 


6 6 6 1 9 
H=-—-)>) rash pe ae ee 31 -——+— - 


tal \ 2 V at Vyp 2 RET A=T Gy R 
In such a rough approximation we can not plot the adiabatic potential and we can ac 
not discuss the dissociation energy and the equilibrium nuclear distance. The 


cordingly 


electronic states arising from the configuration which consists of six 2/, electrons are, as 


follows : 
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A configurations — states qave functions 

2 (°@, 1°@) eAN (min, O71, TM; Bz ) 
vA (f7 1, Gg Ty Ty Bs) —(AtTy PMT, Sy ) 

2 i Q* 3 a x 3 

i “ oe ) | (aia ir; As or, ) + (ti OZ Pz 75 Ty By) 
: au 
uy (nin, Bin; Ot Os) — (Aimy P-7 Ms BZ D5 ) 
oP | He (7, Oo Oris Ty, @> ) + (i Oi Tj; @; ) 


Hence the degrees of the secular equations are all linear, and the energy W of each state 
is simply given by the expectation value of the Hamiltonian. The result of the calcula- 
tion is given by the following equations : 

WeSt)=W id) -W,, WCDD=We4.)—W,, 

WES) =WC4)+W,, WEeSN)=WC4,) + W.- 


where 
A—B A+B 
WV Ay, iS GaP Sane: V *4..) © oe te 
‘ ) a—b ( a+é 
eee w= LtP 
a—b até 


A= ( (xin, Oi ast, Oy; ), Aang eat, Oa) 
B= (a7, Oty ay @; ), HH (apny Piast; Os aie 
C= — Cnaan (14S) )" + 4 ioe or (ly) 2 eee cages 
D= Digan (1 Sp) 4 2l ei i laeas lil + 7) A 4 Ciena 
a=(1= 5, 6=—S/?ra 
Numerical values of C /x and D/x are easily obtained as the function of xR by 
making use of the tables given in III]. We find that 
W<0:, W,<0. 
In Fig. 2 the values of W, and IW, are plotted as the functions of R for x=3. The 
integrals A and Z are reduced and evaluated in the manner explained in detail in II, and 
we get the followlng relation : 
Wd.) > WCd;) «for *=3. and. sR 9 
It can be inferred that this relation may be satisfied in the larger domain. W('d,) 
—IV(@d,,) is of the order of 10 V7, or 101%. The curves of W(C4,), WC4,) and 
WEd,) —W ‘('4,) are plotted in Fig. 2. Since the observed value of the equilibrium 
nuclear distance of the O,—molecule is about 2.0~2.5 atomic units in its lower electronic 
states, it is sufficient to consider the energy value in the domain xX <9. 


From the above- 


mentioned inequality relations we can conclude that the ground state of the O,—molecule 
is °>\7. Moreover, if we take x=3, in the range 6< R<7 we have 


W(*d,,) —-WC4,) ~0.2; Wy~W,~0.02, 
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(irene 


We, —(.1 


> 
>I 
isc) 
a 
ie l 
ae 
ay 
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Fig. 2, Curves of 17,, W, W(34,), W(4g) and W(4,)—W0dy) as the 
fuctions of A’ for x=3. 
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Fig. 3 Schematic representation of the results for the O.~molecule. 


The quantitative relation between above mentioned states is shown schematically in Fig. 3. 
O,-molecules are as follows: The ground state is 


The experimental results” for the 
3337, lower four excited states are'’d,, *S)*, °Dit, and °S1* in order of increasing energy. 
1 + BN1+ 
and * are 0.98 eV 


The energy intervals between ground yo, state and re a 
(~0.036 a.u.), 1.63 eV (~0.060 au.) and 4.47eV (~0.165 a.u.) respectively. The 
agreement between the theoretically estimated and observed values are very good. 

The electrons which are contained in the ignored cores are all s or o. The interaction 
electrons are very small and all similar in character. The 


of these electrons with 27, 
Therefore it may be inferred that 


electronic state of ‘the molecular core’ may be '>'7. 
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the effects of ignoring core do not alter the above-mentioned theoretical result. The tonic 
configuration which may affect the resule are (2°@-*, 2°)'4,, and (Pa, Te)*>d15, > 
The influence of these states are very small and the shifts of energy levels of ripe tive 
®S17 may be smaller than 0.01 a.u. which is negligible in our consideration. 

The present assumption may of course be adequate only for a few states near the 
ground state, and we must consider the effects of the excited atomic configulations for higher 
levels, for example, the observed 8S17 state may be (7°@", T@)*>),. That the ex- 
perimental values of intervals '4,—*5}7 and 1S); —'d, are not equal may also be due to 
the effect of ionic configurations. If we treated the electronic states of O,-molecules in 


the similar manner as F,-molecules in the first section or C.-molecules in I, we would 


obtain the unsatisfactory result as before. 


In conclusion the author wishes to express his sincere thanks to Professor Gentaro 
Araki for the valuable suggestions and encouragement he has given in the course of the 


present work. 
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In this paper, we try to interpret the pion-nucleon interaction on the basis of the nucleon isobar 
model. As a complementary way to the strong coupling and phenomenological theories, we start from 
the field theoretical viewpoint which will be useful to connect the present phenomenological theory of 
pions to the future theory of fields. 

We treat the nucleon isobars as elementary particles and describe them by the Rarita-Schwinger 
equation of particles with spin 3/2. Hence the familiar Feynman-Dyson method is immediately applicable 
to the calculation of matrix elements of such processes involving nucleon isobars as the pion-proton 
scattering and the pion-production by 7-rays on proton. 

The qualitative features are governed mainly by the mass, width, spin and isotopic spin of the 
isobar, so that our results roughly agree with those of the strong coupling and phenomenological theories. 

In some detailed respects, however, our results show differences from other theories ; the agreement 
with experiments is improved for the angular distributions of 7—/ scattering and photo-production of 
charged pions, but becomes a little worse for that of neutral pions. 

Our method is applied only to pion reactions in one nucleon system, for we know too little about 
two or more nucleon systems to extract the pure pion-nucleon interaction. Lastly, we discuss the validity 


of the nucleon isobars. 


§ 1. Introduction 


The queer behaviour of pions can hardly be understood in terms of the lowest order 
perturbation theory in contrast to the case of quantum electrodynamics, and various methods 
such as the higher order calculations, strong coupling and phenomenological theories are 
occasionally employed to account for experimental results. 

None of the methods thus far employed has given a satisfactory agreement with 
experiments, but each of them may correspond to a part of truth. In the phenomenologi- 
cal theory there are a number of quantities which correspond directly to observed ones, 
but are introduced without further verification. 

The strong coupling theory can give such phenomenological quantities, but seems to 
be based upon idealized assumptions and crude approximations which may not be permitted. 
Among those which are in doubt is the assumption of infinitely heavy nucleons. Then 


the recoil of nucleons and the radiative corrections are inevitably discarded. These dis- 
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adventageous points may more or less be remedied in the perturbation theory with higher 
order corrections, but the actual computation is too laborious to be performed. 

Taking merits of the above theories, we propose a method which can take account 
of the recoil and a part of higher order effects as well as of the strong coupling nature 
of pions that gives tise to the isobar state. This is to treat the nucleon in an isobar 
state, as if it were an elementary particle of spin 3/2 that obeys the Rarita-Schwinger 
equation.” Its interactions with other fields are introduced within the frame of the canonical 
formalism, Such a fictitious elementary particle appears only in intermediate states of the 
perturbation calculation, to which the relativistic method can be applied with the aid of 
the propagation function for a spin 3/2 particle, as described in Part i 

Also in this treatment, there exists such oversimplification as to replace the complicated 
higher order interaction between a nucleon and a pion by a point interaction which is 
described by that between the fictitious particle and a pion. The meaning and validity of 
our method are discussed in Part IV and it is found that our method seems superior to 
others in many respects. 

Our method is applied only to such processes that only one nucleon takes part in, 
avoiding the complication which arises from nucleon-nucleon interactions. The processes 
which we investigated are the pion-proton scattering (Part II) and the photo-pion produc- 
tion (Part III). The results agree with experiments better than in previous existing 


methods. The causes of disagreements are discussed on account of our approximation. 


Part I. Nucleon Isolncee 


§2. Experimental implications of the existence of nucleon isobars 


The existence of nucleon isobars was first suspected when the experimental results on 


the photo-pion production” showed the two reactions, 
ig Sate, (a) 
T+p> p+” (2) 


being of a comparable order of cross sections at a photon energy of 300 Mev., whereas 
the lowest order perturbation theory predicts 


a /a* ~ (u/m)’, 
where ot and o° are the cross sections of the reactions (1) and (2), and w and m 
denote the rest masses of pion and nucleon respectively. 

In order to get rid of this discrepancy, various ideas were proposed, e.g., several - 
authors attempted to take into account the Pauli-type interaction between a nucleon and 
the electromagnetic field.” 

However, since the theoretical value of o° was still lower than the one observed, 
several authors attacked the problem by assuming the existence of nucleon isobar? which 
is one of the most characteristic features of the strong coupling theory. 
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Recent experiments on the pion-proton scattering also showed an indication in favour 
of the isobar hypothesis,” 

Assuming the existence of isobars, the excitation energy, width, spin and isotopic spin 
of the isobar are fixed in reference to the following experimental facts. 

From the photo-production of neutral pions, it, is already known that the excitation 
energy 4/ is about 240~300 Mev. and the width /’ about 60 Mev.*. The same iso- 
baric state seems to contribute also to the pion-proton scattering*” and we shall identify 
them. 

In the symmetrical theory, the isotopic spin is a good quantum number,** with 
which we can provide an isobar and the isotopic spin of the isobar reveals itself as the 
most characteristic quantity in the pion-proton scattering. 

The experimental results show 


pt ite ein Ie Ly 


at energies about 110~150 Mev. where the resonance phenomena are supposed to take 
place. 


The notations o*, @ and o° represent the cross sections of the following modes of 


the pion-nucleon scattering : 

mt + po-pt, 

Ie +P > p+, 

m+p—>n+7". 
From the charge ratio, we know that only the states with the isotopic spin J=3/2 con- 
tribute dominantly to the scattering at resonance energies, so that we have to offer the 
value /=3/2 for the isotopic spin of the isobar. 

Experiments on various pion reactions show that the pion interacts with nucleon 
strongly in P-states of orbital angular momentum, e.g., the excitation function of the 
photo-production of neutral pions near threshold, and the angular distribution of the 
produced positive pions in proton-proton collisions.” 

The largeness of the total cross sections and the singular behaviour of the angular 
distributions in the pion-proton scattering also indicate the strong interaction in Ps), states 
in conformity with the above facts. Hence, we assume the spin / of the isobar to be 


equal to 3/2. 
It is interesting to note that /=3/2 and /=3/2 are the natural consequences of 


the strong coupling theory.” 


§3. The Rarita-Schwinger theory of particles with spin 3/2 


In order that we are able to compute the matrix elements of processes involving 


* These values are estimated from the resonance-like excitation functions of the reactions. 
** We assume the symmetrical theory throughout this paper. The phase shift analysis of the pion-proton 


scattering indicates that the isotopic spin is a good quantum number.’ 
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nucleon isobats, it is necessary to settle the field equation, propagation function and inter- 
action scheme of the nucleon isobar. 

As the field equation of the isobar, we shall adopt here the Rarita-Schwinger equation, 
for which the interaction with the electromagnetic field can consistently be introduced. 


The Lagrangian of the Rarita-Schwinger field is given by 
Y= 1, 7OatM)P,— : Va Gees Fe dake pars 5 P 7. (7d Bye em ere) 


from which follows, by means of the variation principle, 


Dyk) V,=0; (3-2) 


where 
tie 2 ee. . 
Dy (0) = VO4+M) Ov — : Qos eTeOne y TH —M)ry- (3-3) 


From (3-2) and (3-3), result immediately 
(ul y=0, W,%,=0 and (79+ M)¥,=0, (3-4) 
because of the following algebraic relations : 
d,Dy=9,, = (1/M) 19p— FA) 7} » 
[D7 ly ee is 


Inserting (3-5) into (3-3), we arrive at 


(3°5) 


il 
Duy=(7O+M) by — = [Gp de +9ul) —¥e VOID | Dov» 
163, 
T\ 9 9 1 : 
(9+ M1) 0 ,,=[9 pp + =. (Hud +9. 0) — = tu(Va—M)T,] Dov - 
Define 
A in if 
S,,(0) = (a—-M) | Pu + Gude +0,0,)— : r.(ya—M) r,| i H(3<6) 
then we have 
D,,(9) Spy (9) =,,((P?-M). (3-7) 
Consequently the expression 
Sr(x) =G (9) 4-(4) (3-8) 


plays the role of the propagation function in the Rarita-Schwinger theory. 


§ 4, Interaction Lagrangians 


We shall, next, study the properties of the interaction of the isobar with other fields. 


iB order to interpret the resonance phenomena which take place in the pion-proton scatter- 
ing, we have to introduce the interaction that causes 
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m+NV—>Y. (WV: nucleon, (: isobar) (4-1) 
Similarly we necessitate as well the interaction that gives rise to 
r4+NV—> MN. (4-2) 


Since the isotopic spin J of the isobar is equal to 3/2, the third component /, assumes 
the values 3/2, 1/2, —1/2, —3/2 corresponding to the four states with charge 2e, ¢, 
0, —é. 2 


We shall denote these isobaric states as 
Noy Wt, Mo. M4 - (4-3) 
The charge dependence of the interaction (4-1) must be expressed as 
Vine~ Giz Ni* Nj 7,+ comp. conj. (4-4) 


The requirement of charge independence can fix the form of G;;, and (4-4) becomes as*? 
* Art 1 * + A/S F779 
Vint i, G Ne, pu misay 4 M% (uz + 2 pr) 
oF = Ny* (pa + V2 nx) —N_,* un | + comp. conj. (4-5) 
3} 


or written more rigorously in the form of quantized operators, furnishes us with 


Line~ G [7 @ $r9— ss F 1) (Yyb+ V2 $45) 
ae we F (bpd* + V2 dys) — P sy din6*| + comp. conj. (4-6) 


The interaction Lagrangians causing (4-1) and (4-2) are given apart from charge 


dependences by 


sere Wr yee bora: conj., (4°7) 
pL Ot; 
2o= —2 Pi Dire Op Fy + comp. conj., : (4-8) 


MH 


=9,A,—90, A, are the wave functions of the isobar, nucleon and 
where ¥, $, @ and Py,=9, 4A,—90, Ad 

pion and the field strength of the electromagnetic field, and 

., for pseudospinor isobar 
1 o={ in P p 5 oes 
Ui ss 1, for spinor isobar. 
5, © r 11) 

We may reasonably assume that the nucleon is spinor and the pion pseudoscalar”, but 
there remains a question whether the isobar is. spinor or pseudospinor, so that two 


possibilities are taken into account in the interactions (4-7) and (4-8). 


: : St 
* We employed the same representation with that by Nambu and Yamaguchi.!° 
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As for the charge dependence of the first Lagrangian &,, we have only to refer to 
the expression (4-6). 
The coupling constant € in Q, must be distinguished between states with the charge 
s<g-and.0, i.e, 
ee for y¥4+p—-> Nt 


Ey for y+ n> No 


We can derive no relation between ¢, and ey from the symmetrical theory. If we 
assume, however, that the contribution from the pion current overcomes that from the 
nucleon current in such radiative processes at low energies under consideration, we may 
adopt a relation : 


Ep —En> (4-10) 


just as that between the anomalous magnetic moments of the proton and neutron. 
The forms of the interaction Lagrangians (4-1) and (4-2) which are invariant 


under the Lorentz and gauge transformation are unique within the frame of the canonical 


formalism.*? 


§5. Resonance and damping effects 


In calculating the matrix elements of pion reactions, there happens sometimes the 
consetvation of energy in an intermediate state : 


zm+N—> Ne 
which leads to a resonance. 
In order to avoid the vanishing denominator, we must take account of the damping 


effect, and for this purpose we have to pick up suitable terms from higher order processes. 


The Feynman graphs for the pion-nucleon scattering are given by (a), (6), (c) and (d) 
in fig. 1. 


KX 


(b) (c) (d) 


: nucleon 
ERI SH 
MEE © isobar | 


worn _—::sopion 


Fig. 1 


* The condition of gauge invariance requires further to replace Ou and 0u6* in the Lagrangian %, by 
(Ou—eAp)d and (Op+2e4n)6* respectively. 


The additional terms, however, do not contribute to the matrix 
elements of the order we are interested in. 


ere, 
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Fig. 1 (c) is the graph that gives rise to the resonance and consequently requires the 
introduction of the damping.. For other graphs we shall neglect such effects arising from 
higher order processes, because they may be small at low energies in question. 


The damping may be introduced, if one replaces the contribution from graph (c) by 
the sum of contributions from a series of graphs (c'), (c*),--: 


inffig. 2, 


ee : the line 
indicating the occurence 
of the real nucleon 


and pion. 


(cl) (3) (c3) 


This procedure seems to provide us the most simple means for our purpose. 
The substitution of (c') + (c?) +--+ into (c) results in the modification of its propa- 
prop 
gation function ©,. 


The propagation function written in the momentum space is given by 


SOM 
2xt \D (tp) Cy 


M+>M—7se 


The above substitution modifies ©, as 
S,=S,+ S,NG,+S,NSrNGp+--, (5-2) 
where 
Nw) =—2 (| (dayq.9.0 Lir p49) —m] 08 p+ a)+ m1 e+e), 
Pena a 


(9-3) 
which vanishes for £°+ (+p) > 0. 
The integration yields 


Nyy(P) ix — se l-G lcm) O- Ay, (Pf) +Byy(p)] ’ (5 -4) 
where ; 
Aug (P= # G2 P-O| dua P+ Phe (PO) I, 
By (p)=2 JLo OU Aneto t Pe Arete + OA) Ase], 
1 2s — [P+ wee {P+ gn [CPt 2). 
Ory P= 4p J 47° 


The following relations are worth noticing in practical calculations : 
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P=pion momentum, QO=pion energy 


in the center of mass system. 
Now the infinite sum (5:2) gives 


Or) Fai Dp) — Gti) NP) et 


On account of (5-4), we readily see that @,(p) can well be approximated at low energies 


by replacing the expression f’+M* which appears in the denominator of ©,(f) by 
(1—A,—B,)?* p+ (M+ A)’, (5-6) 


provided that the coupling constant G’/47 is not so large*’. 
The quantities A, and 4, in the expression (5-6) are defined by 


se i(Z)$B,mo, nme (ZVE. om 


Part Il. Pion-Proton Scattering 


§ 6. Formulation 
The Lagrangian expressing the interaction among pion, nucleon and electromagnetic 
fields is given by 
Lint. = —if P75 ty POs + te PteTaP: Ay 


+0A,(§,28—9814,)— 7 oA G+ 82) 


Ot anO +» 
11 By ryyp- +L Gren, [cyte] - Ag; (6-1) 
# 04, 
to which we must further supplement the Lagrangians &, and &,. Then the transition 
matrix R corresponding to the pion-proton scattering can be written as 


R=c, Rett ReteceRot6aRe > (6-2) 
where (cf. fig. 1) 


t ful) TA Ga) a CPN 


Rites Bae 
22 (20) T+) +b 
Ree, Cry ee 
b Sas Gay (Firs Cee yay; 


R= ee O(¢/).SrT+ Gi) rp oe)e Ou(l), 


Rigorously speaking, this condition is very severe in the case of spinor isobar. 
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z G\-, = : 
Gane f) w(F) Og). Sr l—9) rp (9), Ou(L), (6-3) 


where J, /, g; and gy denote the four momenta of the initial and final nucleons and of 
the pions respectively, and for brevity only the case of pseudoscalar coupling is illustrated 
in the above expression. The coefficients c’s are tabulated in Table I. 


Table I.*) 
Scattering Mode | ee aa Ce Ca 
zt +p —> p+nt (0) V2 3 af 
p> pk ie Woe (0) 1 3 


a +p >2+r° | —1 1 25 —V2 


Let R*, RK” and R° be the transition matrices corresponding to the above three modes 
of scattering, then in the symmetrical theory holds the following formula : 
Rik =V2-R. (6-4) 


For practical calculations, it is useful to note that the Dirac equation is of help to reduce 


the 7-dependence of the transition matrix into the linear combination of two fundamental 
forms :'” 

R=aU,4+0U,, (6-5) 
with 


Ta Pay, Uy=u(F) EP) (2), 


The propagation function Gj(/) employed in this section differs from the one in the previous section 
by a factor 2z¢, and is given by 


at Se iia 4 i . 
Sr(D)r0= 595 a7 [ aarlre—) + pala Al ie — aap lale— 37 {fa @rP) 10+ rare) Det 


F 


2 sane tes } 
Tr {2440} trateteare tira inet My 10} |. 


§ 7. Results of calculations 


In this section, we shall first decide whether the isobar is spinor or pseudospinor. 
Since the contribution from graph (c) is the largest at energies near resonance, we may 
make a rough estimate of the total cross section for 7*—/ scattering only by graph (c). 
The denominator of the propagation function 

(1—4,—B,)? 2? + (4+ m0’: A,)’ 
w (p+ MUM?) —27°(A,+ 41) +2mMO’- A, (7-1) 


reduces just at the resonance energy to 


* We have chosen the isotopic spin matrix ts as to satisfy 


Ti p=f>. t3?=—/2- 


540 


2M? (A, + Gh, + 2mMO* : +385 . 


The quantities A, and B, are proportional to G,; 
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(7-2) 


so that the matrix element just at the 


resonance energy is independent of the magnitude of the coupling constant G. Hence we 


shall study the dependence of the total cross section upon the excitation energy of the 


; : : - 
isobar. The pseudospinor isobar gives a reasonable magnitude of o*, 
to account for observed cross sections. 


: . ! “ 
whereas the spinor isobar gives too small a 


at 
150 mb }- 
100 mb 
50 mb 
15 4 2yu they Is) 
4: isobar excitation energy 
Fig. 3. The total cross section ot at just the 


resonance energy calculated from the graph (c) 
US. 


the isobar excitation energy. 


This is due to the oversimplification of 
the model and also to the inadequacy of the 
pure pseudovector coupling. The steep drop 
of o* over the resonance energy results from 
the destructive interference between the con- 
tributions of the graph (c) and others. 
The tendency of the excitation functions and 
the ratio @* : 07: 0° are consistent with ex- 
periments as it is expected from the beginning. 
The calculated angular distributions, however, 
are markedly contrasted with those observed, 
in which the backward scattering is predo- 


1) The natrow width is due to the 


minant. 
choice of small magnitude of the coupling 
constant, ie., G?/47=0.1. 

These defects indicate the necessity of 
the inclusion of the pseudoscalar coupling in 


order to enhance the S scattering of pions. 


o (mb) 


as shown in fig. 3, 


Hence we shall hereafter investigate only the 
case of pseudospinor isobar. 

Even in the case of pseudospinor isobar 
the total cross section is less than the experi- 
mental one. This fact indicates that states 
other than /=/=3/2 appreciably contribute 


- : 1 
to cross sections at energies near resonance. 2) 


A. Case of Pseudovector Coupling 


Next we shall study the case in which 
only the pseudovector coupling is taken into 
account between pion and nucleon. 


The 


absolute values of cross sections are smaller 


The results are shown in fig. 4. 


than those observed by a factor 2 at energies 


near resonance and much smaller at low 


energies. 


80 


60 


40 


20 


50 100 
Incident pion energy (in Mey.) 


150 


Fig. 4. The excitation functions of the pion-proton 
scattering. 
42=2p, 


G?/4xn=0.1, 
92/42 = (0.4)2=0.16. 


—— 
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Since the coupling of pion S wave with nucleon increases by taking also the pseudo- 
scalar coupling into account, the total cross sections will go up at low energies and the 
angular distributions will approach to the experimental ones due to the interference between 


ak OS Pat is 
=r and P waves. 


3 B. Case of Pseudoscalar 
Coupling 


Ae 
(mb) 
150 


To see the role of the pseudo- 
scalar coupling, we shall show the 
results of calculation with the 
SY pure pseudoscalar coupling in fig. 
5 and fig. 6. 

All defects of the pseudo- 


of pe eae e vector coupling are remedied. The 
ts 


100 


ratio, however, becomes worse and 


the- magnitude of the coupling 
constant f°/47=1.5 is too small 


peer Ae tS ae 
50 100 150 200 to account for the photo-pion 
Incident pion energy (in Mev) production as will be seen later. 
Fig. 5. The excitation functions of the pion-proton scattering. Thus we may conclude that 


AE—2p, the inclusion of both pseudoscalar 
G?/4z=0.2, and pseudovector couplings is 
J? /4n=1.5. necessary and indeed it gives a 


better agreement with experiments, 


which will be published elsewhere. 


ore (mb /sterad.) 150 Mey 
WL 
15 Part Ill. Photo-Pion 
Production 
200 Mev Cal A 
. 3 alculation of the 
10 100 Mev § 8 


photo-pion cross sections 


In this section, we calculate 


the cross sections of the photo- 


Incident pion energy in lab. sys. 


50 Mev pion production according to the 
method adopted in Part I. 
The Feynman graphs for 


: 60° 120° 180° the photo-pion production are 


given in fig. 7. 


Fig. 6. The angular distributions of the scattering 
Let the matrix elements 


nitp—-p+nt 


in the centre of mass system, corresponding to the above graphs 
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(b) 
——————— andeon 
EE joa 
VYYrwwrY’ pion 


aaa eis ow PHOton 


(d) 
Fig. 7 


be 2,, ®,, R, and R,, then /’s are given by 


R= | — Ont U,|, 


a Ox 


R=—* [e2y,_u, | 
b (47)? > m Oe! Nie 
Gay! yy, 3 7 D+ik m 
(MM (3 Aw? we My, 
2a (741) — yt. aa Us” 
As a m (Ss 3M) 6M? ce ue il 


: Am ie ee 
ou boy + {0 (1+ my Lm j-< (24-7 — a + e+e Un |; 
3M 3M? 2 IM? 3M 3M 2M 2 


comes 7 Cee o(2) 3 [ (2 +1)aUy 


is V3\n 6+ (M?/m®) —1L m 


selene: “aie dit an toe 


MW 


2 


ab je m we mm 4m Mm i. a 
ee eu+ | (+2 - Jas (ee +7 e—<hu,|, 
me Peay, 3M 3M oi 2M Di ase 


where 


F=f+t+ 2m 6) 
L 


* It must be remembered that the equivalence theorem holds in the photo-pion production, 
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‘ is (T+h)24+m2 2m i(1) + Ay (2) magnetic interaction. 


UP a —n(F) Corks TEKS) HM AT) A(h 
z ee, 2m (Fk)? +m? ee ale) (8-2) 


It is well known that matrix elements of the photo-pion production can always be 


expressed as the linear combinations of the above four elementary forms” (8-2). 


Then the transition matrix of the photo-pion production is written as 


R=cyRat& Ry+coRet+ Ca Ra 


where the coefficients c’s, being characteristic numbers for each mode of the production, 


are given in Table II. 


Table II*) 
Production Mode Ca Cb be Ca 
| 
yt+po>n+nt | 1 (@) 1 1 
{tp ptr 0 1 or ae 


The results of the calculation are given in fig. 8 and fig. 9. 
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Fig. 8. Angular distributions in the centre of mass system at 255 Mev. incident photon energy (in lab.) 


* We let ep=—ey for simplicity. Cf, (4-10), 
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Fig. 9. The excitation functions at 90°. 


§9. Comparison with other theories 


The photo-pion production has so far been investigated by many authors. The 
experimental results indicate that the electric dipole and magnetic dipole transitions give the 
same order of contributions to the positive pion production and the non-static effect of 
the magnetic moment of nucleon takes a main part in.neutral pion production. 

Our result shows the excitation functions more or less similar to those of Brueckner 
and Case,*) and the tendency seems to be consistent with experiments. 

The theoretical angular distribution of the positive pions is in fair agreement with 
7) 


experiments,’ since the interference of the electric dipole and magnetic dipole transitions 


is correctly taken into account by choosing the sign of €,G equal to that of e/. 


The theoretical angular distribution of neutral pions is consistent with the experimental 
result of Silverman and Stearns" at incident photon energies of 250 ~300 Mev. 


(@) [(8)_-11202 


in the center of mass system, but not with the preliminary result of Panofsky, Steinberger 
and Steller,"” in which produced neutral pions are peaked in the forward ditection. 

_-As for this point, the higher order calculation yields better agreement.” Next, we 
shall compare the contribution from the isobar with that from an orthodox higher order 
calculation. 

For this purpose, it is convenient to express the total matrix element but the lowest 
order as a linear combination of the four fundamental forms, U,,, U., US and US, ie., 


* Notice that ours are the excitation functions at 90°, while those of Brueckner and Case are the total. 


=, 
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where the coefficients G’s, being functions of angle and energy, are generally complex 
numbers. 

Since the contribution from a current type interaction G,U/, is negligibly small, our 
discussions ate mainly devoted to the magnetic type interactions. 

The qualitative behaviour of the angular distribution is governed according as which of 
the three types, U,,,, U{? and U{, contributes mainly to the cross section. (Cf. fig. 10) 


Ts 


We shall then discuss the angular distribution for the neutral pion production in 
which the higher order contributions are remarkable. 

(1) In the higher order calculation, the term G,,, U/,,, becomes overwhelmingly large, and 
furthermore G,, is nearly independent of angle, so that produced pions ate pronounced in 


the forward direction. 


to represent the effect of 


(2) The phenomenological introduction of a Pauli term”! 
the anomalous magnetic moment of the proton in the pseudoscalar coupling theory cor- 
responds to let G,=G,=0, G40 =G 4) =p, (const.). Thus produced pions are peaked 
in the backward direction. In the case of pseudovector coupling, the inequivalent term 
changes G,, by a constant factor as to increase the differential cross section in the forward 
direction. 


(3) Although the contributions from GU», cannot be neglected in our present 
calculation, it is essentially important that Gj’ and G occur with opposite signs so as 
to make G{2+G) dectease with increasing angle, and consequently the differential cross 
section becomes maximum near 90°. That GS" and G{? have opposite signs leads to the 


superiority of non-static effects*) just as in the case of the higher order calculation. 


Part IV. Discussions 


§ 10. Discussions of the results 


To all theories that admit the existence of the nucleon isobar, the main features of 
thee: results are “cohumon. ‘For instance,’ the charge fatio 9:1: 2° (Cf. § 2) and the re- 


; : ae } : : 9 
sonance like behaviour of excitation functions are the immediate consequences. ) 


* Remember that G4!) and G4 have the same value if only the static magnetic moment is considered. 
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We shall, therefore, fix our attention upon detailed points of the results. In order 
to interpret the large total cross sections of the pion-proton scattering, we are compelled 
to recognize the importance of intermediate states other than J=/=3/2- 

The observed angular distributions also indicate a large contribution from the 5S state, 
and the coupling of a nucleon to the pion S wave mainly comes from the pseudoscalar 
coupling in our theory. 

In the strong coupling theory, however, the pion field is separated into bound and 


unbound parts, and subjected to the following three interactions 
NNa,, NR,, NM, (ay: unbound pion) (10-1) 


the first and the last ones are prohibited in the lowest order in the strong coupling theory*’. 
Thus the theory fails to account for the S state interaction, 1.e., the graphs (a) and 
(b) in fig. 1 are forbidden in this theory. 
Next we shall proceed to the discussions of the photo-pion production. The ratio 


o*/o° is equal to 1/2 if only the contribution from the resonant process was considered, 


(Cf. Table IL) while experiments show 


(23) (&) ~1 at 300 Mev.” (10-2) 
PARA ae NE A ek 

To remedy this discrepancy we have to increase the cross section of the positive pion 
production, which is done in our theory by including the matrix elements of the lowest 
order perturbation theory, thereby remembering the near cancellation of the matrix elements 
of the neutral pion production. 

In the strong coupling theory, the processes expressed by the graphs (a) in fig. 11 
are forbidden by the selection rule mentioned above and we have to supplement the ratio 


only by the process (b) which, however, seems insufficient to improve the situation. 


(b) 
The graph allowed by the selection rule. 


The graphs forbidden by the selection rule. 


Nun bound a pion 


OO00IS bound pion 


ee ordinary nucleon 


Fig. 11 


* This selection rule was pointed out by H. Miyazawa, ice., 


4/ =]. 
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§ 11. Remarks on the nucleon isobars 


In this last section, the concept of the nucleon isobar is examined. First, the pos- 
sibility of explaining the nucleon isobar in terms of the weak coupling theory is considered. 
im The most interesting processes in the pion-proton scattering are such that the energy 
is conserved in intermediate states as illustrated in fig. 12. 
These processes have intimate correspond- 
ence to the nucleon isobars in some sense. 
The type (a) is the scattering through a 
state /=/=1/2, and the type (b) involves 
bots, (1/2 *and=3 2: 
Especially in the 7*—f scattering appears 
only a state with /=3/2. The endless repeti- 


(a) (b) 
Fig. 12 


tions of these diagrams may yield, in the sense 
of the ladder approximation, nucleon isobars 


as a possible bound state.. (Cf. fig. 13) 


For instance, the isobar states with /= ee ee 
J=1/2 are furnished as the poles of the 
propagation function S,’(/). To our regret, cS by 


however, the method to deal with the The repetition of the graph (b) in fig. 12. 
Fig. 13 


metastable states is as yet not known in the 
theory of bound states. 
Next, discussions are made on the validity of the present approximation in which 


the isobar is regarded as if it were an elementary particle. The error to substitute the 
complex system composed of a nucleon and a pion by a point particle is due mainly to 
the neglect of its structure. Mathematically speaking, the local interaction )(/V7 in our 
theory can be regarded as the first term of the expansion of the real non-local interaction 
with respect to the parameter expressing the structure of the isobar. 

Let the dimension of the isobar and the wave length of the scattered pion be d@ and 


A respectively, then the condition for our approximation to hold will be 
A>d. (11-1) 


In our case, however, d@ is considered to be of the order of 1/#~1/2/4, so that the con- 
dition (11-1) is hardly be satisfied at energies in question, and we are better to interpret 
the local interaction J(/Vz as a suitable average of the true interaction in some energy 
region. If the isobar were really elementary as has been suggested by Pais in his theory 
of V-particles,” however, the above situation will be changed completely. 

On the existence of the nucleon isobar, we know yet nothing conclusive, but it does 
not seriously contradict to experiments. In reality, the lifetime of the isobar seems to be 


too short (£/[’~10-™ sec) to call it a “level”. 

From the phase shift analysis of a recent experiment on the angular distributions of 
the pion-proton scattering at 110 and 135 Mey., it is known that the phase shift of the 
wave with /=3/2, /=3/2 (fs) is not so large as to be expected from the existence 
of a resonance level, i.e., it does not exceed 40° even at 135 Mey, 
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From the relation”” 
tan 0=1(£)/2(£,—£), (0: phase shift) (12? 


we see that the level width /’(Z,) just at the resonance energy is at most 70 Mev. in 
contrast to the observed excitation function. 

An experiment on the angular distribution just at the resonance energy will facilitate 
to judge the existence of the nucleon isobar. 

Finally we may conclude that the nucleon isobar, if really existed, will not necessarily 
lead to the superiority of the strong coupling theory to other approximations, but it can 
also be criticized as the possible improvement of the interaction model between pion and 


nucleon fields. 
The authors are grateful to Prof. Y. Nambu, Prof. S. Hayakawa, Mr. Y. Yama- 
guchi, and Mr. H. Miyazawa for their helpful discussions and criticism. 
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The anomalous magnetic moment of nucleons are explained phenomenologically by inclusion of the 
virtual transition to excited state of ¢=3/2 and r=3/2 accompanied by one meson emission in addition 
to the usual virtual transitions of nucleon states accompanied by meson emissions. The inclusion of 
excited state of =3/2 and r=3/2 is definitely essential and the inclusion of other excited states of ¢= 
3/2 and t=1/2 or o=1/2 and 7=3/2 is of no effect. Six interesting conclusions are obtained and given 
in the first section. The other sections are concerned with the derivations and discussions of these 
conclusions. 


§ 1. Introduction and summary 


The anomalous magnetic moments of nucleons are well explained qualitatively in terms 
of the meson clouds around the nucleons. However, the quantitative calculations show us 
that the meson theory gives uncorrected values of the anomalous magnetic moments of 
nucleons to the second order perturbation calculations”. This reveals that the second order 
perturbations are quite unsatisfactory in meson theory. According to the considerations 
that the fourth order contributions might be the same order of magnitude as the second 
order ones owing to the appearing of the factor 7, in pseudoscalar meson theory, the 
fourth order calculations were made by Nakabayasi and Sato” using pseudoscalar coupling 


in pseudoscalar meson theory, in which the renormalization techniques are successful. 


‘These calculations show that the radiative corrections are clearly in direction to remove 


the discrepancy existing in the lowest order and it is possible to give the correct moments 
both for neutron and proton by appropriately adjusting coupling constants. 

It is here to be noted that the above calculations are only concerned with the ano- 
malous parts of the magnetic moments of nucleons and do not take into account the 
decrease of the normal part of the magnetic moment of proton originating from the umklap- 
ping of <z-spin and ordinary spin due to virtual z-meson emission. In meson theory the 
perturbation are not always small and in such a case the probability that the system is in 
its unperturbed state cannot be put equal to one but must be reduced by the amount that 
the syetem is in perturbed states. Furthermore one cannot readily say whether the next 
higher order corrections are really small or not. 

In order to investigate these problems quantitatively we must have recourse to the 


intermediate-coupling-theoretical calculations. Concerning the magnetic moments of nucleons, 
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the state of a nucleon, which is surrounded by the meson clouds around it, can be expanded 
in terms of a state in which the nucleon is bare and in its normal state and states in 
which several 7-mesons are present besides a bare nucleon. The expansion coefficient of 
the state of no meson present, which is an unperturbed state, is certainly less than one, 
thus taking into account the decrease of the normal part of magnetic moment of proton 
caused by the meson clouds around it. In the above expansion we suppose that fie mex 
pansion coefhcient of the state of two mésons present is never negligible compared with 
the one of one meson present. It must here be pointed out that, when the meson clouds 
consist of two mesons, one of the two mesons may possibly be coupled so strongly with 
the nucleon in its normal state that the nucleon may be transformed into some excited 
state of a nucleon, just as in the case of meson-nucleon scattering, where the nucleon may 
be excited to its excited state accompanied by 7-meson absorption”. Therefore a virtual 
transition may occur in which a nucleon emits one meson and undergoes a transformation 
into its excited state as frequently as the virtual two 7-meson-emission process if the excited 
state of a nucleon is really so intimately connected with its ground state as is indicated by 
the scattering experiment. If this is the case, we must add an additional term which 
represents a virtual state in which an nucleon in its excited state and one meson is 
present, in the above expansion of a free nucleon state interacting with its surrounding 
meson field. We may consider the introduction of this new ket vector as the all-inclusive 
estimation of higher order corrections or as well as a modification of the present theory 
by introducing another new freedom of a nucleon which prescribes whether the nucleon is 
in its ground state or in its excited state. 

It is the purpose of this investigation to show by phenomenological calculations how 
well the anomalous magnetic moments are explained by addition of a term which represents 
a virtual transition to an excited state accompanied by one meson emission in the expansion 
of a free nucleon state in terms of states of a bare nucleon and some mesons preseht. 
For simplicity and in order to obtain main features of the above idea, we shall consider 
only charged meson theory. Only it is here to be remarked that the inclusion of neutral 
mesons is in general not favourable to the anomalous magnetic moments of nucleons 
according to the present investigation, which is contrary to the results of Nakabayasi and 
Sato”, who conclude that the higher order corrections are really in the direction to remove 
the discrepancy existing in the lowest order and further the inclusion of neutral mesons 
‘is decisively effective. It seems to the author that the above discrepancy arises from the 
crudeness of the present investigations and more detailed analysis may rather miss the way 
on account of the rough treatment of the present paper. In order to gain general features 
correctly from the present rough phenomenological investigations, we do not go into further 
details. As an another important assumption, we assumed that the virtually emitted 
mesons have all angular momentum +4 with regards to the direction of nucleon spin, 
which is a’ reasonable assumption theoretically, because pseudoscalar mesons interact with 
nucleons only in f-state, which is even an exact situation in the weak coupling limit. 
Thus our considerations are only concerned with virtual meson emissions accompanied by 
the umklapping of ordinary spin and isotopic spin at the same time. 
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The present author have investigated throughout many other possibilities and it turned 
out that the main conclusions itemized below are not modified: However details are not 
given below because they might miss the way owing to the crude treatments. For example 
that the inclusion of neutral mesons does not favor is excluded, because it is contradictory 
to the conclusions of the exact calculations of Nakabayasi and Sato”. The main conclusions 
are summarized in the following : 

i) If we are limited only to virtual states of one meson present, we can never attain 
satisfactory agreement with experiments. 

ii) The inclusion of virtual states of two mesons present improves the situation very much 
and the empirical values can be reproduced by adjusting parameters. However above 
adjustment of parameters cannot be considered to be completely satisfactory on physical 
backgrounds. 

iii) The inclusions of virtual states of three or more mesons present do not show the 
inclination to improve the situation step by step. Therefore it is unnecessary to 
include the virtual states of three or more mesons present in order to fit the ano- 
malous magnetic moments of nucleons. 

iv) Above considerations all take into account the decrease of the normal part of magnetic 
moment of proton caused by the meson clouds around it. The neglect of these 
modifications has very large effect on the values of magnetic moments and the com- - 
plete agreement can be attained simply by adding the virtual states of two mesons 
present if we neglect the above considerations. 

v) By the inclusion of virtual transition to excited state of g=3/2 and r=3/2, the 
situation is further improved and the completely satisfactory adjustments of parameters 
are possible, where the inclusion of above excited state is essential, therefore the 
usual virtual transitions accompanied by one or two mesons emission may be modified 
quite arbitrarily and can be made vanished without affecting the situations at all. 

vi) The inclusion of other excited states, namely, of a=3/2 and t=1/2 or of a=1/2 
and t=3/2, does not improve the situation at all. Therefore the inclusion of an 
excited state of g=3/2 and t=3/2 is definitely required. 

In the following sections, the above six conclusions are derived successively. In the 
final section are given the discussions concerning the above introduced excited state of nucleons. 


§ 2. One meson emission 


If we are limited only to virtual states of one meson present, we have only to include 
the following two virtual states symbolized below in the expansion of a nucleon state in- 
teracting with its surrounding meson field in terms of various virtual states. According to 
the assumption made in the preceding section which restricts considerations only to charged 
theory and only to 7-meson emission having angular momentum + with regard to the 


direction of nucleon spin, the only possible virtual states are 
for Proton; P(+1/2) and V(—1/2)+7*(+41), 
- for Neutron; V(+1/2) and P(—1/2) +27> (+1) 


(1) 
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where the figures in the parentheses represent the values of angular momenta in the 
directions of nucleon spins. Let u be the fraction of time in which one meson is emitted. 
Then the fraction of time in which a nucleon is in its normal state is 1—v. The magnetic 
moments of a proton and a neutron are given by the following formulae in units of 
nuclear magneton : 


fp=1—4a+u(M/m*), 
(2) 

= —ua—u(M/m*), 
where JAZ is nucleon mass and * is certain mean value of the relativistic mass of emitted 
meson and is certainly larger than the rest mass of z-meson owing to relativistic increase 
of meson inertia, which is definitely required in order to explain the relatively small meson 
current contributions to magnetic moments compared with the nucleon contributions in the 
exact calculations”. In order to gain the agreement with empirical values = 2.7896 and 
f[ty= —1.9103, we first add and subtract the two equations (2) : 


Pp + Py= 1—24=0.8793, 
3 
Lp— tey= 1+ 24(M/m*) =4.6999. 3) 
Thus the values obtained from (3) are 


“=0.0604, m* = 60m,, (4) 


whete , is electron mass. Above value of 7* is too small compared with the rest mass 
of m-meson. J¢ is shown by detailed investigations that it can never be possible to 
obtain satisfactory agreement with empirical values under the limitation of one meson 
emission (or first order perturbation calculations) because of too large values of ano- 
malous magnetic moments of nucleons and very large mass value of 7-meson. This is the 
conclusion (i). 


§ 3. Two mesons emission 


In this case, there are three possible virtual states : 
for- Proton; = PC-+:1/2); WV(— 1/2) a4 (4F1)3°\ PC 1/2) eye) 
for Neutron; V(+1/2); P(—1/2) +m (+4); W(4+1/2)4+7>(4+1)+7*(—1). 
(5) 
Let « and 3 be the fraction of time in which one meson and two mesons are emitted. 
The magnetic moments are given by the following formulae : 


y= 1a B+ uM /m®) ++ 28 (Mm), 
fy= —4—a (Wl /m*) —28(M/m*), (6) 


where the effective mass of 7-meson is assumed to be the same for all virtual states. Here 


it is to be remarked that the meson current contributions (i.e., the terms containing 
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m™*) are of the same of magnitude and of opposite sign for a proton and a neutron, 
which is the case in exact’fourth order calculations”. Further this situation is the same 
in previous case (2) (i.e., second order calculations) and in all the following cases includ- 
ing cases of excited states. Thus the value of p+ ty determines a relation between « 


and ( (and 7 (see in the following) ) irrespective of the values of 7*. In this case one 
obtains 


Lp+ Py=1—24=0.8793, (7) 
from which one obtains quite the same value as in $2: 
u=0,0604. (8) 
_ From the value of 4,—/4y, we obtain, if s*>276m,, 
2 > 0.1086. (9) 


Thus we can say that the inclusion of virtual states of two mesons present improves the 
situation very much and it is possible to adjust the parameters u, 2 and m* to fit p, 
and fy. However the choice of parameter /1(=+2u) is not quite reasonable from physical 
considerations : the neglect of higher order corrections becomes very doubtful. 7 ercfore 
at seems to the author that the quite satisfactory agreement cannot be attained by thé 
fourth order perturbation calculations. These are the conclusion (ii). 


§ 8. Three or more mesons emission 


If we include virtual states of three mesons present in addition to those in (5), namely 


for Proton; MV(—1/2)4+7*(4+1)4+27(—1)4+2'(41), 
for Neutron; P(—1/2)+27(+1)+27*(—1)4+7°(41), oo 
we obtain, 7 being the fraction of time in which three mesons are emitted, 3 
[tp=1—a—B—7 + a M/m*) + B+ 28(M/m*) +37 M/m*), 
py —0— 4 M/n*) — 22 (M/m*) —7 37 A m*), 
from which one readily obtains 


¢+y7=0.0604, 
(11) 
2u+4h-+ 67 —.0.5550, if m* = 276m, . 


From above equations, it follows 
u+y=0.0604 and $+7 0.1086, (12) 


which means that the inclusion of a term proportional to 7 makes the ratio 8/« larger 


than in the case y=0; this seems to the author to be undesirable and it is concluded 
that it seems hopeless to get better agreement with empirical values by simply carrying 


out further perturbation calculations, which is the conclusion (iti). 
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$5. Neglect of decrease of normal magnetic moment 


If we do not take into account the decrease of the normal part of magnetic moment 
of proton caused by the meson clouds around it, we obtain in the case of two 7-mesons 


emission 
fp=1+u(M/m*) +B + 22(M/m*), 
y= —a—4(M/m*) —23(M/m*), 


from which one obtains, #z* = 276m,, 


(13) 


u—=0.167; 80.047. (14) 


Above values are quite different from those in (8) and (9), indicating that neglect 
of these modifications has very large effect on the values of magnetic moments and the 
completely satisfactory adjustment of parameters is possible simply by adding the virtual 


states of two mesons present in this case, which is the conclusion (iv). 


§ 6. Inclusion of excited state of ¢6=3/2 and 7=3/2 


If in the state of two mesons present, for example P(1/2) 4+7*(+1)+7z7(—1), 
m* tmeson may interact strongly with P(1/2) and they may form an excited state P* (3/2), 
whose charge is + 2e and whose angular momentun is +3/2, we then obtain a virtual 
state in which P(1/2) is excited to P*(3/2) accompanied by m~(—1) emission. 
Likewise for neutron JV(1/2), we obtain a virtual state in which 4V(1/2) is excited to 
N~- (3/2), which is not an anti-proton but a negatively charged nucleon, accompanied by 
m+(—1) emission. Let 0 be the fraction of time of above transition. If we consider 
a, B and 0, we obtain 


frp=1—a—B—0+4( M/m*) + 8+ 28 M/m*) + 66+ 0(M/m*), 


[y= —a—0(M/m*) —28(M/in*) —30—0(M/m*), cay 
from which we obtain following sets of values, for example, for m* = 276m, ; 
(i) v = 0.08, PB =.0.08, 6 0.02, 
(ii) we 0:10; B= 0.06, 0 => 0.04, (16) 


(ii) “a2 014, 620.005. e 8 = O08: 


From these figures one can conclude that by including above excited state the ratio [/u 
can be reduced as much as we want, thus the completely satisfactory adjustment of para- 
meters is possible only if we permit small value for 0. Further it is to be remarked that 
it is also possible to make /) vanish completely (see above assignment (iii)) and also to 
eliminate « (the conventional virtual 7-meson emission) entirely because we may as well 
consider the nucleon V(—1/2) (or P(—1/2)) in the virtual state as nothing but the 
nucleon whose spin and ct-spin are both 3/2 but are inclined in their directions with 


respect to the directions of spin and t-spin of original nucleon. Thus we can explain the 


7s. 
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Magnetic moments phenomenologically at least in terms of virtual transition of an original 
nucleon to its excited state of spin 3/2 and c-spin 3/2. Now it is clear that the inclusion 
of above mentioned excited state is essential and the usual transition accompanied by one 
or two mesons emission may be modified quite arbitrarily and can be made vanished 
without affecting the situations at all. These are the conclusion (v) and the most im- 
portant one in this paper. It must be added that the great success in this case results 
entirely from the large nucleon magnetic moments of doubly charged nucleon P+ (372) 
and negatively charged nucleon V~ (3/2). 


§6. Inclusion of excited state of 6=3/2, c=1/2, or d=1/2, r=3/2 


In order to show the importance of the excited state of g=3/2 and r=3/2, we 
shall investigate other excited states of o=3/2, t=1/2 and g=1/2, t=3/2. In both 
cases it is readily seen that the inclusion of possible virtual states under the restrictions 
imposed in the first section makes worse the situation on the contrary, because such states 


are for the two cases respectively 
N(3/2) +z*(—1), M(—1/2)4+7*(41), 
and P*(—1/2)+77(41), MW(—1/2) +2*(41). 


Then we remove the above restrictions temporarily and pick up the most favorable virtual 


(17) 


states to the magnetic moments of nucleons, which are for a proton /(+1/2) 
in case of a=3/2, Tt=1/2; P(3/2)+2°(—1) and V(—3/2)+4+7*(4+2), 
in case of go=1/2, T=3/2; P*(1/2) +77 (0). 


(18) 


In the former case, we get quite in the same way as before the following relations between 
u, B, 0 and m* ; 


“+ 0=0.0604, 


(19) 


40+ (244428 +40) M/m* =3.6999, 
from which for 7* 276 m, 


(i) u=0=0.0302, B-—.0.0889, 


(20) 


(ii) u=0, d=0.0604, P= 0.0743. 


Thus it is impossible to diminish 8 and there is no reasonable adjustment of parameters 


in this case. In the latter case we get 


¢=0.0604, 
(21) 
20 + (24448) M/m* =3.6999, 
which gives 9 =.0.1040 if m* > 276m, for 0=v=0.0604, which is almost the same 
value as (9). Thus it is again impossible to diminish 9. It is here to be remarked that 


the assumed virtual states (18) are even unreasonable from theoretical considerations. Now 
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it is concluded that the inclusion of other excited state, namely, of ¢=3/2 and t= 1/2 
or of g=1/2 and 7=3/2, does not improve the situation at all. Therefore the irelusion 
of an excited state of a=3/2 and t=3/2 is definitely required. These are the final 


conclusion (vi). 


§ 8. Discussions about the excited state of 6=3/2, 7=3/2 


By the preceding investigations was made clear the inevitability of assuming the 
nucleon excited state of ¢=3/2 and r=3/2 in order to fit the magnetic moments of 
nucleons. Now we shall discuss about the nature of this excited state. 

As was mentioned in the introduction, it may either be considered as the all-inclusive 
estimation of higher order corrections, or imply a modification of the present theory which 
is equivalent to give a nucleon another new freedom.which prescribes whether the nucleon 
is in its ground state or in its excited state. In order to decide these we must rely upon 
the exact theoretical investigations, which are now in preparation. However it seems to 
the author that the latter standpoint turns out to be the case because, as is discussed in 
§ 4, it seems hopeless to get better agreement with empirical values by simply carrying out 
successive perturbation calculations and therefore even the summary estimation of all higher 
order corrections may not suffice to get the satisfactory agreement with empirical values. 
The next work is therefore to carry out exact calculations in which the present theory is 
modified to include the above mentioned new freedom. Also it is interesting to see whether 
the anomalies observed in proton-proton scattering can be explained along these lines or not. 

The author is indebted to Dr. Y. Ono, Mr. T. Hamada, Mr. T. Matsumoto and 
other members in our laboratory for their interesting discussions. 
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The effect of tensor forces in the photodisintegration of deuterons are investigated. The calculation 
shows that the angular distribution can be given in the form {a+ (0+ccos 0)sin20+dcos 6} and 
no other additional terms appear. 


§ 1. Introduction 


Our knowledge on the nuclear forces has been supplied mainly from neutron-proton 
and proton-proton scattering experiments. As the conclusion thereof, two different views 
have been proposed. One of which, introduced by Serber, assumes no forces between 
nucleons if they are in /-states or odd states each other. This type of potential is first 
proposed to explain the angular distribution in neutron-proton scatterings. However, it 
fails to give the large scattering probabilities and the angular distribution of proton-proton 
scattering at high energies. On the last point, Jastrow” has removed the difficulties by 
introducing hard core in the singlet states. But the existence of hard core makes the 
effective range somewhat longer and thus one must take shorter intrinsic range than that 
inferred from the current meson theories. 

The second view, proposed by Christian and Noyes”, assumes, on the contrary, strong 
tensor forces between nucleons in /-states. This potential has first been introduced to give 
the flat angular distribution of high energy proton-proton scattering. Recently Matuzaki 
and the author® have applied this potential to calculate the 7*-meson capture process by 
deuterons and obtained better results as well in the energy dependence of the probabilities 
as in the angular distribution of the emitted protons. Although this type of potential is 
originally limited to the forces between neutron and proton, it will be interesting to extend 
it to the case of neutron-proton forces, following the concept of charge independence of 
nuclear forces. For that purpose a little modification will be needed. As is well known, 
the force in P-state causes generally asymmetric scattering around 90°, ie., when the force 
is repulsive, backward and when it is attractive, forward scattering. Thus, according to 
Taketani’s suggestion,” we assume hard core with singular tensor force, which then will 
reduce the phase shifts in S-state and cause the scattering to become forward even for 
exchange forces. The situation is the same as in the case of Jastrow’s potential. The sum 
of scattering due to triplet and singlet states will therefore almost symmetric around 90°. 
This balancing seems to prevail in the wide range of energies”. 

The assumption of strong forces in /-states will also results in the change of transi- 
tion probabilities in the other various processes. We shall here investigate the photodisin- 


tegration of deuterons, 
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The experiments on the photo-process of deuterons have recently been made in the 

; , ‘ 
various ranges of energies. In the lower energy region, Krohn and Schrader” and others 
have performed the experiments using 5~17 MeV gamma rays. Their results can be 


written in the form: 
da~ {a+ (6+¢ cos 0) sin? O}. (1) 


Here @ represents the spherically symmetric part. The values of @ are at variance accord- 
ing to the authors and vary from 0.07 to 0.26. This part of distribution comes from 
magnetic dipole transition, when gamma ray enerigies are sufficiently low. The probabilities 
of this transition, however, decrease rapidly with increasing gamma ray energies and become 
negligibly small, while the experimental results do not indicate remarkable decrease, or 
rather show small increase. 

In the high energy range, Benedict and Woodward, Littauer and Keck and others” 
have investigated the angular distribution of the process. Their results can also be written 
as (1) and according to Benedict and Woodward, a~c~0.46 for gamma ray energy of 
165 MeV. 

These results show that the spherical part a@ is not due to magnetic transitions. In 
the electric dipole transitions the angular distribution is proportional to sin’, when only 
central forces are present in the /”-state. However, if non-central forces are exerted, the 
spherical symmetric part will step in besides. This is because the phases as well as the 
magnitudes of transition matrix elements become different and the interferences between them 
are changed. 

Although the experiments in the energy range of 20~100 MeV have not yet been 
made and thus no definite conclusions may be deduced from this process, we are giving 
here the general formula to determine the angular distribution of the photodisintegration 
process for the future purpose. 


§ 2. Differential cross sections 


According to Schwinger” the differential cross section of the photodisintegration due 
to electric dipole and quadrupole transitions is given by 


& ho (Mc\* 1 5 rv or aQ* 
do (¢) ~— He) 3} 1%. (en) +2 er) (zr) ) F,/?-—— 2 
ic Me \ i e,>! (en) Jar) ) Bs Ae ts 2) 
Here Zw is the energy of the incident photons which come in the direction of x with the 
polarization direction e, and Y,, &, are the wave functions of initial and final states of 
neutron-proton system. When tensor forces exist, the initial wave function Y, is the mix- 
ture of S and J states and is given symbolically as: 


y= (477) “3 ee + pes w) | y (3) 


7 v 


*) Gothics always represent unit vectors. 
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where 2(7) and z(r) ate radial function of S and / states, 7," is the triplet spin 
function whose 2-component is #z and .S,, ‘is tensor operator, 


S»=3(6,"°) (6°) — (6,0,). (4) 


The final wave function Y, is expanded into series of spherical harmonics, 


FS ! x7) Ui (1) ep m 
CaP aNe as 1)2-exp Leo P, (cos @) 7 (5) 


cy 
where Oj is the projection operators which separate the states with different total angular 
momentum / in /-states. 


As the ground state of deuteron consists of the mixture of S and JD states, the 
transitions take place to the states : 


electric dipole : EX eae es 
electric quadrupole: *S,+*D,, ois, 70% 


3 


Therefore it will be sufficient to consider only S, P and D-waves in the final states. The. 
mixed waves *S+°Z in the final states are complex, i.e., the one in which S wave is 
dominant and that, where 1) wave is dominant. However, we need not distinguish between 
them in the general formulation. 

First the projection operator O7 must be constructed. As the problem is restricted 


to the triplet states, only such parts of spin matrices, 
al 
S= 5 (9, 5 ¢,) (6) 


that have eigenvalue unity, are needed. It can easily be shown that such reduced matrices 


are represented by the well-known rotation matrices : 


000 002 0-20 
See 00072 ho Se 006 | S212. 0a0 41 (7) 
HOAs 0 ie7 KOLO 0.020 
These matrices satisfy the following relations : 
Sx S=2S, 
S;SpSa+ SpSp Ss Ouy° Rar O45 Sig (8) 


-S,S;(S?,—1)=0 
which will be conveniently employed in the calculation. 


For the states with angular momentum t= (rx ), total spin S and total angular 
z 
momentum J=I+5, the eigenvalues of (US) are well defined and are given by 
(U8) = J (J+1) 41) — S(S+ 0}. (9) 


In our system the states are divided into three, /=/+1 and / =/, as S=1. Because (US) 
has different eigenvalues for the states with different /(and equal 2), we can employ this 
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rate oe 
operator to construct the projection operators O7 ; they are 


for Pstate f=0 = {(08)*—11, 
yaa — (08) -3} ((US) +2}, 
IPD ~ 1S) +1) {(US) +2}, 
for Destate  J=1 (eS) =? 1 (US) +1}, (10) 


J=2 — = { (U8) —2} (US) +3}, 


Jar —<{(U8) +1} -{@S) +3}. 


Now we operate O/ on /?,(cos@) and P.(cos 0), then the separated parts of the partial 


waves ate obtained : 


for P-state /=0 . {(der) — (Sk) (SY) }, 


ye (Sr) (Sk), 


* 
. 
AZ : {2 (Sk) (Sr) —3 (Sx) (Sk) +4(kr)}, 
for ‘D-state J=1 jj Sn (Sky 2}, (11) 
J=2 —2[S{ (Sk)? — 3} +4 (der) [(Ske) (SP) 
eet: 
ae {Cher ) 3 ee 


J=3 7 {Sul (Sk)*— 5} +10er)[ (Sie), (97) 


$5 {Gery— 4] 


As the waves ate separated, the matrix elements for the photo-process can be obtained 
straightforward. The matrix element for the electric dipole transition is, after the integra- 
tion with respect to the radial part 7, 


—i(4ny® 2. ye(er) LL exp(— ia) { (er) — (80) (Sk) 1, 


+1 exp (—18')2(.Sk) (Sr), += exp (—78?) {2 (Sr) (Sk) 
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—3 (Sk) (Sr) +4 (kr) 


Laie al,.., (12) 
1 1 1 4 
fhe F {re (u—2?2w)dr, [,= Flr, (u+27w) adr, (13) 


1 ee 
I,=—\rv.(u——2 ®w)dr 
R =) 


where U, 7; Vs, are the radial functions for /J=0, 1 and 2 states, respectively. For the 
transition from 2 ground state to P, the tensor operator Sj, operated on the states of 
/J=9, 1, 2, gives the factors 4, 2, 2/5 and thus the integrals are only multiplied by 
these factors. The operator S,, has non-diagonal element besides and gives rise to the 
transition to */, state when operated on *P, state. However, its transition matrix element 
vanishes, after the integration over the solid angle of space coordinates, thus that part of 
the matrix element is omitted here. 


The integration over the solid angle of space gives 


5 BL exp (—18)') { (ee) — (Se) (SK) } 1, 
re exp (—i0,') -(Sk) (Se) Poe exp (—702 (5 (Se) (Sk) (14) 


— (Sk) (Se) + ~ (he) } Lily. 


Analogously, the expression for the electric quadrupole transition can be obtained. 
Here we treat the transitions to °) and *S separately. For the transition to *S, 


=. 1 


7(47) 22.2 eye { (eS) (kS) + (KS) (eS) } Ly’ (15) 


with 
l= fi wv ar ; (16) 
k 
where 7, is the radial function for the final S-state. And for the transition to D: 


ne i + 9 2 “een 
—i(4n)§ 22 ts exp(—i0!,) AJ,—J exp (—i0#) (A+ 7 B— = (eh) (RJ. 


oa 75exp (02) { ; A+ : B+ : (ek) (xk) alee Py 

with 3 
A= {(Sk)*— 2} - {( Se) (Sh) + (Ske) (Se) }, B=[{(Se) (Hex) + (Sx) (Ke)} (SH) ] 
(18) 


and 
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il 9 -4 ih 2, “3 
JF il, (u—2 229) ar, ay. r°W4(u+2 w)ar, 


229) ar (19) 


where 7, @s, 27; ate the radial function for /=1,2, and 3. For the transitions from 
ground state we have only to multiply the expression for those from S ground state by 
the factor -2, 2 and —4/7. As the operator S,, has non-diagonal elements, °.S, and “G, 
terms also appear when operated on */), and *D,, respectively. However, these nondiagonal 
transitions vanish again, if integrated over the solid angle. 

To obtain the transition probabilities, we have to take the absolute squares of the 
matrix elements and sum up with respect to the spin directions of the initial and final 
states. In this procedure the calculations can be simplified as follows. Let A and & be 
arbitrary functions of spin matrices S, then the orthogonality of spin functions gives the 


relation : 


St Ag’ ye Byt= Dat A-B t= Sp AB. 470) 


mm! 
With this relation we have for the electric dipole transition probability, 


(Pe NO [tv+ene le 
9 9 9 


3 he kk 


=e cos°0 —1) (37/7 +712 +81, Ly cos (0,°—0/) +18/,/, cos (3;-a7} |. (21) 


This expression is the same with those obtained by Schwinger. For the interference 
between dipole and quadrupole transitions, we have two separated parts; one of which is 
the interference of electric dipole with the transition to *S final state and the other is 
that with the transition to D final state. They are: 


7 Ce Mau" 1 Q y 1 NS al \ 5 
Free ra mel. I, cos (0,'—9,°) — i T, cos (0,1—9,') + re cos (0,'—0,°) | L cos @; 


3 
and 3 (22) 
Towne f Hey Ee 
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A J ecost oO) +l Ji cos: (83— 82) 4 ahd cos (3,2—-3,) 

7 y NO 9 9 
+ wee J. cos (0;'— 0,7) + mie cos (0, —0,") + lols cos (0,"°—0,") 
Hs a fos (Od OAV [colo 

9 3 9 
— (3 cos’ @—1) Viol cos (0; —0,') te T, J, cos (0,'—90,") + liss cos (0,>—0,°) 
i Q \ 3 N 9 
+e lo/s cos (0,’—0,") ie T, J,,cos (0;' —9,") + LaJs(02—02) }]cos@. (23) 


The electric quadrupole transitions are separated into three, the square of the transition to 


/ 


— >" ae 2. 
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S final state, the cross term of the transitions to S and D finals, and the square of the 
transition to J) state. They are, 
7 e Mo® E: ; 
soe (24) 
4800 ke khe 
ee: e Mw 
1440V 2 he hhc? 


1 y 1 ar 
ly, cos (0,'— oD are cos (S,°—0,") 


1 a3 N1 9 : 
tee (a8—2,) | cos 01, (25) 
and 
T J eC : No* 
64800 &c hho? 


3 of 9 
E (3 cos’ 64 7) i+ (16 cos 44 4-15 cos*) + 3)/.? 

1 9 9 9 9 
oa? cos! 64-78 cos? 0+ 27 J+ = (3 cos” 041)/, 7, cos (0,' — 0,") 
+= (—25 cos @ + 24 cos” 9—3)/, /, cos (02—0,°) 


+2(=+45 cos! 4+ 39 cos? @—2) /.,./, cos (03-22) | (26) 


respectively. Here the last expression is the largest, while the other two give only negligibly 


small contributions. 
§ 3. Application to the pseudoscalar meson potential 


The final results are considerably complicated and one could not deduce general feature 
of the effects due to tensor forces. Thus we shall here see the tendency by applying the 
formulae to the pseudoscalar meson potential, which has strong tensor forces. As the 


potential has 1/7* singularity, the cutoff procedure must be used to avoid the divergence 


difficulties. In our case, according to Taketani, the hard core cutoff has been employed. 
Then the potential is 
i 


: 1 me 
y(42) ~xg7-— (t,-Ts) { +(4 + ie So} g hora a Serre 
3 3 Ae BE 3/ ue 


The constants for this potential have been calculated by Onuma” and they are 1/x=1.406 x 
10-cm, xg°=35.5MV and the cutoff radius 7, is 0.458. . With these values the 


potential gives the cosistent results for the ground state of deuterons and low energy state 
As we are interested in the case where the forces exist even 


of neutron-proton system. 
in P state, the symmetrical theory is considered. Then the forces are strongly attractive 


in °P,, strongly repulsive in °/,, and weakly attractive in °P,, while in -state the forces 


are strong repulsion in °/),, comparatively attraction in °2D),, and weak repulsion in *D). 
There are general tendencies that the transition matrix elements have large values when in 
the final states the forces are repulsive and smaller values for an attractive forces in the 
final states. In our case the transition to *P, state has large value and thus as the tensor 
force increases, the spherical part in the angular distributions increases. The interference 
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between electric dipole and quadrupole transitions gives generally cos @.sin? @ distribution 
and thus somewhat forward emission. With increase of tensor force the repulsion in oR 
and *2), become dominant and the distribution proportional to cos @ appears besides. This 
terms gives considerably different distribution from that expected from usual photo-process, 
but in general has small values, unless unusually singular potential is used. Therefore, 
this term will remain always as small correction. 

The calculation have been made for Ao=150 MeV. The phase shifts are estimated 
by Born approximation and for the radial function of ground state, only S wave is const- 
dered, which form is taken from that of Hulthén. This simplification corresponds to the 


neglect of hard core. The angular distribution can then be written as: 
do~ {a+ (6+c cos @) sin’ 04+d cos i (27) 


with a~c~0.36. The ratio seems to remain unchanged in the wide range of energies. 
The term proportional to cos @ is small by the factor more than 10, and gives no re 
markable contribution to the distribution. This result can be compared with the experi- 
mental values obtained by Benedict and Woodward. However, the almost flat distribution 
obtained by Littauer and Keck would not be attained, whatever potential one may choose. 


§ 4, Conclusion 


We have calculated the formula to give the angular distribution of photo-process of 
deuterons, when non-central forces are present. The spherical part of the distribution comes 
from electric dipole transitions, while the interference between electric dipole and quadrupole 
transitions gives no modification anew. Therefore, the general form of the distribution 
will be given by (27). | 

The total cross section of the photo-process behaves as that calculated by usual theory 
so long as the gamma ray energies are less than 100 MeV. The experimental results 
show, however, strong increase for the energies higher than that. In our case the agree- 
ment is elongated up to 150 MeV because of the forces in /-states, and after that the 
cross ‘section becomes almost flat. Therefore some modification will be needed for the 
higher energy regions, to explain the increase, and the validity of our form (27) must be 
limited to the energy range below 100 or 150 MeV. 
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1. Principle of detailed balance 


Recently an interesting discussion has been given 
by F. Coester about Heitler’s conjecture, that the 
principle of detailed balance holds generally if averages 
over the spin variables are taken, even if it may not 
be expected to hold in quantum theory in general. 
The above circumstances were proved for the first time 
by Hamilton and Peng in a concrete example and 
recently by F. Coester in a more general forrn using 
Wigner’s operator of time reversal. The purpose of 
this note is to show that the principle of detailed 
balance holds rigorously in the present relativistic 
quantum field theory. 

The inverse process of a given process may be 
interpreted as that whose events occur in the order 
of increasing ¢/ in the coordinate system a/==—., 
¢/=—¢ with reversed Space and time directions, the 
corresponding momenta and spins being efectively 
invariant (see the figure and the paragraph 2). By 
this inversion procedure, not only classical collision 
diagrams but also quantum field theoretical Feynman- 
Dyson’s diagrams become those which have the same 
configuration and the inversed order of events. 

Hamiltonians in the interaction representation 
take relativistic invariant or pseudoscalar forms, so 
they remain invariant also under space-time inversion 
for spinors and tensors build up representations of 
the whole Lorentz group. For example, in the case 
of electron-photon system Hamiltonian is 


. ahd iy oF 
ep— —17 Ayr ,.g— One bd, 
and in the case of nucleon- meson-photon system 


ie (— OV OP ye 
Pole — Ay 
PRA Boyt By 2 


-(%) GpA, A, bie(L 7 ptpE) Ap 


+if P(t G+7,9) 0 +0, (Go)?, 


(yee 2a ip 
t 


= 26 


(Gt) 


where 4, is the photon field (vector), the electron 
field (spinor), Y the nucleon field (spinor), gy the 
meson field (scalar or ps2udo scalar). Under. the 


coordinate transformation 
Eypilet : fess 
4A =—4, £=—f, (1) 
these fields transform as follows 


Ay =A, y’=9, g=1Y, ee 


T= (‘oh =(9 9) 2=(0 a): 


Therefore Hamiltonians remain invariant: 


FE PS CO: 
The transformed Hamiltonian concerns, however, with 
the same process in the new coordinate system. Since ~ 
in the inverse process events must occur in the order 
of increasing 2’ and so initial and final states and 
emission and absorption processes must interchange 
respectively with each other, the Hamiltonian of the 
inverse process is the transposed matrix of //’(./,//), 


so the next relation holds: 


(A) |A" (¢ ) 22) = (DIZ |p)» (2) 


The fundamental equations of ‘Tomonaga Schwinger 
theory 


OD (1,2) 
Ot 


th =/T(t) P(n,Z), 
(3) 


poe 1a) SC). 


Ly 


— in 22nd = iSKiit rete) 


9 
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allow the transformation 


ag’=a—1r, C= -1, 
H' (x',U)=H* (4, ¢), ( transposition) 
P' (x, f)=O(, 2), (4) 
Sins ye S? (h,.05)s (5) 


and after which the equations become 


ig Pet) =/{'(l) 9’ (x, U’), 


/ / / 
gOS Gt) = 771 (tf) S! (etd), 
Oz, 
PD el 
yg OSA LE) 5 (A, 6!) HG). 


OL; 


The .S-mattix of the inverse is 
(pu |S’, 4a!) Pn’) 
=1+ a( 4) (e Cas ee fa 
n=1 Ac F 
H! (tf!) H'(t!)...H1' (ta!) dt dtd ...aty! (6) 


where 9/(¢,/, 40/):+-> 2n’) takes non zero value only 
when Zn’,...> 95 ¢)/ is monotonically increasing 
series. Since this condition is the same as that 4), 


Z9)..., 4m is monotonically increasing series, 
yee a 
OGG sess) =O Cas-canlay bn) (7) 


Using the relations (2) and (7), we can put the ex- 
pression (6) into the following form 


2 / —1e \" ( ¢ 
ee Veh oer 
+>3( = ) | (eee) 


ED (ty) .-- H(t.) H (4) Mn +a Li, 


which is the S matrix of the original process 
CalS Ens t) | 21). 


Thus we have the relation 


CANIS tn!) (Pa!) = (nl S Gust) Lr) - (8) 


This shows that the inverse process /,,/—>// occurs 
with the same probability as the original process AL 
hn 

The above considerations are performed concern- 
ing (x, ¢) description, but the same are also possible 
concerning (x, 6) description, a being any space like 
surface. By our inversion procedure any space like 


surface g turns into corresponding space like surface 
g/ with the inversed configuration. We can make the 
same discussions as above made also with //(*, o) 
or 5(,, 62) instead of (x, 7) or a(¢4;, 29), withont 
any alteration of physical results. Thus we can obtain 
the same physical result in the general form 


(P' (a;) |S! (oy), on") 12" (n')) 
a (P(Gn) |S (Gn G;) |p(o;) iF 


which means the inverse process occurs with the same 


probability in the most general case. 


2. Time inversion operator 


Now let us investigate transformation properties 
of fields in the case of coordinate inversions. About 
tensor fields there is no question, so we will discuss 
only the case of spinor fields, and then, however, it 
may be sufficient to take up the fundamental case of 
Dirac electron field only. 

The electron wave equation due to Dirac is 


{yr prt mc}¥ =0 (9) 


where 


fe) ave) 
» Py=th—; 
OX, ee OX, 


A=1,2,3,4; /=1,2,3,4, 


pi=—th 
(10.a) 
(ip terarD = (4; Is? ct) , 

Po eb arts fe 0° 
naren=(_ Gy (): TG ae) 


(10.b) 
a= o» = oi) 


\ 


1\a? i pO eNe ay oly laaeo 
oF (| °° a'=(6_ 4) 


eG 6 9) 


fy 
r—(% \=C hehe) 
4 (10.d) 


ya 


(10.c) 


For the coordinate inversion 
(44, ¥ 004 344) —> (£144) EX oy Co¥ ay E444), 


(1) 


== = 


Ty, 


a a Sh 
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the corresponding spinor transformation .S can be ob- 
tained by solving four equations corresponding to (11) 


i ei pe feo eye 
STS = 65's, > S7~= S847". (12) 


If S can be obtained and the wave function transforms 
according to S, the wave equation (9) remains in- 
variant under the coordinate inversion (11). For 
several typical inversions, S’s are obtained as follows. 


(i) plane reflection: T(—x, 0), 
Jor example, T(—x,¢) concerning 
4,4, plane. 


(tistost ets) roe (— et, Ca) ’ 
a mel 
S(—4ni) =( 0 a, ) 


T(- 7, 2), 


(13.a) 


(ii) space inversion: 


(45 tet 4s) (85 — Xe — Fu 14) 


EO 
S(—-, )=(o_ 7 (13.b) 
(iit) téme inversion: T(r,—2) 


(as ate) A, Hs Ven 24) 


SY, —)=(_); * (13.c) 


(iiii) space-time inversion : 


T(—r, —2), 
Cz 49, X35 44) > (1; — 49, — 43) —44), 
(Oy WE 
Sea —)=(j; Re eats) 


The wave equation (9) involves the spin operators 
1) 53, 63 - These operators have the proper values+ 1 
and —1. If we denote the wave functions belonging 
to +1 or —1 values of o; spin with Yo7+ or Yoz— 
respectively, they must have the following forms in 
order to be the proper functions of the matrix 07. 


a a. 
a — hh 27a 
ae pres — 
v= C > Olas C ? a C > 
Cc C 1¢ 


a a ia 

P| EEA ae O s b 
Cpt C > PS= C > a i) (14) 

IC 0 ‘a 


Under the coordinate inversions 7”s of (13) these 
wave functions undergo the transformation .S’s of (13) 
and the transformed functions remains to be in the 
state of the same spin value or turns into the state 
of the opposite sign spin value. We may denote these 
circumstances as 6;—>¢; ot o,-*—o, respectively 
according to Wg, V5;/* or Vg, 42+ V,,/F. Thus 
we can investigate the behaviors of spins under coor- 


dinate inversions, and the obtained results can be 


summarized as follows. 


(i) plane reflection : T(—x,,t) concern- 


ing to +; x, plane. = 
Oi 03, Fj 7 —9;, O,->—G,. (15.a) 


(ii) space tnversion: T(—r, t), 
(15.b) 
T(v,—2), 


0,7 0; 
(iii) me inversion : 


(15.c) 


0,7 Oy. 
(iii) space-time inversion: T(—r, —t), 


(15.d) 


OO}. 


Thus we have seen that the spins remain invariant 
under the time inversion or space-time inversion, con- 
trary to the old time-reversal operation of Wigner, 
used by F, Coester. Moreover also in the quantized 
theory circumstances hold equally, for Hamiltonians 
become the tranposed matrices and wave functions 
become the complex conjugate. tape 

In conclusion, the author wishes to express his 
sincere thanks to Prof. K. Husimi for suggesting 
this investigation to him, and he is also deeply 
grateful to Dr. R. Utiyama for valuable discussions. 


1) F. Coester, Phys. Rev. 84 (1951), 1259. 
2) E. P. Wigner, Goettinger Nachr. (1932), 546. 
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Note on the Law of Couservation 


of Heavy Particles* 


S Oneda 


Institute for Theoretica Physics, 


Kanasawa University 


November 19, 1952 


Nambu ¢7 a/. and the present author!) proposed 
a theory which treats the /° as a heavy nucleon. 
Pais?) attempted a classification of elementary particles 
and took seriously the conservation of nucleons. In 
a previous note®), the author tried the ordering of 
the newly-found particles and gave attention to the 
conservation of heavy particles. Tt is the purpose of 
this note to express the idea mentioned there in a 
more clear form. No phenomenon has yet been obsetv- 
ed without the formation of another heavy particle 
and, in particular, the proton appears to be. entirely 
stable. As regards the stable particles, which never 
undergo natural decays, only two sorts of them are 
believed to be stable, that is, proton and the lightest 
group such as electron, neutrino, y-ray and possibly 
y-meson. This fact may be of interest, but the ex- 
istence of other sorts of stable particles cannot be 
denyed in the present state of our knowledge. As 
unstable particle will ultimately. disintegrate into 
lighter stable particles, there exists the ultimate interac- 
tion between this unstable particle and their stable 
decay products. So in every interaction scheme we 
can replace unstable particles by their ralated stable 
particies. By this procedure, all interactions contain- 
ing unstable particles can be reduced to certain cou- 
plings between only stable particies. Of course, this 
reduction is not unique and there may be various 
types of couplings between stable particles. For guaran- 
teeing sufficient) stability of matter we may postulate 
the following ad hoc assumption; “ In every fossible 
interaction schemes between stable elementary particles, 
the difference of the number of protons, and anti- 
protons should be conserved.” 

Eliminating intermediate unstable particles we can 
lead the following types of interactions between certain 
elementary particle 4 and stabie particles. 


Azm proton+n anti-protons 
+other stable particles. (1) 


Assign a characteristic number 


A=m—n to A as A(A). 


Consequence (1) 

The assignment of A-value to A 7s uUnigue. 

This is because otherwise by the intermediary of 
A, reaction will occur which is incompatible with the 
above assumption. By (1), 
Consequence (I) 

Lf the field A(R) has complex amplitude, the 
charge conjugate field Ae of ACA) has—i. Real 


field has both signs of h and canno have unigue ,- 


vale. 
Consequence (III) 

Neutra’ particles which have non-zero A-values 
could not. be described by real fields»), 

This is true for meuéron and °°, 

Consequence (IV) 

Those particles which ar: lighter than proton 
should have h=0. Proof: For the stable. particle 
lighter than proton, it is clear from- (1) and our 
assumption. Unstable particle lighter than proton 
does not contain proton and anti-proton in their stable 
decay preducts, so it has A=0. However, it does not 
follow that all particles heavier than proton should have 
A==0. It means that among particles with A#0, proson 
is the lightest particle. Note also that the assignment 
of A not relate a priori to the s¢é of that particle. 
Consider the general interaction A¢(Ag)B°(Ap) 
Ce(dg)-+L (Az) Wkm) N(An)+--which is assumed to 
satisfy every conditions for elementary interaction. 
Consequence (V) 

This interaction could be allowd in only the cases 
when 


— (A, +4, +44...) 
a (Art An + An + se) = 0. 


This is the explicit expression of our postulate and 
may be compared with che conservation of electric 
charge in any reaction. Nucleon-photon interaction 
gives A=1 for proton and neutron-decay and 1 °-decay 
imply A=1 for these particles. To our regret, the deeper 
cause for ¢he conservation law ef heavy particles is 
unknown. The characteristic number 2 may be hoped 
to be attributed to some ¢xtrinsic froferties of elemen- 
tary particles. Indeed, Wigner’s proposition”) seems 
to interpret the conservation of 4 as the conservation 
of, as it were, 7ewtronic or mesic charge, and Tiomno 
and Yang®) referred to this principle in their treat- 
ment of reflection properties of spin 4 particle. The 
more comprehensive studies of the interactions between 
elementary particles will be published in the later issue 
of this journal. This work was completed during my 
stay in Nagoya University. The author wishes to 
express his thanks to Prof. Sakata and his collabora- 
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tors for their hospitality and uselul discussions, He 
is also indebted to Mr. Hori for-his kind discussions. 


*) Read at the Kyoto Meeting of the Physical Society 
of Japan, October 31, 1952, 


1) Y. Nambu, K. Nishijima and Y. Yamaguchi, 
Prog. Theor. Phys. 6(1951), 615, 619: S. Oneda, 
Prog. Theor. Phys. 6 (1951), 663, 1014. 

2) A. Pais, Phys. Rev. 86 (1952). 663. 

BO: Oneda, Prog. Theor. Phys. 8(1952), 255. 

4) It may not be a necessary condition. 

5) In this point the author owes much to the kind 
discussions of Nagoya group. 

6) See references (1) and (2). 
Phys. Rev. 85 (1952), 374. 

7) E. P. Wigner, Proc. N. A. S. $8(1952), 449, 
The author wishes to express his thanks to Prof. 
Tomonaga for noticing him Wigner’s work. 

8) J. Tiomno and C. N. Yang, Phys. Rev. 79(1950), 
495. 


Also L. I. Schi¥, 


On the Convergence of the 


S-matrix Series 
S. Hori 


Depertment of Physics, Kanazawa University 


November 22, 1952 


Recently F. J. Dyson! has conjectured that the 
power series of the coupling constant ¢ representing 
the renormalized S-matrix in q. e. d. (which we will 
call hereafter S-matrix series) may be divergent. 
However, contradiction seems to be ptesent between 
the physical pictures and the mathematical definition 
of his fictitious world. Here we estimated its conver- 
gence property from sa¢her mathematical stand-point. 

In what follows, we are obliged to use some 
abbreviations for typographical reasons. We will 
avoid as far as possible to write vector or spinor in- 
dices explicitly. By coordinates in square brackets or 
braces, we will denote the corresponding suppressed 


_ indices together with them : 


Pu Ic=! Ji); Oy 4j5= (235 Cj, {a,} (2) 


for example 
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Ayo (VD =ALD, Facs (04) =B 2), 
Pa (h) (4) =o({ Cay, ie 


And if we must write them explicitly, we will express 
them as, for example, 


(Fp)ae=1(P3 au). (2) 


The convergence of the S-matrix can be ascribed to 


that of its element, hence of A, if we write the S- 
matrix as, 


S== sae A El t Mig: Dy, Xx 
7r=0 s=0, 


ACOs {zh (2,} 12, LaJ-f%) 
PUA) P(x} - 
$({2-}) ee ---A([y]): (3) 


The coefficient A has been calculated by S. Tomo- 


naga and N. Fukuda”) as a power series of ey 


[ (2~+5)! 


S o 
A=(—1)" a oe 
Sen 8 + (2x +s—r)!2"n! 


Jel aeaitiecs nd Ba Akon x 
Sr C441} — {Err} 
Poles ete ste Rateeiee See ee — ates h) x 


1 
[(2n+5)! IPP pape 0,0 pr {7 (P3%eay4jay) 


Bete cee eet e creme ves arncne 7 (Ps Zs (g)q(5)) x 


ey ed irik aa 
aCe Fiery 4qs41)) re; U5 42) 45(¢642)) * 
4 (ue; Os09n 45-1) Cjen+8—1)) x 
r(pe™s Cin +s) Fin 4 »)) x 
Dy A541) 
om NS. 
O (ia) — Fy) +O (Fienss) —Lienss)) X 


0 (44) —I1) °° 9 (ym =) ? (4); 


where dy, Op/, are:1 according as permutations 


—£4042)) Dy tje49 — Xie) ee 


D(X jen+5—1) — Xon40)) x 


a Sere ,2n+s ) 
., 2(2u+5) 


570 Letters to the Editor 


ee IB = Apsanpootar A iba ) 
_ =( 51), 2), 7243) . 


are even or odd. The equation (4) can be also ob- 
tained from the formula given by the author*). 

If we replace the values of [(2z-+5)!]* integrals 
in the Eq. (4) by a mean value /,,, we have 


Ss 


gm [nr shT 
(2n4s—7)12"u! : 
(5) 


The coefficient | (2+5)/]?/(2u+5—7) 122 2! in- 
creases as 2”!. Therefore the series (5) does not 
fulfil the necessary condition of convergence, i.e. the 
n-th term—0, (z—>co), unless a factor sufficiently 


e (oo) 
(rl) 2shimt 


A=(—1)’” 


small to compensate it appears from /,,. In reality, 
however, some of the [(22+5)!]® integrals identically 
vanish corresponding to unnecessary Feynman graphs. 
At first, integrals with 7(w) =7(7) (1Sm<2n+5) 
should vanish which would not appear if we have 
employed the antisymmetrized expression of the current 
operator. Thus the number of the integrals reduces 


2n + 
to [(2z+5)!] 251(— 1)7(1/71) which nearly equal to 
r=0 


[(2z+5)!]? (Je) for large 7, where ¢ is the base 
of natural logarithmus (e=2.7..-). Second, there are 
contained in /,,, integrals corresponding to separate 
graphs and integrals to vanish according to Furrty’s 
theorem. If we omit, for estimation, every graphs 
with at least one loop, only 7, with jQ).-.j(2z+5) 
obtained from/(1)...7(2+5) by a cyclic permutation 
appear in the Eq. (5). Thus the number of integrals 
reduces by 1/(2+5). 

But in each case the coefficient of the 7-th term 
increases infinitely with . Therefore, it seems pro- 
bable that the series (5) cannot be expected to con- 
verge, though we cannot assert until explicit calcula- 
tion of Z, will be performed. The Eq. (5) with 
y=2, s=0 corresponds to the result of C. A. Hurst. 
A weak point of this estimation is that we treated 
A ae if it had already been renormalized. 


1) EF. J. Dyson, Phys. Rev. 85(1952), 631. 

2) S. Tomonaga and N. Fukuda, Soryusiron Kenkyu 
(Mimeographed circular in Japanese) Vol. 3, No. 
2 (1951), 1. 

3) S. Hori, Prog. Theor. Phys. 7(1952), 578. 

4) C. A, Hurst, Phys. Rev. 85 (1952), 920. 


Generalization of Analytical Spin 


T. Yamamoto 


Department of Physics, Hivosaki University 
November 24, 1952 


% 
In my previous letter!) it was shown that the 
three components of the Pauli spin were represented 


as the analytical operators 


== 2{ cos Oe ain w), 


. Ox Aw 


6,= 2( sin +cos w 2), (4) 


ie Se 


C-, . > 
z Ow 


z 


operating on the spin eigenfunctions 
v,=expl (x +i) /2} 
f= exp| ( y—iw) 721; 


where y and w were independent variables. 


(2) 


Now the extension to the Dirac spin” is easily 
attained. Introducing one more variable y, we get 


as the spin operators 
; re) ; fe) 
U,,=4( cos p—-—s oe 
( ° Py in os) 


fe) : fe) 
cos w——sin w— }, 


Ox aw 


U,=4( cos ps sin g2) 


Oy 
(sin eee peek ea) 
Ox Ow 
a, = —( cos ¢——sin ae wae 
dg’ dw 
ees 
Z ay 


and as the eigenfunctions 


v,=exp_ (y+ipt+io)/2], | 
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Ye=expl (¥+7¢—7a) /2], 


| 2 APE Sey @) 
v,=exp| (y—-7¢ +70) /2], 


v4=exp[ (y—iv — iw) /2]. 


Since the eigenvalue of the square of each of (3) 
becomes unity and that of the anti-commutator of any 
two components vanishes, the eigenstates of the Dirac 
particle are represented as scalar functions of «x, v, 2, 
Zand y, y, w. For the free particle with positive 
energy and spin, for instance, we have 


$= (m+ VP tu7 )v,+ pv 
+ (A. + ip,) Us) -explé px—Et)]. (5) 


In a similar way, it is possible to represent the 
spin matrices with 2 rows and columns analytically 
with (+1) independent variables 1, wo, ..w, and 
z%- Then the 2” eigenfunctions are defined as follows 


Vv =exp[ (y +1, LlW 9... £70n) /2). (6) 


1) T. Yamamoto, Prog. Theor. Phys. 8 (1952), 
258(L). 

2) P. A. M. Dirac, Proc. Roy. Soc. A1i17(1928), 
610. 


Propagation of the Cosmic Radia- 


tion through Yatersteller Space 


S. Hayakawa 


Department of Physics, Osaka City University 


November 25, 1952 


The purpose of this short note is to present an 
additional evidence that the cosmic radiation passes 
through only a small thickness of intersteller matter. 
This has already been suggested through studies on 
primary heavy nuclei. Bradt and Peters!) found in 
the primary cosmic radiation a negligible amount of 
Li, Be and B, which could be produced by the col- 
lisions of heavier nuclei with intersteller matter. 
Their passage is, therefore, limited within a few 
gcm—? of matter. Dainton et al”. however, obtained 
an evidence which contradicts the former result. In 


spite of this discrepancy between above two experiments, 
the existence of heavy nuclei, such as C, O, Ne and 
Fe, may set the upper limit of about 10 g cm~® to 
the amount of intersteller hydrogen traversed, as point- 
ed out by Dainton et al”. provided the assumption 
of cosmic elements and the velocity spectra of nuclei 


_at the origin are accepted. 


This concept disagrees with the speculation of 
Fermi*) and Unsild®, who assumed the cosmic radia- 
tion as confined in our galaxy due to the galactic 
magnetic field, avoiding a difficulty that the cosmic 
radiation takes up too great energy in the universe. 
According to these authors, the cosmic radiation 
possesses a mean life time in the galaxy, corresponding 
to the absorption mean free path in the matter. Then 
the mean free path for cosmic ray protons is the, 
order of 100g cm~®, which seems to be long enough 
to produce an appreciable amount of secondary rays. 
Most of them are unstable and turn eventually into 
electrons and photons. The photons escape the galaxy 
and give a very small intensity observed. The elect- 
rons are, however, stored in the galaxy due to the 
magnetic field and may be observable on the earth, 
if they could not be eliminated during their travel 
through the galaxy. : 

The intensity of the electrons relative to that of 
protons may be estimated in the following way. Most 
of the electrons should mainly come from the decay 
of muons which are the daughters of pions, At the 
geomagnetic latitude 55° N, where experiments referred 
are carried out, the minimum energy of electrons for 
vertical incidence is 1,7 Bev. An electron of this energy 
can be produced through the decay of a muon of 
average energy of 5 Bev, consequently of a pion of 
6 Bev. The minimum energy of a proton that can 
produce a pion of this energy due to a collision with 
hydrogen is 10 Bey. Taking into account the recoil 
of nucleons and the production of neutral pions, we 
may safely set the minimum energy of a proton which 
can effectively produce an observable electron as 20 
Bev. Thus about 5% of protons are responsible to 
observable electrons. ; 

As seen above, we would expect an appreciable 
amount of electrons in the primary cosmic radiation, 
unless there wete any eflicient absorption process for 
the electrons. This problem has been studied by 
Donahue”), asking whether or not the electrons origi- 
nally accelerated together with nuclei could be eliminat- 
ed during their passage through intersteller space. The 
result of this author can be applied to our case. The 
mean life time of electrons determined by the 
Compton scattering with galactic photons is estimated 


S72 


as about 4X10! sec for an electron of energy 10 
Bev losing a half of its energy. This life time 1s 
longer than the collision mean time for protons, about 
731014 sec, and the intensity of electrons must 
be multiplied by the ratio of these life times. 
Thus the electron intensity turns out to be about 30% 
of the proton intensity. (This figure gives only a 
crude order of magnitude due to our meager knowledge 
on the pion production at high energies and may 
allow an uncertainty of factor two.) This definitely 
contradicts the experimental evidence on the absence 
of primary electrons’). 

On account of the inefficiency of eliminating 
electrons in the galaxy, we are led to the conclusion 
that protons should not travel in the galaxy for such 
long time as to produce electrons more than 0.6% 
of the total intensity. This set the upper limit of 
the path length for protons that they must not tra- 
verse more than 3 g cm~®” of hydrogen. 

This evidence together with those mentioned above 
on heavy nuclei leads us to the presumption that the 
cosmic radiation passes through a very small amount 
of matter from its origin to entry. We are then in- 
clined to reject the assumption that the cosmic radia- 
tion. is confined in our galaxy for long time, but to 
adopt that it originates somewhere out of our galaxy 
and travels along a straight way. In this case one 
expects the siderial time variation of heavy primaries, 


because the earth locates far from the center of the 


galaxy and the amount of hydrogen traversed by the 
cosmic radiation coming through the center is about 
0.6g cm-?. In the passage through this thickness 
secondary particles are scarcely produced except photons 
which are due to the decay of neutral pions. The 
intensity of the secondary photons are estimated as 
about 0.1% of the total intensity at the geomagnetic 
latitude 55°, but as nearly 1.5% at the equator. In 
the latter case this eect would be detectable. 

Full account will be published in the Journal of 
Geomagnetism and Geoelectricity, Japan. 


1) H. L. Bradt and B. Peters, Phys. Rev. 77(1950), 
54; 80 (1950), 943. ° 

2) <A. D. Dainton, P.H. Fowler and D.W. Kent, 
Phil. Mag. 42 (1951), 317; 48(1952), 729. 

3) EE. Fermi, Phys. Rev. 75 (1951), 1169. 

4) A. Unsdld, Phys. Rev. 82 (1951), 857. 

5) T. M. Donahue, Phys. Rev. 84(1951), 972. 

6) CLL. Critchfield, E. P. Ney and S. Oleska, Phys. 
Rey. 85(1952), 461. 
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On the Corpuscular Aspect of 


Quantum Theory of Field 


M. Namiki*? and Y. Suzuki 


Department of Physics, Osaka Oniversity 


November 29, 1952 


The relativistic problem of bound systems has been 
recently treated by several authors). Common charac- 
teristics of these works are the appearance of the wave 
functions and the kernels or the Green functions which 
are the functions of coordinates of particles. However, 
the physical meaning of these quantities is not so 
obvious in their works. 

The wave function of ordinary wave mechanics 
is interpreted as the probability amplitude. It is, 
therefore, interesting to investigate how to define the 
wave functions which admit such a primitive physical 
interpretation in the frame of present field theories.**? 

In quantum field theories which admit creation 
and annihilation of particles, the number of particles 
is not generally conserved, so it is natural to expect 
the damping properties of the wave function with 
fixed number of particles. From this point of view, 
Gell-Mann and Low’s work seems to be a little con- 
tradictory, which has, in fact, the following inconsis- 
tencies: (i) In spite of rhe stationary property of the 
wave function y,, by its definition, the equation of 
xn derived by the ““/-operation” seems to have generally 
damping solutions. (ii) The equation of 7, derived 
directly from the definition does not coincide with 
the equation obtained by the “ Z-operation”. The 
cotrespondence of true stationary states and free sta- 
tionary states through the adiabatic switch-on process 
is not necessarily one to one. Then it is not always 
possible to obtain the equation of single x, by the 
“ 7. -operation ”. 

» For simplicity we shall discuss the one-particle 
In order to 
obtain the reasonable definition of the wave function, 


problem of quantum electrodynamics. 


we should express the state that a physical elect- 
ron exists at a point @ and time % We may take 
du*(a,72) > for this state because of following 
reasons: (i) This is the eigenstate belonging to the 
eigenvalue —e of the total charge operator. (ii) The 
expectation value of charge density operator at time 
€ is independent of ¢, and is a function of the dis- 
tance from @#, concentrating in the neighborhood of 
the point a with the extension of order of magnitude 


en ee ee eA 
t 
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of Compton wave length. (iii) This state takes into 
account of the effect of surrounding electromagnetic 
field. 

The concept of the position of electron has only 
a diffused meaning (see above (iii)), while the 
state @7)*(p, 2) Vo represents a physical electron with 
sharp momentum 7?. Such a situation is characteristic 
of the relativistic quantum mechanics.” 

Now we consider the operators in field theories 


having the following properties : 


[Pux(9,0),On(2)]=Dbn(aest), 
On) i On.” » 


where D is a c-number operator operating on spinor 
indices or coordinates and Oy) is a cnumber. These 
conditions are satisfied by the many physically signi- 
ficant operators. For such a operator, the matrix 
element between the states of the distributions /(#) 


at time /” and £(a) at time ¢ becomes 


<gt|O@—Orlfe’> 


= g* (a) Dy (art) de 
where 
7 (x,t) ears G (a0, t; a0!) Bf (ac!) dae’. 
; 


t>¢t/ 


Here G is Schwinger’s Green function. Thus we 
can reasonably take y(a,7) as the one-electron wave 
function, which satisfies the equation given by Sch- 
winger. 

The probability amplitude of transition to the 
distribution g(ac) at time ¢ from f(a) at time / is 


given by 
§.g* (ac) x (00,0) d*oe. 


Hence the wave function 7(#,7) is the amplitude of 
transition to point @ from f(a’). So, it may be 
reasonable to impose the ordinary boundary condition 
on y. The expectation value of the above operator 


becomes 
(y* (o0,2) Dy (a0,t) dae. 


In particular, the expectation value of the total energy 
operator takes generally a complex value. If.we can 
obtain the energy value ss a solution of eigenvalue 
problem for the equation of y. it is easily shown 
that its imaginary part gives the real decay constant. 

The detailed report. will be published in near 
future in this journal. 


*) On leave from the Department of Applied 
Physics, Waseda University, Tokyo. 

**) Historically the quantum theory of field was 
first appeared as the second quantization. In 
this non-relativistic case, the corpuscular aspect 
is evident as shown by Fock in his well known 
paper. 

**) 77 (90,¢) and VY denote the spinor operator of 
electron and true vaccum state in Heisenberg 


representation, respectively. 


1) E. E, Salpeter and H. A. Bethe, Phys. Rev. 84 
(1951) 51232: 
H. Kita, Prog. Theor. Phys. 7 (1952), Dir 
M. Gell-Mann and F. Low, Phys. Rev. 84 
(1951), 350. 
J. Schwinger, Proc. N. A. S. 37 (1951), 452. 
2) W. Pauli, 2%. d. Phys. XXIV/1 p. 214. 


n-D Scattering and Strong 


Coupling Theory 
Ise Miyazawa and S. Matsuyama 


Department of Physics, University of Tokyo 


November 29, 1952 


Recent experiments on the scattering of z-mesons 
by deuterium and by hydrogen’) have revealed the 
facts that the cross sections for x- scattering are 
smaller than the sum of those for z+-/7 and n—-//, 
and that this diference becomes more remarkable as 
the energies of the incident mesons increase. It is 
a well-known fact that these effects are evidently in 
disagreement with the calculations based on the weak 
coupling theories or the impulse approximation. We 
shall briefly point out in this letter that the strong 
coupling theory can give a satisfactory account of 
these experimental facts. 

We treat the interaction of free mesons with 
nucleons (or their isobars) as a perturbation,*) and 
a usual second order perturbation leads to formulae 
for the transition matrix elements (in the unit system 


i =c—=meson mass=1). 


(ge ee One 
HOG /MEV) | 
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YlzlA lz 
— {E+ 2/4M+ (9 /M+V);} 


and 
Hes ae 
T= So + (g/M+ V )s} 
ok CAVERN GOVERD) 


—Qwt °/4 M+ (g?/ M+ 5,4 EY 


Where // is the interaction Hamiltonian of free 
mesons with nucleons or their isobars, V is the poten- 
tial between two nucleons (or their isobars) that 
constitute the deuteron, 4/7 is the mass of nucleons, 
q their relative momentum, w and / the energy and 
momentum of the incident meson respectively, and 
£ is the energy of the isobar with spin 3/2 which 
is taken to be 250Mev with imaginary part (half 
width) of~30Mev. f7,7, andj’ mean the final state, 
initial state, intermediate states in which the incident 
meson has been absorbed and no meson is present, 
and intermediate states in which the outgoing meson 
has been emitted and two mesons (incident and 
outgoing) are present, respectively. 

Expanding these formulae with respect to /, and 
retaining the terms containing lower powels of 7 
than linear only, we have 


Be aU cE RGAER) 
5 wo-—L—kh/2M 


SAAD AL V dle) 
= (o— E—#*/2M)? 


and a similar equation for ///7. These are just the 
expansion of Ashkin and Wick. The existence of 
isobars of nucleons makes the denominator of the 
second term small when the energy of the incident 
meson is near the isobar energy, and the second term 
(containing /”) assumes a remarkably large value in 
contrast with the formulae deduced from weak cou- 
pling theories. 

According to the pseudoscalar charge-symmetric 


meson theory of nuclear forces, 7 must be of the 
form?) 


: V=}(e% ef) f(r) +tensor force. 


For simplicity of calculations and because of its little 
contribution to the effect considered here, we neglect 


the effect of tensor forces. As our intermediate states 


consist of two nucleons with spin S;=1/2 and s77= 


Bi2 the total spin S must be 1 or 2. The expecta- 


tion values of (e€;%€,7%) are 5/9 for the states S= 
1, -1/3 for the states S=2 and -1/3 for the ground 
state of the deuteron. Therefore the matrix elements 
of the commutator (7|[//, /”]|7) assume non-vanish- 
ing value for intermediate states of S=1. 

After remarking these, the matrix elements of /// 
and ///7 can easily be evaluated, and the cross sec- 
tions of zt-D and z+-// plus z~-// can be calculated 
from these matrix elements as plotted in the figure. 
We have here taken /(7) as Hulthen’s function with 
a scattering length fitted to the 7-/ scattering experi- 
mental data, and determined the magnitude of the 


‘potential so as to give a correct value for the bind- 


The interference effects 
are neglected throughout our calculations. The ratio 


{o,(1*) +07{7) —a)(7*) } / 


{on(2*) +on(z7)} 


is 12 percent for the kinetic energy of incident 
mesons of 28Mev, while 25 percent for that of 112 
Mev. Detailed accounts will be published in a later 
issue of this journal. 


ing energy of the deuteron. 


1) Isaacs, Sachs, and Steinberger, Phys. Rey. 85 
(1952), 803. 


2) Anderson, Fermi, Nagle and Yodh, Phys. Rev. 
86 (1952), 413. 


3) See Pauli and Dancoff, Phys. Rev. 62 (1942), 
85. 


4) Ashkin and Wick, Phys. Rev. 85 (1952) 686; 
see also Chew and Wick, Phys. Rev. 85 (1952), 


636 and Chew and re Phys. Rev. 87 
(1952), 778. 


5) Pauli and Kusaka, Phys. Rev. 63 (1943), 400. 


A Note on the Gauge Transforma- 


tion in the Theory of Non-local 


Interaction of the Fields 


S. Ozaki, S. Nagata and Y. Okamura 


Physics Institute, Kyushu University 


November 30, 1952 


Recently, Miller and Kristensen!) have pointed 


out that one can construct the theory of fields free 


under the above transformation. 
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from: the difficulty of divergence, by taking as the 
Lagrangian for the interaction 


L=f\dxde'dx" F(a, x', x!) 
U+ Value"), (a) 


provided that the form factor /(«,1/,x//) should be 
taken properly. In such a case, it is well known that 
the free fields itself need not be non-local. 
_ Here we investigate whether we can keep the 
theory gauge invariant or not, when applied to the 
system of charged Fermions interacting with electro- 
magnetic field. 

We take the Lagrangian Z for the interaction 


between electron and electromagnetic fields as follows 


Feed hc| P(x) {re oe) + x(x) |e 


—iel (Graf) Ae 2") * 


F(#,2!,4")dadz' dx". (2) 


Here ¢(x), A,(#) denote Dirac spinor, electro- 
magnetic 4-vector respectively. 
We may define the gauge transformation as 


0A A(x) 
ar? 


HoH) ef Hu)| GB) 


Axa) A, += 


u*(4)=a(z). 


It is our interest to find a form of the function a(x) 


which keeps the interaction Lagrangian Z invariant, 


If a(x) de- 
pends on ¢(*) and (x), their commutation law 


ip), p(a')} =—iS(x—2'), (4) 
where 
(A, B} =AB+ BA, 
cannot be gauge invariant. Hence a(x) must be 


independent of $(*) and (x). 


“We get easily the gauge transform Z/ of Z as 
ae 
. Oa(x) 
ES, —iefaet() [rah one) 


Vy 


+ Vio) {4.@") 


(exp | (@") — a(x) |-1) 


+24) exp | # (u(x") —uCe)) | 


ee: 


Flayal,x")dr'de" | (5) 


In order that 7’=/, a(«) must satisfy the following 


equation ; 


Tud (4 oe gece 


Vy 


ck \ Vrs (2’) {4 we") 


(cxp E (u(a!) —a(2)) - 1) 


942") exo] (u(a!) ae) | 


Ore 
F(azl,x\del'de"=0, (6) 
a(x) is independent of (x) only when 
F(a, 4!) =G (x, #")8(@—-#), (7) 


as the first term of Eq. (6) is a function of one 
point only. Then Eq. (6) reduces to 


Ou(~) = [24 eu, a aa (8) 
Oxy, CEP 


and we can get a(a) independent of ¢(«) only when 
Gla, ) =G(e42"). (9) 


But, if 7(«,x/,x//) does not have the form given by 
Eq. (7), a(x) must satisfy the following equation 
in order that Eq. (6) may hold for an arbitrary 


p(x): 
B04) a(r— 2) =—| 14, (2") 
OX, 


(exp | @@) -2@))]-1) 


1 2A a i (a) —al2)) fh 


576 
F(a,2',x!")dz"". (10) 
Here we used the formal relation 
Ou( x dul x 
Tu (*) ee (at) Saba). 
OX, Wn 


O(4—2')dx'. 


Now Eg. (10) is inconsistent as the left-hand side 
is a function defined at one point only and the right- 
hand side is not. Hence we cannot get a(+) which 
satishes Eg. (10); in other words, we cannot keep 
Z gauge invariant. This means that Mller’s theory 
of fields with the non-local interaction is not gauge 
invariant so long as the free fields are local. 

Thus we are suggested that it may perhaps be 
necessary to use the non-local free fields interacting 
with each other, in order to keep the theory ‘gauge 


invariant. Such a consideration is now in progress. 


1) Méller and Kristensen, kgl. Danske. Vid. Sel. 
27 (1952), No. 7. 


_ Note on the Tensor Interaction 


in Triplet Odd States 


S: O-numa 


Department of Physics, University of Tokyo 


November 30, 1952 


To explain the experimental angular distribution 
of proton-proton scattering at high energies, within 
the framework of the potential picture, singular tensor 
interaction has been proposed by Christian and Noyes” 
in triplet odd states. In thése states central poten- 
tials are conclusively excluded, since in this case the 
scattering is zero at 90° and the angular cross section 
rises even more rapidly on either side of 90° than 
that shown by experiment. One can not, however, 
determine the sign of this tensor interaction definitely 
from high energy proton-proton scattering only. 

On the other hand, Jastrow?) has shown that it 
is possible to account for the n-p scattering data 
fairly good assuming a charge-independent interaction 
between nucleons. As that of Christian and Noyes, 


Cross sections 
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Jastrow’s potential has a tensor interaction in triplet 
odd states, and its sign is completely determined as 
its magnitude. That is to say, the tensor force ex- 
change dependence found necessary to explain high 
energy n-p scattering and deuteron quadrupole moment 
simultaneously is of the form —Vy (1—a+aPyz) Ste 
with a=0.6~0.7 Therefore the effective potential in 
37, state is repulsive while the other two (37) and 
3P3) are attractive. 

Recently, very accufate measurements on proton- 
proton scattering at lower energies (1~4 Mev) have 
been done at Wisconsin University®). According to 
the results of phase shift analysis of these experiments, 
effective P-wave phase shifts are definitely negative, 
for example, —0.074°=+0.023° at 4.2 Mev showing 
the repulsive character of the effective potential in $P 
state as a whole. 

Using these results, one can determine the sign 
of tensor interaction in triplet odd states and check 
the validity of the charge independent nuclear potential 
(namely Jastrow’s potential). The presence of tensor 
interaction in 37 state complicates the analysis of the 
scattering data’) and exact treatment is very tedious. 
However, Breit®) has pointed out that to the extent 


z-D Scettering and Strong Coupling Theory 


Sub — 


50 100 150 200 250 300 Mev. 
Kinetic energies of incident mesons 


that one can restrict oneself to the terms linear in 
the P-wave phase shifts, these enter only in the com- 
bination 


K=LKCTy) += K( sp.) +2KC ys 


The resultant phase shift Aq enters the scattering cross 
section in the same way as if no tensor force existed®) 
and we can compare this value directly with that 
derived from experiment. We adopt this approxima- 
tion and neglect the interaction between %P,state 
and 3/’;state which is of little importance at the 


ee, 
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lower energies. Exact numerical integration of the 
wave equation is necessary since the resultant phase 
shift is zero Ay identically in Born approximation. 
Numerical calculations made for the case of Jas- 
trow’s potential gave values of K3Fo), K(GP;), 
4(3P) and resultant Ay as in Table I. 


Table I. Values of P-wave phase shift in degrees. 
Incident proton energy is 4.2 Mev. 
in the laboratory system. 
—— 
KBP) | KP) | KBP) Needs 
—————————— _ lE 


+ 0.133 =0577 | tt OS2 + 0.0852 
EE EE EEE 


Three P-wave phase shifts are small enough 
numerically so that the linear approximation adopted 
here will be valid. Resultant phase shift for Jastrow’s 
potential has a wrong sign and can not explain above 
stated experiment. 

From these result, we may conclude that if the 
resultant 7-wave phase shift is negative as the ex- 
periments on proton-proton scattering at low energies 


show, the tensor interaction must have a diferent 
exchange dependence from that of Jastrow’s potential 
and therefore it is impossible, by means of charge 
independent static potential, to account for the all 
experiments consistently. 

More detailed calculation for this problem is in 
progress. 


1) R. S. Christian and H. P. Noyes, Phys. Rev. 
79 (1950), 85. 

2) R. Jastrow, Phys. Rev. 81 (1951), 165. 

3) J. N. Mc Gruer, D. E. Findley, and H. R. 
Worthington, Bullet. Americ. Phys. Soc. 27 
(1952), 47. 

Private communication from H. R. Worthington. 

4) G. Breit, C. Kittel, and H. M. Thaxton, Phys. 
Rev. 57 (1940), 255. 

5) G. Breit, University of Pennsylvania Bicen- 
tennial Conference, “ Mztclear Physics” (1941), 
p- 10. 

6) J. D. Jackson and J. M. Blatt, Rev. Mod. Phys. 
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On the Structure of the Interactions of the Elementary Particles, III 
—— On the Renormalizable Field Theory ——~ 


Susumu KAMEFUCHI and Hiroomi UMEZAWA 
Institute of Theoretical Physics, Nagoya University 


(Received September 19, 1952) 


Some remarks are given on the renormalizable field theory. In § 1 the renormalizable field theory 
is defined as an assembly of spin 0 and 3 fields and neutral vector fields (including the electromagnetic 
field) interacting each other via interactions of Ist kind only. In §2 it is shown that there are several 
tules of renormalization, which lead to not necessarily identical finite results and remarks are given on 
the separation of divergences. In § 3 the outline of the renormalization method is given and there one 
can see the equivalence of the “subtraction” method and the “ renormalization”? method. In § 4 the 
gauge invariancy of the renormalized theory is examined and. in the last section some Ries are 
given on the present form of the theory. 


§ 1. Renormalizable field theory 


The interactions between the elementary particles in the present quantum field theory 
are usually assumed from the point of view of general requirements, e.g., relativistic 
covatiancy, gauge invariancy, etc., which seem, however, to comprise much more theoretical 
possibilities than are realized in the nature. Recently, in the investigation of the problem 
of the renormalizability” the interactions have been classified into two distinct groups, 
that is, the interactions of 1st kind and those of 2nd kind. The renormalization theory, 
when applied to the former case, which is called hereafter the ‘‘ renormalizable field theory ”’, 
leads to a closed non-singular theory by introducing a finite number of counter terms, 
which also belong to the first kind. On the other hand, the existence of interactions of 
2nd kind prevents the renormalization procedure from its closure. As to the existence of 
interacicons of 2nd kind in the nature, the detailed account has been given in our previous 
paper”. Although the correct formulation is unknown for the case of interactions of Znd 
kind,*? it seems for us that the various difficulties appearing in this case, which are to be 
analysed in much more detail, are intimately connected with the problem of the structure 


of the elementary particles” ? 


In the present paper the general renormalizable field theory is investigated. In this 
theory, the following fields are accepted as having physical reality**? : 


* A’ method of treating the interactions of 2nd kind will be developed in our following paper. 


** The fields having spin S21 and vanishing mass or those having spin 5=2 or 3/2 and interacting 


via two-vertex interactions only can belong to the renormalizable field theory. But, they are here excluded for 


lack of physical meaning. In this connection see also reference 2. 
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charged and neutral fields with spin 0, o@=1, 2-+-), 


charged and neutral fields with spin 3, f* (a= 152-2=))'5 a) 


electromagnetic field, Ans 
neutral vector fields, /4(mass-=0) (a=1, 2:+-). 


The vector couplings of UV “-felds with g’- or $%- fields® belong to the interactions 
of the first kind. For, by use of the Stueckelberg formalism, we can in fact construct an 
unitary transformation, which results in the elimination of the L&component from the 


. . . . oe. . . 2) ‘é 
vector coupling interaction 1n the Schrodinger equation as follows’ : 


{2 9 jap —— shan Ast (a) =0, 
i 0a(x) 2 
(2) 


aatiga t=! Dba is 233) 
Xa 


where Z/’ is the sum of interactions other than the vector coupling of U ¢-field and 7 


and 77, involve neither As, nor B*. The subsidiary condition becomes 
{a,.AL+ ab | s2(2")d(e— 2) da} ¥ (2) =0. (3) 


The Schrédinger equation (2) has just the same form as in the case of the electromagnetic 
vector coupling, and so we can obtain the .S-matrix of the same form in both cases. 
Only one difference between them lies in the invariant delta function, which are 4(*) 
and D(x) ((CJ—#)4=0, [JD=0) for the Age part of Uy: field and the electro- 
magnetic field Aj, respectively. The detailed discussion regarding this point will be given 
in the Appendix I (See also reference 2). Moreover, the theory of the neutral vector 


field is invariant under the following gauge-transformation : 
A= As +0,4", Be Bin A, | 
((J—22) A*=0. 


This transformation for Af, is again of the same form as in the electromagnetic field Ags 


(4) 


Thus, as proved in the Appendix I, we can obtain the electromagnetic field from the 
neutral vector field in the limit of x,—>0. From this fact it is allowed to denote 
hereafter the field quantities throughout both cases by the same notations A%(a=0 implies 
the electromagnetic field and a=1, 2, 3,:-: other neutral vector fields). 


The gauge transformation for the total system may now become 


d —> digi’, * —> pen”, 


At > Ai +0,4"%, . 
| © 


* The vector couplings are to be understood as the interaction between the source fields and the neutral 
yector field which is obtained by replacing the operator 04 in the free Lagrangian by Op-k2e,Uu". 


xs 
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(oe 2 7 y 
A =3} Cs de vie== >) ee zs 
a 


a 


(j=” i= 0, 


where ¢;’s (or c%’s) are the coupling constants of the vector interactions between Aj-field 
and ¢’-(or ¢*-) fields and in particular ej’s (or ¢f’s) are the electric charges of charged 
2 (or u) fields*?. 
As the interactions of the 1st kind consisting of Aj-fields, we have (42+ 1/x,°0,27) 
b a y > ae oy a qa G Aa > 
x (AL + 1/%,-0,8°), F,2 Fo (Ft= 0,A%—90,A%) and the above mentioned vector couplings. 
But, the primary interactions, which have not contained the term (43 +1/%.-0,2") 


x (AL +1/x,-d,8"), do not require the introduction of interactions of this form as the 
counter terms of renormalization, because in this case 4’s are absent in the Schrédinger 
equation (2) and the terms 424% can not appear separately for the familiar reason of 
invariancy of the theory for the gauge transformation (5). Thus, the interactions of the 
form (Af + ¥/x,-0,5%) (A2.+1/x,-0,8") are left out of consideration. 

Thus, in our general discussion of renormalizable field theory we have only to consider 


the following interactions : 


LPH, Fin GVO", Sip BOER, fa LP, Sarl O06, 

1:09 * 8,9", 

i (Big Aas) At (C18 8,0°— 13,88) — (Oy Ay etehALALSrp, > (6) RP 
Rae PF pus —1 (Ogg has) ALP 7 f*, Ty te ee 

and their comp. conj. (W157, etc,); 


Some of these interactions, however, are excluded on accout of the requirements of the 
relativistic covariancy or charge conservation. For example, the interaction /,;,6°¢’d* can 
not appear for the pseudo-scalar ¢* and scalar ¢’ and ¢*. For the pseudo-spinor fields $* 
the 7-matrices are to be suitably adjusted. 

It was shown in the previous paper’ that in the theory having the interactions of 
Ist kind only the resulting divergences in the S-matrix can always be brought into the 
form of interactions of 1st kind. Therefore, if we assume at the outset all the permis- 
sible interactions in the original Hamiltonian, then each diverging term will be always 
subtracted by any of the corresponding (counter) terms or the divergence will be renormalized 


into any of the coupling constants of them. The coupling constants of interactions (6) 


* There may be the complex fields 4%, ¢* having no electromagnetic interaction, for which we take 

pt =ey)%=0. In the following, the fields with non vanishing ¢,,¢ or ¢,* may be called “¢,, charged” fields. 

** The terms in (6) are the interaction Lagrangians. We can treat them, however, as the interaction 

Hamiltonians if the ?- brackets are replaced by the Green functions everywhere. (See reference 10). In 

particular we shall give in the Appendix II the detailed discussions regarding the gauge invariant vector 
interaction of ¢ and ~ with 4yu% (the 2nd to 4th lines of (6)). 

*** Rigorously speaking, terms such as /;¢% are further to be added to (6°, the contributions of which 


can be removed, however, by employing special evaluation rule of S-mattix, 
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or their renormalized values have to be determined by referring to the experimental results. 

In this paper, some remarks on the general renormalizable theory are en In § 2 
it is investigated whether the finite result obtained from the theory are unique or not. 
In the renormalization theory some arbitrariness arises in connection with the treatment of 
the so-called overlapping divergences. Though the well-defined rule for treating them can 
give unique results it is possible that the different rules often give the different results. 
The best rule can never be singled out by the renormalization theory itself, but it must be 
selected through the consideration of experimental facts. 

In §3, the outline of the renormalization procedure is given. The treatment of 
divergences of two-vertex parts are considered in detail, which are one of the peculiar 
features in this theory. Further, we see there the equivalence between the usual two 
renormalization methods, -that is, the method of the “ self consistent subtraction ”” and 
Dyson’s method” of coupling constant renormalizations. 

Since the observable charge is not the mechanical one, but the renormalized one, it 
is required that the renormalized theory is also invariant under the new gauge transformation 
or in other words, the counter terms, which have been separately determined so as to 
cancel the individual divergences, are gauge invariant as a whole (just as in ( 6)). In §4 
it is proved that this is the case provided that special attentions are paid to separating 
various divergent terms. 

In the last sections some considerations are made in connection with the convergence 


of the perturbation series and the renormalized (actually diverging ) coupling constants. 
§ 2. Some remarks on renormalization rules 


It can be shown that the renormalization theory, when applied to a system of fields 
with the interactions (6), gives finite results for the S-matrix elements. 

When carrying through this procedure, special attentions must be paid, however, to 
the treatment of the so-called overlapping divergences, which are expected to occur in 
very complicated forms in our general case and from which there arise many ambiguities 
when removing the internal divergences. As to this point two methods have been presented 
by Salam? and Ward. In this section we shall show that these two methods do not in 
general lead to the same result. 

It is also shown below that in connection with the separation of divergences from 
the special type of non-overlapping graphs there appear ambiguities which are peculiar to 
our general case. It is also quite arbitrary how to treat them. Accordingly, we can 
establish the several possible rules. 

What rule has to be employed, it can not be decided from the theoretical view point. 
It may be rather determined from the comparison of results with experimental facts. But, 
overlapping divergences appear in general only in the higher order approximations and so 
to make such comparisons is hardly expected at the present stage of theory and experiment. 
When a specific rule is adopted by which we have to carry through the whole calculations, 
the finite remainder may be unigely determined as has been shown by Salam in his recent 


paper”. 
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Now, by taking a simple example of overlapping divergence we shall compare the 
treatments of Salam and Ward. Suppose that a graph, having external variables P. 
contains in its interior an overlap of two logarithmically divergent parts with respect to 

FGH variables ¢, and ¢, and diverges as a whole, too (Fig. 
1). Corresponding to this graph, we have the follow- 


ing matrix element 


Mp) =| de, | dil, 4) GPs by 6) HCD 4). 7) 


Ripe 


From this expression (7) Salam’s method separates and then drops at first the divergences 
corresponding to ¢, and /¢, sub-integrations : 


| BIE) ICP 2) for 4, dub-intepration, 
and (8) 
\ ab F (pf, t;:) D(to) for /, sub-integration, . 


where Ds are diverging constant given by D(4) = jdt (py 4)G (Dy 4, to) and D(t) 

=fdt,G (Dy to, 42) ( py, tp) and t,, and 4, free momenta corresponding to ¢, and /,. 
On the other hand, we shall apply the Ward’s method, in which overlaps are dis- 

solved by differentiating the matrix element with respect to the mass. With this method, 


the matrix element is transformed as follows : 


M(p)= | int i} dh \ dt, = °_(FGH) 
sy MW 


as [ani \ dt, J dls {25 GH+F eo ree Fost, (9) 


© m Om! Oi' 
where the first and the third terms involves the divergence of ¢, and ¢, sub-integrations, 
respectively. Contrary to the Salam’s case, the dropped terms corresponding to these sub- 
integrations 7, and /, are 
[end | at,D (t,) OFT and | en | a ge 
~ Om’ Om! 
Thus, as is evident from (8) and (10), the integral of the final integration in each 


case differs from the other case by the following expression, 


Ji?) = | tn! {f ak (Pp, ty 22) + | at, 2) 1, “)}- (Git? 


D(tz), _ respectively. . | (10) 


We 


As usual /(/), being a function of external momenta /, is expanded in the form 


Tp) =/(t) + (Pugs Cine (12) 


* In most examples in the renormalizable theory /) has % dimension and it appears that 02/0 is 
equal to zero. But, in the theories in which it is necessary to introduce cut-off factors in ordet to remove the 
divergences this term introduces some ambiguities. An example of such circumstances is found in the problem 
of selfistress of the electron, When has other dimension, where Ward’s method must be somewhat generalized, 


similar circumstances occur. 
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where we see that /(/) contributes not only to the divergent part to be removed away, 
but also to the finite remainder. Here, the following fact is to be noted: in general /” 
and H are reduced integrals and have the same number of external lines as the original 
graph, and ‘so in the expansion (12) divergences appear to the term of the same order 
in p as other parts of the final integration. From this example, we may say in general 
that these two methods do not necessarily lead to the identical results. 

Further we shall add a remark on the rule of the separation of divergences. To 
extract divergent parts from a diverging expression it is usual to make the Taylor expansion 
with respect to (f—fp)y in the way as in (12), where p’s are external momenta and 
pos the corresponding free ones satisfying pPotx=0, say. To make such a. separation 
of divergences is of sufficient physical ground when the separated divergences have simple 
physical meanings such as the mass or the charge, while in general cases there is not so 
strong theoretical basis in employing such an expansion. We may separate the divergences 
by use of other expansion, e.g.; the Maclaurin expansion with respect to ps. It is then 
evident that according as we use the different expansions we shall obtain the results with 
the different finite contributions (which may be however often compensated by suitably 
adjusting the coupling constants of counter terms).*) In this connection, the best example 
is found in the graphs as shown in Fig. 2, that is, the graph with two external lines of 

spin zero fields 9g’ and d’, say, which belong to different 

kinds of field, respectively. (¢ 7). The corresponding 

, matrix element J/ contains quadratic and logarithmic diver- 

gences. In such a case, it is not legitimate to expand M 

Fig 2: in power of ((]J—z’), for in general x; * x;. Furthermore, 

contrary to the usual treatment it is no longer possible to renormalize the latter divergence 

into the propagation functions of ¢° or dé’. As will be shown in the following section it 

is convenient to renormalize this divergence into the two vertex V j= [0d Ou aL nus, 

corresponding to this treatment we have to expand JZ in power of [ J. This is the 

symmetrical treatment for both fields. In general there occur the similar cases in which 

it is required to expand the diverging expression in such a way that each separated term 

is of the same form as the corresponding counter term. Further example will be found 

in $4 in connection with the 4-vertex part of c,charged field and A*-field, where the 

special attention is also required. Thus, according to circumstances we have in general to 
employ the suitable rules of the separation of divergences. 

As evident from the above discussions, the finite results are usually dependent on 
the details of the renormalization rules, and so when carrying through the calculation we 
must at first prescribe the rules in an unambiguous way. The general considerations 


developed in the following sections are, however, equally valid whatever rules may be employed. 


* Note added in proof: Similar problems have also been considered by A. Thellung, Helv Phys. Acta 
25 (1952), 307. 

** In treating such a graph, corresponding to the use of diferent counter terms, there are many possible 
‘renormalization methods, e.g., we may expand 4/ in the form 4+ 8, ‘(]—xs7)+25(L]—x5") + °° and use 
the corresponding counter terms. 
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§ 3. Renormalization 


Divergences appearing in the S-matrix, when isolated by some appropriate method, 
are of the same operator forms as one of those which have already been beforehand 
introduced in the interaction Hamiltonian (6). Therefore, if we take the coupling constants 
of (6) as f=f,+0f, A4=A, 404, etc.,* these divergences are cancelled out by the infinite 
parts Of, OA, etc., and so the results can be written in terms of the finite coupling constants 
Fo 415 etc., to give the finite remainder. This method, to be termed the “ self consistent 
subtraction ”’, was. discussed in our previous paper”. On the other hand, we know another 
method, in which, as was done by Dyson”, only the finite remainders are taken into ac- 
count by simply dropping off the divergences, whose contributions are shown to be equi- 
valent to “renormalizing’’ the coupling constants f, 4, etc., into Sis. Ay cetes — Inthe 
following paragraph we shall show the outline of the latter method and there it will 
become evident that aforementioned two prescription of renormalization give the identical 
results if in treating the divergent terms the same rule is adopted for both cases. 

As was shown in the reference 1, the order of divergence of a diverging term 
G(E, NV, 7) is given by 

oS ecg Wt, Ky; (13) 


where notations are the same as in the reference 1 and K, > 0 for all the interactions (6). 
From (13) we see that a primitive divergent graph has at most four external lines. In 
the graphs with two external lines }}/=2, of g- or ¢-fields two kinds of divergent terms 
are contained such as 4°f/ and 0,4d,4’ or fi*¢* and $%7,0, 9, corresponding to generaliza- 
tions of mass term when 7*=7 or “*</ and describing the transformations of elementary 
particles. In the case of neutral vector fields A*, however, the divergences are restricted 
to the form /,/,), from the arguments of gauge invariancy. On the other hand, the 
graphs G with $} H< 3 contain only one kind of divergent terms. These facts are 
evident from the Lorentz covariancy. 

In our general discussion it is convenient to employ the Ward’s method” in treating 
the overlapping divergences. Of course, when we use other method various divergent 
constants and finite remainders will take different values from the present ones, while it 
is expected that the proof will be made along a similar line. 

For our present purpose it is sufficient as usual to start with the consideration of 
the connected graphs. Now, let us consider a diverging graph with external lines $}# < 4 
and let the corresponding matrix element be G. In general, G can be obtained from the 
corresponding irreducible graphs by inserting various corrections. Here, we use the notation 
(G ) to imply that the finite functions to some order of approximation have been inserted 
in the irreducible graphs. When G contains in its construction some overlapping diver- 
gences, we sepatate them by the Ward’s method**) and then make the above-mentioned 


* In this paper the renormalized charge is specified by the suffix 1. 
** In the general cases of renormalizable theory, Ward’s method must be slightly generalized. See Ap- 


pendix III. 
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insertions of finite parts. In such a case we use (G) in place of CGY, 

Next, we shall consider a graph with two external lines. First, we take up the case 
of ¢- and ¢-fields. When two external lines refer to the same field, two divergent terms 
in this graph are respectively renormalizable as usual into the mass and the propagation 
function. On the contrary, when two free operators refer to different fields, the divergence 
of the higher order can be cancelled as before by the counter terms O'Oi(i 7) oF 
fg (ur) describing the transformation process, while the lower order one can no longer 
be renormalizable into the propagation functions. Thus, in our cases the latter divergences 
are either cancelled by two-vertices Vis=ij0 uP 0,0? and Voy as 7p On” oF renormalized 
into the coupling constants of two-vertices 2,; and 2,,. Since in the general renormalizable 
theories two-vertex parts introduce new peculiar features, we set up the renormalization 
prescription as follows: The propagation function of d'-field is modified only by the 
contributions of the proper self energy parts (two-vertex) part V7;; such as shown in 
Fig. 3, while the contributions from the graphs such as Fig. 4, though having both end 
lines referring to the same field 6’, are to 
be omitted here. Under our rules, the 


latter contributions are considered as the 


Vit 


Fig. 3 Fig. 4 

effect of inserting various two-vertex parts Vass Ving Vy, in the internal line of 9. 
Therefore, when we construct in general a higher order graph with field corrections from 
the irreducible graph, we have not only to replace the internal lines by corresponding 
modified propagation functions, but also to make corrections to these lines by inserting 
two-vertex parts )7,;(7 2s 7) to the desired order in various possible combinations. In the 
same way we can treat the case of b*-fields. 

In the ease of A@fields, the counter term Poet pot un aces De treated in the same 
way as above. In order to see, in the case of a=d, its equivalence with the renormaliza- 


tion of coupling constants, we have only to modify this term into the following form : 
J sols = 94 {—@ATAt + (8, AI0, Ag+ 1A?) — 8, AS, AG} . 


In this expression, the first and the second terms can be renormalized as usual into the 
mass and the propagation functions of A%-field, respectively, while the last term does not 
contribute to the virtual A%lines on account of conservation of current. That is, as far 
as the virtual lines are concerned, only the diagonal terms with respect to vector suffices 
give contributions. Therefore, the discussions of the propagation function can be 
performed in just the same way as the d’fields. In the case of two external A®-lines the 
last term is rewritten, by the subsidiary condition (3), in the form —£apt,D”. This 
term is to be renormalized into the mass of /*-fields. 
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In other respects, the usual procedures are immediately applied with slight modifica- 
tions. . 

As usual, the modified propagation functions of field 7, a@ and « and the finite 
functions of various vertex-parts can be constructed. - We have the integral equations : 


am Cipee yhee gars Pi a See ov ai Pa a 

Sie Soe EM oe, (14) 

Vig aja Wigi.0 > 
Whee is ae Ae ands Se imply the propagation functions and the corresponding 
modified ones for fields 9’ (or A*) and ¢*, respectively, S1¢°"** and S7™2* the proper 
self energy parts of them and /7,;.., and IV;;.., the vertex factor and the corresponding 
proper vertex part with external lines of fields 7, 7,--- and a. Considering the order of 


divergences and taking account of their Lorentz transformation properties we can obtain 


the finite parts of $}*’s and J’’’s as follows : 


re eat ots : aoe or Ox 
SE) (St) 2 Pt thee) (FE 
pOPy 


(Pp); 
RE \ OS*(P)\ 

*(p) =(E*(4)) — Lariat PI) (9), = 

Vecwe Dp pa**) — Vy Set ( W, ij: a) (Ps a) ih ( Wrj.a> (p1, pe, oe 


ia te JW) (bi, +); 


where #’’s are in most cases free momenta*). In 5)}*’s, the highest divergences (quadratic 
or logarithmic) have already been cancelled by the mass counter terms and in the case of 
two-vertices the similar cancellations are achieved by the counter terms of transformation 
processes. Thus, we find that in each case of the above, expression it is sufficient to 
subtract formally only one diverging term on the right hand side. Hence, //,’s turn out 
to be of the form 


V5. 0,07 tje at (Wy. etna V 40. eV aghacs (16) 


ee ; ; 
where W;;. 2s ate logarithmically diverging constants. As the divergent terms of [7's are 
proportional to the corresponding vertex factors ”’s, these can be removed or absorbed by 


their coupling constants /’s of the corresponding vertices. (Subtraction or renormalization 


method. ) 


Finite parts of the modified propagation functions satisfy the following integral equations : 
aot a= fo ays a Dae or May! (ea cf 
Sro= Set Sp Die Sie: 


(17) 


* See the remark given at the end of § 2. 
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Now, we shall put as follows : 


Gp Rema Cae 
Ae a! 73 ie ky? AG fees “#) ? 


: OES Se a ieerhy 
WIR CAA Loan en? 


(18) 


If it is possible to determine the constants 7’s by inserting the ansatz (18) in 
integral equations, we are then led to the desired result that the subtraction procedure is 
reinterpreted or justified in terms of the renormalization of constants. 

In making such insertions, there holds the following rule for the calculation of “2 
factors: As an example, we shall consider a vertex part Wj Mica SD) [ign 2 ere 
M is the corresponding matrix element. When we insert the ansatz in this expression, 


M is transformed as follows, 

Mise f) = Mee (| (ALE Ly a hag TO ae And so, 
we see that W,;...(/) = Z pte Dl ass Je) ye poe (Wij .2i(f:))- Similarly, we 
also have’ the relation S¥*(/)=(Z') *(30*-G))- 


Inserting (18) in (14), considering the above rules and then comparing these equa- 
tions with (16) and (17), we get 


7iora 1 1 ene sf] “(p) eat 
22 or 3 1 alg SiS rae a ae / ; 
ee Pe YP) 


ee 


(19) 


y 1 1 aS \** (p) / 

od ae ay (021 SET\(g/), 

ae eee ye an )) 

Zia it Wao - j 


Thus, we have established our desired result that the subtraction procedure is in 


general equivalent to the renormalization of coupling constants. 


§4. On the observable electric charge 


Among the renormalized coupling constants the most interesting ones are those of the 
electric charges ¢, or, in general, ¢,’s. The empitical fact of charge conservation is ex- 
pressed in the gauge invariancy of the theory. In order that the non-singular theory is 
not in conflict with this empirical fact, it is required that the renormalized theory is also 
invariant for the transformation (5) with ¢i4, C1 replacing €), eb, respectively, or in 
speaking in terms of the subtraction method, that the counter terms, each of which has 
been separately determined so as to compensate the individual divergence, are gauge invariant 
as a whole. The corresponding requirement must also be satisfied for the charges ¢,’s in 
general. In this section, we shall show that by the renormalization prescriptions stated 


in the foregoing section we can obtain, in fact, a theory satisfying such requirements. It 
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is expected, however, that for the reason given in § 2 the renormalized charge may take 
different values according as we adopt different renormalization rules. 

We shall denote, in general, the 3-vertex and 4-vertex factors representing the inter- 
action of ¢,(@=0, 1,---) charged particle 7(or «) with one and two A“lines by Viet ps Ps) 
and V73"(f1, p27) and the corresponding vertex parts by Wy? and Wj, respectively, 
where ~,, #, and Z are momenta of charged and’ A lines incident on the vertices. In terms 
of the propagation function S,(/)*, the free field equation of the ¢,-charged particle is 
given by 

Sr'(p)¢(p) =0. (20) 
Taking into account the facts that the gauge invariant vector interactions with Hig Aten ED, 
be introduced in (20) by replacing ~, by (f—D}e,A*%), and that coefficients of ¢,4% 


i Re hoes ; : : : 
and ¢,°,4;A, give If and V2, respectively, we get the following useful relations 


Vit( 2,2) =—Sz!(p) AP sec), 
Lo 
- C24) 
SAE AGS. A. ol he ae, 
| v > 70 ary s is ve 5 i E 
ny (2 Py ®) 3 3p, 


These relations express the relations between the propagation function and the vertex factors 
at which zero momentum A-lines (/=0) are incident. 

Differentiating the proper self energy part of ¢,-charged particle 7 (or “) as shown 
in Fig. 5 with respect to external momentum /, and considering (oi we obtain in general 


1 as*(p) 


Sate 
bat Aas "(Ds P) 


(22)+2 


Because, in the integrand of >)*, we can 


appropriately choose the momentum variables 
so that the external momentum / always 
follows the main charged lines, which never 
vanishes halfway for the reason of ¢,-charge 


conservation, and so the differentiation with 


Fig. 5 


respect to f, changes a part of these lines 
———, [represents lines with charges into a 3-vertex with zero momentum Aj 
=, 10, ea, 2la 3¢a, respectively. line incident. Here, it should be noticed 


“9 


— that by attaching the external momentum 


_ p to the charged lines in such a way as shown in Fig. 5, Le., distributing # to each’ 


charged line in proportion to the magnitude of its charge, we can get 3-vertices with the 


weighting factors proportional to the magnitudes of the respective c, charges. In general, 


* As to the general discussion of the propagation function, see the forthcoming paper by Y. Takahashi 


and one of the present authors (H.U.), in press. 
** The factor i is necessary for Bose fields. 


590 S. Kamefuchi and H. Umezawa 


further contributions to the 3-vertex parts come from those graphs in which the zero 
momentum A“line is incident on the ¢,-charged loops created by virtual neutral -(¢,= 0) 
lines. From the requirement of gauge invariancy, however, such a contribution is always 
proportional to /y, of ‘zero momentum Aline and so does not contribute to Wi(P, p): 
Thus, (22) holds in general. Further, rewriting >)* as >)*( p+q) and attaching the 
momentum g to the ¢,-charged lines in proportion to the magnitudes of e,-charges as above 
we get similarly 

1 OWs" (DB). (23) 

2 Op, 


Win (D, Pp 0) ae 


As is evident from the above derivations, (22) and (23) are always valid whatever 


interactions there may be. 
Now, we shall apply these results to the specific cases of the renormalizable fields. 


OF course, there is no 4-vertices for spinor fields. For the articles with v, and ¢, charges 
> P P 5 g 
the vertex parts 7% and IVZ) etc. diverge logarithmically, while for the particles without 
ec, and c, charges the corresponding graphs converge from the general arguments of the 
gauge invariance with respect to A*- and A°-fields*?. The relations (18) are in this case 


written in the following forms ; 
Vita (ZV A), Visa (Zvi AD 
Vist! = (Ze) VE Ad 5 : (24) 
Vet = (Ze vis), 46=27 45h): 

and 
= CAN CAL Z wes Vey L=Ze (a ae (é)?, 
CE OL 4b ye Orie me AC) (25) 
a= (Zp) (2) Lea - 


To extract the diverging parts from //’,’s and IV’,,’s, we expand them in powers a) ey or 


and f,.** Then we find the infinite constants Is as defined by (16) as follows ; 


wea} aWe*(p, p) ! 
Hav oune (2); 


Wiss Wiisr= = Wyi(b, fo 0))(2') (26) 


Wet = 7a We(p, p)) (P’). 


* When the use is made of the renormalization method of coupling constants, we take 4;;=Agg=0 in 
(6) as usual. 
exe should be noticed that we have to subtract from I,’ the diverging constant J/”,,(/’, 7’, 0) instead 
of M43(2, 24,7) with /=x%, for when expanding in (/—/’) the contributions to the charge of dp“ dy? 
vertex come from terms of higher power in ¢’. 
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Considering the fact that two operations 0/d7' and 0/d/ are commutable and so there 
holds the relations (0>)*(/)/8/u)=(9>)*(p)/Apy), etc. and taking into accout the 
relations (22), (23), (26) and (19), we find 
ZS ey = Dea Le es 
Zoe 78 


? 


(27) 


; which correspond to the generalization of the Ward’s identity”. 


Inserting the above relations in (25) we finally obtain 


di (Ziyi, [Cee = (Ea)? 


of tal pee gs od ae 3s ( Za\I1/2,0 
[heh |= 26,100 ,19 es oe (23) la 


(28) 


This result shows that there are units for renormalized charges, too. If in particular for 


the electric charges we put es=e=e for the mechanical charge, we get 
es — F0\ 1/2, 
C= b= (25) 'e, (28") 


that is, the renormalized electric charges of all the elementary particles take the same value 
€),1- From these results, we may say as follows: The self-charges of charged particles 
are due only to the photon proper-fields equally interacting with all the charged particles 
in the nature. Thus, all the charged particles have the same self-charges’”®. 

In order to obtain these relations, it is necessary, as is evident from their derivations, 
that we have to use consistently the same rule of renormalization so as to preserve the 
relationships between self energy parts and vertex parts such as (22) and (23) throughout 
the calculations. 5 ~ Neg 

Next, we shall consider the graphs having two free operators of different fields 7 7 
(or u += ) and zero, one or two A® jines incident thereupon. Corresponding to these 


divergences, we have introduced in (6) the following interactions or counter terms ; 
Aj0y9'*O,9', thi Ay {cad *9,0'— e200 *0"} ? 
£5 AOE AG b 
Aree GAL Ap, (29) 
Phair pik oie —th Aree re etc. 


As already mentioned in the previous section, after the higher order divergences are 
cancelled by 7,0°*¢?, Fasitf®, etc., the remaining divergences will be renormalized into 
hiss hile Mi hil Le and. Ags, Aig=Aaslas respectively. Let the contributions from 
respective graphs be Sie, Wie and Wii” etc., respectively. Then from the similar 
relations as (22) and (23) and the ansatz 


Va (ZAAOVH, Vibra (Ze) Vass 
Vihed (ZAMS Va = (24) Vive 5 oo 


= (25 -1 B. 
V8 = (Ay Vet A) ees 
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higa= ZA MUZZY hy, = (ZPD Ze ee 
Ih = (Lib) (ZpZ AV LLMs (31) 
Aas,t a (Ze) a CBee) pie i ee = Chere — ( Mis ) se (257) ai ee 


we get again 


Zi a Zs ija = Zigee 


(32) 
by 7 aR 
Zhen 7, 
and so we find 
LRP) oa INO Soe eae F 
Aa (457) (Lie Ze)” Aes, My a= 4g ats 
WP Aig 11 25,1 3 (33) 


Wie - = 78 95 5 25 8 
Aus i= Cee) it Ba Aas 4Aon.1=4ap,1€n.1° 


That is, the interrelations between the coupling constants of the interaction in (29) are 
simply rewritten in terms of renormalized constants after the renormalization. Therefore, 
from (28) and (33) we find that the renormalized non-singular theory is invariant under 

Zor @ ore 


the gauge transformation (5) with replacements ¢ a 


a a,l 


, or in other words a set 
of gauge invariant counter terms is able to cancel the individual divergent terms. It should 
be remembered, however, that this invariancy of the whole theory is guaranteed for the 


first time when the renormalization is carried through by noticing the aforementioned points. 


§ 5. Concluding remarks 


So far our considerations have been referred to the consistency of the renormalizable 
field theory. by postponing to touch the deeper questions relating to the fundamentals of 
the theory itself, that is, the convergency of the perturbation series and the divergent 
nature of the renormalization constants. In order that the theory is completely rational, 
it is required that the perturbation series converges and furthermore that divergences do 
not appear in the renormalization constants. In this section we shall briefly examine these 
problems. 

First, we shall consider the perturbation series in the quantum electrodynamics. Let 
Ny(2) be the number of independent Feynman graphs in the w-th order approximation, 
describing a certain transition JZ. In general, it is easily found that fy, (7) =Vy(2+2)/M,(2) 
increases with increasing 7. Thus, when the weight factor is left out of consideration, 
the ratio of the contributions of (7+ 2)-th order to those of 7-th order becomes larger than 
1 for the values on ~ as given by /fy(7)>137. Therefore, unless the more graphs 
compensate each other for the larger value of ~, the perturbation series will not converge 
and so it will no longer be possible to interpret the splendid successes in the lower order 
calculations in the quantum electrodynamics*. In this connection it should be noted further 


that if there were the interaction of the 2nd kind in the nature such an interpretation 


* Note added in proof: The detailed discussion concerning this problem has recently been given by 
C. A. Hurst, Proc. Roy. Soc, 214 A (1952) 44, 


ia ~~ —— = ~ oe 
mh 
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not be admissible either, because then the quantum electrodynamics would not be 
renormalizable. 

Even if the perturbation series converges, there still remains the divergences in the 
renormalization constants. Notwithstanding its mathematical incompleteness, the renormaliza- 
tion procedure, dealing with the diverging quantities is guaranteed or given a theoretically 
rational basis only when these divergences are shown to be not essential ones, but merely 
of the apparent nature. 

Concerning to the finiteness of the renormalized charge, Thirring” has recently presented 
an interesting consideration. Previously), we have also suggested a similar possibility, that 
is, the requirement that the self-charge should be finite as a whole would give a condition 
for the numerical value of ¢,,/4c, which should be a root with even multiplicity of some 
equation /(¢,,/Zc) =0. 

On the other hand, however, it seems also probable that the very reason or the deep 
meaning of what the success of the renormalization theory in the quantum electrodynamics 
implies may not be found within the renormalization theory itself, but rather in the 
profound and more essential foundations which support and underlie the present field 
theories. 

The authors wish to express their cordial thanks to Prof. S. Sakata for his continued 


interest and valuable discussions. 


Appendix ft 


On the Interactions between the charged field Q, and the electromagnetic field A, ot 
the neutral vector field U’, with mass z. 

We shall use in this and the following sections the bold letters and the usual letters 
for the quatities in the Heisenberg- and. interaction-representations respectively. If J), is 


the electric current in the Heisenberg representation ; 


OL 
J = —— (1 pal 
x aA, ) 
_{ ob , OL : 
ae ap — Q,— hia ? (I-1 
Arie Be Ye Som. 
we can derive the important relation 
: OAs i 
ea SR GUNG Olea (45%) (1-2) 


0A, 
In order to prove this relation, we shall introduce the independent canonical variables of 
the charged field : 

02(2) =5(0) Qa) 52), (1-3) 


ol gas oa 
P,(4)= nO 30. Se (6) tas (1-4) 
J o3 ry 0; 
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and put 
Galt) =a AP (oY 4G a aMellys (1-5) 
Then we have from (I-4) 
FEM 4 in) = (a) Dy Sawin Laila (1-6) 
+ on Ny ea 
=$ le zaeeed § oe 0 tn op 
7) DO vou Dar + Oe ie 2 
Ouls ol 0 
ae) HM Oy 
90un 80%, 
OL 1K OL . a | ae 0 1-6 / 
= Ca i I) DS a (1-6) 
5; as Ope 


On the other hand, we have from (I-1) 


OGan 
= ESM wos + S(a)- ied (2) A, ee 
n= (Sa) LS(@)) + So) 2E_S-"(a) nay Ee 
te OCe yore 
SQ : Mi Wp (1-7) 
+ 5(0—) 25a) ym 2 
Comparing (I-6)' and (I-7) and taking into account (1-4), we get the relation (1-2). 
Let 
a ay fs A Flere (I : 8) “és 


then we obtain from (I-2) 
A(x; 2) = fuAyt ye Ay ll’ Cas + fh } 


where /7'(x) is the part which does not contain A,-field. (1-9) is the important rela- 
tion between the current and the electric interaction. 


Using (I-1)’ and (1-4), we can easily prove the relation 
Si [pdtv O (1-10) 


On the other hand, the Lagrangian of the vector interaction between the charged fields 
U,, can be obtained from the Lagrangian of the electromagnetic interaction by replacing 
A, with C,,. : 


Moreover we have 


US) {U.(@) ceed (x)mm}S(2), (I-11) 
2 
because 
= AnD » DU ye 
x hit 


* jy and j,, do not contain Ap, 
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z 1 L 
v= mse oe ae ae > Peel n= 55M » (4=1, 2, 3) 
where U, and P, are independent canonical variables and so 


Ce SGU eS (oe = SO) Pes (a). 
From (I-11), (1-9), and (I-10) one obtains 


: ver 4 9 
Hx) =f et + ai ( Fatty)? +H" (x). (I-12) 
2 
The current J, satisfies the continuity-equation : 
JyI,.=0. (I-13) 


In the interaction representation, the continuity equation (I-13) will be transformed into 
the following form : 


By Jule) =i | Lyne), HC! 5) | day! (1-14) 


Comparing the terms with the same power of U, in the both sides of (I-14), we obtain 
the following relations :**? 


ap Jala) =i | Jala), HC!) doy! (I-15) 
Mul Ju 57s (4’) |=77,0,0,4 (= 2) Joy (%')5 | 
Myty| J (+) ? dy (2’) j= 0, 


nul J .(*) , Jule) |= 0. 


In the Stueckelberg’s formalism for the neutral vector field we have the relations : 


(1-16) 


UAA,+ 29,8, 
x 


(1-17) 
(0,4,+%4) Pl a\=0. 
Introducing the unitary transformation 
p Plo|=T-[o|¥ [o}, 
[o] > ¥'[o] [o|?[o] das 


T[o\=exp| — 4 7, (2) B(x" | 


and using (I-15) and (I-16), we obtain the following Schrédinger equation and supple- 


mentary condition : 


* In (I-12), we also take into account the fact’ that the free Lagrangian of the U,-field gives (—1/2x") 
x (J, %y)? in the course of unitary transformation (1-6). 
** The some examples of (I-15) are given in Appendix II, 
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E ae —jpAy— > jes Ht (a) | P'(o|=0, 
0a(x) 2 
(1-19) 
[0,4 + xB—\ fy (2!) 4 (4—2')do,'\P"|o|=0. 
(1-19) gives in the limit x 0 the Schrodinger equation and the Lorentz condition 
in the quantum electrodynamics for the arbitrary charged fields (generalized Glauber’s 
theorem”). The above theorem can be easily extended to the case in which many charged 


fields and neutral vector fields are present simultaneously. 


Appendix II 


Firstly we treat the case of the gauge-invariant interaction between the many 


spinor fields ¢/*(a=1, 2,--) and the electromagnetic field A, : 


= das PV wduP® — ie (Bop + Aes) A uP uP (II-1) 
Accroding to the method of reference 10 we have from CUED 
$3 (4) =S()@S710), Ap) =S()A, (4) SC), 
$* (x) =S(a) $*(4) S79) 


+4] [ AanP pO yu + 22 (Sap +4a3) AP” ru} (FA—x), e(a—2") 4 (4-4) ade" 


(11-2) 


= S(o) pS (a) fe + As Taf otlntty > (II : 3) 
where dash refers to the point +’ and + is on a. 


We have from (II-3) : 
(Ose + Are) P= S(o) PS "(o). (II-4) 
The interaction Hamiltonian H/(+ ; 77) can be obtained from the following relations : 
Soo @), HA’; 2) \S“*(e) 
= 7 Mosh. +2¢ (Gap tap) AP” 7u} (YO—x) 4(x—2’), 
S(a)[P* (4), Ha"; 2) |S“"(a) 
=1(7O—x) d(x 2") as yuh? — te (Dag + Aas) AaryP} 5 (II-5) 
S(s)(A, (4); A 32) |S“ @) 
= —1d (x—2') PT" 
for +/o and x!/o. 


Substituting (II-2) and (IL-3) into (II-5) we have the following interaction Hamiltonian : 


H(x 52) =—ie Py Ayy? + xXgs Ion VP"; (IL-6) 


oS 
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where 
Jas Ane xr) = ar. (II-7) 


It should be noted that the interaction #7, A, ¢* (u ¥ /?) connecting different charged 
fields does not appear in (II-6). This simple circumstance, however, does not hold for 
the cases of charged spinless fields. 

In spite of the above result (II-6) we can use (II-1) as the interaction Hamiltonian 
when we replace the /-brackets by the Green functions and neglect the normal dependent 
terms appearing in the course of the calculation. 

For the interaction Lagrangian between the many scalar fields ¢’ and the electro- 


magnetic field A, : 
DL! =1,9,.9°* 0.9 +7 (0,,+4:;) eA, (B*O,8 — 0,0'*¢’) 
Sw (0,;,+4,;)°A,A,p'* 9’, (II-8) 


we can obtain the following interaction Hamiltonian, along the same line as the spinor 


case : 
H (x 3 2) =—Ay(Bub*98'+3,89,Gy7) 
— (Yis— 943) DO *O, O21, 
+ (4,5 +455) 20 Ay (Oud —9* 9.0?) 
$e yA, (3,86 — 60,9!) myn, 
$62(8j-+ 43) (Ap Ay + Ap Any O*8 (11-9) 
where ,; is defined by 
Gui Age+ bn) Se (I-10) 
Comparing (II-9) with (I-12), we have //’(x) containing no coupling constant é : 
Hx) = —Ay(By6'* 9,8 +3,8°*9,8ny7,) 
~ 3,8" (Juy— 845) 3,0 My (I-11) 
On the other hand, the current /, is: 
Su=Sut Jovy 
Fu ie Dest Aiy) (Ob? — 9 du?) 
Hie Le 3,9*- 9 —S*3,V) ny, 
Juv 22 (85+ 4:5) (Buy + yr, )b'* 0? (I-12) 


It is easily seen from (II-12) that this /y, satisfies (1-10). Using (II-11) and (II- 12) 
we can easily establish the continuity equation (1-15). These relations give the examples 


of the general discussions in Appendix I, 
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Appendix il 


In this section we shall be concerned with the generalization of Ward’s method.” In 
our case the generalization becomes necessary in the following two points : i) there appear 
linear divergences which can not be made convergent by performing the operation 3/077 
(below); and ii) some of the coupling constants have the dimensions of mass or (mass)”, 
which may introduce the factor 1 (below) into the 7-factors. 

In order to remove these difficulties we modify the method as follows: We put, as 
done by Ward, %;= 72/4; and further, for the coupling constants having dimensions, /;= 
MY iy =e Op --+, where 3, Js, Jy “7° ate of no dimensions. For a graph containing 
some overlapping’ divergences, we can dissolve these by. several . times differentiating with 
respect to 1, (0/ dm)! (f is determined for the given graph). If the first of differenti- 
ations removes an overlap, this term is to be treated in just the same way as Ward. 
When the first differentiation operates on the linearly diverging part or on the coupling 
constants f/;, fj‘*', in order to dissolve the overlaps we have to make the second differ- 
entiation for this term. Proceeding in this way successively, we can dissolve all the 
overlapping parts. For the terms in which the overlaps have already been treated, the 
remaining differentiations (a/am," (l' <2) become trivial As we have put f;=24:, 
fjAUGy °°, the difficulty (ii) disappears automatically. In. other respects we can proceed 


in the same way as Ward. 
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Errata 


Ve Takahashi and H. Umezawa On the Self-stress 
(Prog. Theor. Phys. 8 (1952), 193) 


The right hand sides of Eqs. (4-9) and (4-10) should be multiplied by 2. 
The right hand sides of Eqs. (4-11) and (4-12) should be devided by 2. 
The right hand sides of Eqs. (A-4), (A-5) and (A-6) should be multiplied by 


x, tt and #4, respectively. 
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We have shown that Dyson-Feynman’s .S matrix for the meson-photon dynamical system in the f- 
formalism is equivalent to that in the wave formalism, explicitly. For this purpose, we use the 
Fujiwara’s formulation concerning with the @-matrix. We drop off the bilinear terms in the electro- 
magnetic field with use of the modified propagation function of meson and so the Feynman diagrams 
in the B-formalism consist only of the 3-vertices. On the contrary, the diagrams in the wave formalism 
consist of 4-vertices as well as 3-vertices. In spite of this apparent difference of both formalisms, the 


equivalence is complete. 
§ 1. Introduction 


Recently, many authors’:”: have discussed the interaction of meson with the electro- 
magnetic field using the -formalism. This formalism is attractive on account of the 
following two reasons: che one is its analogy with the spinor field and the other its 
synthesis of the scalar- and vector-meson theories. But these advantages are destroyed 
when we treat the interaction of meson with nucleon, for the interaction cannot be introduced 
in an elegant way.” However, this defect was much improved recently by several authors,” :®:?®) 
and the wave aspects can be discussed by the f-formalism, too. Though all kind of pro- 
blems concerning with meson can be treated in the /-formalism, there are no cases at present 
that this formalism is especially advantageous. But for the tentative research of the Bose 
field in which its particle aspects is accented, the f-formalism might be a better mathemati- 
cal technique. So we shall clarify the connection between the /-formalism and the Klein- 
Gordon’s or Proca’s formalism. 

Seeing Duffin’s derivation of his equation,” we can infer that the equations of motion 
in both formalisms are equivalent. But it is rather dependent upon the special representa- 
tion of f-matrix. Recently, this equivalence is discussed by Harish-Chandra,” Fujiwara” 
and others”’" independent by of the representation of the f-matrix. In this paper, we show 
explicitly the equivalence of the S matrices in both formalisms drawn down by the Feynman- 
Dyson’s graphical method. 

In both formalisms, the interaction of meson with the electromagnetic field contains 


the linear and bilinear terms in the electromagnetic field. However, im the case of the 
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B formalism, the bilinear terms (the surface dependent and independent) can be removed 
by the P'-technique of Kinoshita2 and the modified propagation function of meson 7s 
used? ™, Thus the Feynman diagrams consist only of the 3 -vertices and the analogy 
to the spinor electrodynamics is complete. On the contrary, in the case of the wave 
formalism, the corresponding P*-technique can only remove the surface dependent bilinear 
term but not the surface independent one. Then the Feynman diagrams consist of 4-vertices 
as well as 3-vertices, and the number of diagrams corresponding to any process becomes 
greater than the former case. In this point, the (formalism is superior to the wave 
formalism. Jn spite of this remarkable difference, the S matrix in the Bformalism 
using the modified propagation function of meson coincids perfectly with the one in the 
wave formalism, as shown below. 

For the purpose of our discussion, it is convenient to use the Fujiwara’s formulation, 
and so we summarize his results in § 2. In §3 and §.4, we treat the interaction of scalar 
or vector meson with the electromagnetic field, respectively. After the first draft of this 
paper was completed, we received A. Salam’s paper" published on the Proc. Roy. Soc., in 


which the similar formulas as ours appear in an incomplete form. 


§2. Some results of Fujiwara’s formulation 


At first, we summarize the Fujiwara’s results concerned with the f-formalism of meson. 
In this formalism, free meson is expressed by the matrix of 16-rows and 1-column h(x) 


and satisfies the following Dufin-Kemmer equation of motion 
(8d+x)¢(x) =0, (1) 


where x is the mass of the meson, and #0 == x Be c (Oo, 2 -, 4,=01). Natural unit 
w=1 O04, OX, 


system A=c=1 is used throughout this paper. Hereafter, we shall omit the summation 


symbol >} for dummy suffices as usual so long as the contrary is not expressed. Also 
these suffices themselves are omitted when no confusion arises. /3,’s are hermitian matrices 
satisfying the following algebraic relation 


By BVA.+ PBL By =O Prt OB, - (2) 
Define the adjoint (x) of ¢(x) by 
| Bad=e* a, Bere 
where ¢*(1) is a complex conjugate of (1) and : 
W.= 2p. —E (no summation). (4) 


FE is a unit matrix. 


?(%) satisfies the following Paton of motion, 
a(x)P—xB(x) 0. (5) 


° 1 : ‘ 1 
As is well known,’ §, is a reducible 16-rowed square matrix and have just two 
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non-trivial irreducible sub-mattices, the 5-rowed square sub-matrix corresponding to the scalar 
meson and the 10-rowed corresponding to the vector meson. Henceforward, we consider 
two cases separately, but $-2atrices themselves which appear in each case are not the 
sub-matrices but the original 16-rowed ones. 

(i) Scalar Case 

Define 

P=Be BPR Bs (no summation), (6) 

where 4, », A and o are 1, 2, 3 ot 4 but differ to each other. /? does not depend upon 
the order of the suffices ’s for f,°’s commute with each other. / is such a matrix that 
P¢(#) transforms as a scalar for a Lorentz-transformation, so P may be called a scalar 
projector in this meaning. Thus, put 


POH) SVU (2) S| te (7) 


(Dot denotes zero.) 
Notice that (/(1) is not a simple function but a matrix. The last matrix represents the 
concrete form of (/(x) when we use the Kemmer’s representations of /,’s. Though our 
discussion is independent of the special representation, this representation assists our under- 
standing of P(x). (x) corresponds to the scalar wave function of the wave formalism 


and satisfies the Klein-Gordon equation of motion. Similarly, 
POP pe, (no summation) (8) 
is a vector projector, signifying that 7,¢() transforms as a vector for a Lorentz trans- 


formation. Define 


P=> P= PB,» (9) - 
- : 
then 
0 : 0 
E'=P+P=f, Pp, +P=| See (10) 
Olen 1 
= (071 
picts eS 


i.e., Z* is a unit matrix for the 5-rowed sub-matrix, but other elements are all zero. Then 
5 D 
E® projects the original B,’s on the 5-rowed sub-space. The properties of and / are 


as follows : 


1 ; 
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P=P,  B=P, (11) 

PP, PY=P,.By P= yvP » (12) 

P3,=8,P, PP=8.P; (13) 

p=. 3 8, PB» (14) 

P Big: --++B, P= PB ye By P=0, 3 (15) 
pideeaanee piaraneter 

SpP=SpP,=1,  SpP=4. (16) 


Now we compare our notations with other authors. P and P relate with the 


notations of Harish-Chandra,” Salam’ and Peaslee” as follows : 


Fujiwara HanskGhasde Salam Peaslee | 
1 ; | M—1 
[B =, uP BE ree ; (17) 
res ake yee REL es 4—M 
Pp B é | 


where M=f,(,. But they (except Harish-Chandra) did not consider an individual P,. 
Moreover, ours refer to an original 16-rowed matrix but others to a 5-rowed sub-matrix. 
(ii) Vector Case 
Define 
Ry = (1—f,) BY BY? Bo” (no summation), (18) 


where p’s are same as scalar case. A, is such a matrix that transforms as a vector for 


a Lorentz transformation, i.e., A, is a vector projector. Put 


Ry (4) = Vx Ue) = Wa te (x) ALS peth (19) 


ae. aii taut 


where U(x) is also not+a simple function but a matrix. The last term represents the 
concrete form of U/,(x%) when we use the Kemmer’s representations of /3,’s. ty(4) cor- 
responds to the vector wave function of the wave formalism. Similarly, 


Riay= Be Ripe Sey ha Boe os OO. summation ay (20) 


is a tensor projector, signifying that /’,,,4/(4) transforms as a tensor for a Lorentz trans- 
formation. (}) shows that Ay) is symmetric in # and ». Define 


> > 


—— 
nt 3 
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No eases (21) 
— 1 « 
R= >) Mey ha Ry Pas (22) 
B>v 2 wv 


for the last reformation, next relations 


IEE ia Ra 0 (no summation) (23) 
(obtained from (18)) are used. Then 


v B) 1 ms | > 4 D) 
Et=R+ R=" SIP, RB, +R (24) 
TY B 


is a unit matrix only of the 10-rowed submatrix and projects the original 3,’s on the 


10-rowed sub-space. The properties of K and # are as follows ; 


R=R, R=R, (250 
Rpz=6: R, Ré,=8,R; (26) 
Ri=Py Riantos (no summation) (275 
R Byrorss B.R=Rf,--- B,R=0, (28) 
Se ne ite ae 
odd number odd number 
RB, Bee one B, R=RB,- ++ B,R=0. (29) . 
even nimber even number 


For the calculation hereafter, it is convenient to define the following matrix 
On, 0, Pins (30) 
where & is a unit matrix of a total matrix. Also define 
Dp Oy (no summation), (31) 
then using (23) we have 
Teg Rie (no summation) (32) 
R and R are represented by /,, as follows : 
K=O gt lias (33) 


R=—04, 0 pyP, Ruy B, : (34) 


Ryv have the following properties ; 
Ruy Rrp= Ova louie ’ (35) 
Bx BeRase= xp Ruy —9ap ps 


; (36) 
Rey By De = Or Nee oy Rua 
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Ruy PB Bs NG (Ox; Oyr—O2r Oz) Rup ? (37) 
SpRux= py > (38) 


Ru d(ay= Vx OwA=| vx i, (7) < p-th, 
: (39) 
$(4)Rus= Ax One) = (seeeee ox Wi AZ) ** eeoeee “Ih 
nN 


| 


v-th 


§ 3. The interaction of scalar meson with the electromagnetic field 


We show explicitly that the S matrix of Dyson and Feynman for the interaction of 
meson with the electromagnetic field in the 8-formalism is equivalent to that in the wave 
formalism. In this section, we calculate for the case of scalar meson, and in the following 
for that of vector meson. 

The interaction Hamiltonian for this case (both for scalar and vector mesons). is 


given by 
H (2) =— ied (x) Bu (2) Aux); 


where A,(x) is the electromagnetic field variable. In the usual covariant formalism, the 
interaction Hamiltonian contains the terms bilinear in A,(x), (surface dependent and 
independent), but as shown by several authors””™, we can ignore this interaction parts 


by modifying the propagation function of meson. We follow this treatment in this paper. 
h(x) satisfies 


(80 + x) $ (x) =0. (1) 
Multiplying (1) by P= 8, P8, from left side, we get 
—x8, P9,$=8,PB,(B8)¢ 
Using (12), this can be rewritten : 
6, P8,g=—— (2) PY. 


Adding PY in both sides and using (10), we obtain lastly 


H(z) =—— (9-2) PH), (40) 


leh al 
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where (= E%¢ and we have non-vanishing elements only in the scalar (5-rowed) part. 
Similarly, 


F(x) =" Gla) P+), (41) 


€- 
where 0 operates on ¢)(x), and ¢° is the hermitian conjugate of ¢*. 

Commutation relations for the field variables contained in (33) are (both for scalar 
and vector mesons) 


[4(2), Gola") =F {Ro—= (Ba)*} A(a—2"), (42) 


i x po 
Pe) ai a) l=2 0, Da 2"), (43) 
others are zero. 


(42) can be reformed for the scalar meson as follows : 


Lv,’ (x) > de: Ci) ] 


I 


(P+?) {3-— : (¢a)*} (P+ P)4(4—2') 


= 1 (88-2) P(98—1) pod(x—a"). (44) 


In this reformation, relation (9), (12), (15) and 
(_J—x)4d(#—2')=0 (45) 


are used. (44) are also obtained from relation (7) and the commutation relation of the 


Klein-Gordon wave functions 
[u(a), w*(@') |=i4G@—z’). (46) 
The modified propagation function for meson (both for scalar and vector) is of, ee) 


where 
i hapa 2 
Tp(x) =— {fa— +. (pa)*+ + (—#)} 44(2). (47) 
This can be reformed for the scalar meson in the same way as the commit eation! relation 


73x) =* {(B9—*) P(I—2) ~ By Pn I—*)} be). (48) 


sete 
The photon propagation function is Bee) as usual. 


Under these preparations, we consider such graphs G, which consist of 7 vertices, Be 
external meson lines and Z, external photon lines. The S,, the wth order term of S 
matrix of any process, can be written down according to the following recipe from this 


graph. 


606 7. Tokuoka and H. Tanaka 


Recipe Ss 
1. Draw all connected diagrams with 7 vertices, E,,, external meson lines, and 
E,, external photon lines. 
2. Write down an integral in momentum space for each diagram as follows : 


Ka, eoninsert 
A,(k) 
for each external photon line, 
~~ p—) POD), (49) 
—~ §(p)PUBP—®) (50) 


for each external meson line pointing into or out of the diagram, respectively. 


(b) Insert 


9 Sime 
Ouv Deh) = Ou, 


2 
= 
(a 


for each internal photon line, 
THD) =—* {08-9 PUP—9 + Ba PR PEA) P +2) 
(51) 


for each internal (scalar) meson line. (For convenience, the sign is reversed. ) 
(c) Insert 
B,0(p—p' £4) (52) 
for each vertex. 
(d) Integrate over all momenta and multiply each integral by the same factor 
n—-ik, 


(a eo * (4). (53) 


3. Sum these integrals. 


(49), (50) and (51) are the Fourier transforms of (40), (41) and (48), respectively. 
In (52), if at one end of an internal photon line the d-function is (arbitrarily) written 
with +, the 0-function at the other end of the same internal photon line must be 
written with — 2%. 

Corresponding «recipe for Klein-Gordon’s scalar meson is given by Rohrlich"?, and in 
this case some complexities arise by reason of the appearance of 4-vertices as well as 3- 
vertices. The recipe is as follows: 


Recipe Sy, 


1. Draw all connected diagrams with ~ 3-vertices, /,, external meson lines, and 


eae oe, 
Y 
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£;, external photon lines. 


2. Find ail possible 4-vertex diagrams by schrinkage of the 3-vertex diagrams. 
3. Write down an integral in momentum space for each diagram as follows : 


(a) Insert 
A, (2) 
for each external photon line, 
uC p)—— or .-u*(p) (54) 
for each external meson line pointing into or out of the diagram respectively. 
(b) Insert 
1 


Oy (he) =O ny — 
Z2 


for each internal photon line, 


4(~)=— (55) 
i Seer 
for each internal (scalar) meson line. 
(c) Insert 
(Pa thn')9(p—P' £e) (56) 
for each 3-vertex, 
—9u,0(p—p tht) (37) 


for each 4-vertex. 
(d) Integrate over all momenta and multiply each integral by its respective 
weight 
qw=2", g=a—a—b. (58) 
Multiply each integral by the same factor 


eee os) (59) 


4. Sum these integrals. 


In (58), dis the number of 4-vertices, @ 1s the number of closed photon lines (Fig. 1), 
and & is the number of pairs of 4-vertices connected by two photon lines (Fig. 2 


—— =~ photon line 
CF ae ee ee 
_~—_— 
——— 
meson line 
Fig. 1, Fig. 2, 
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Comparing two recipes, we notice that the same photon factors appear in both ones. 
Therefore, fo demonstrate the equivalence of the S matrix in both cases it is only 
necessary to show that the meson factors in S, reduce to ones in S,. This reduction 
is easily done by treating the typical two or three adjacent meson lines. As Ti(~) con- 


sists of two parts, 


aay ie Leer 
T( p) = ((2p—*x) P——- P@Pp-»), 
(N= —) Pe) 
and (60) 
Te(D) =—— Pu PB» | 


it appears following three types. Of these 
=e) Tr Dh TPP) = B, PBB, By PPR, =0 (61) 


because of (15). Others are 
Gi) Tr (Pa. Tr (2) 


ns Was See Sod aes ey 
= iip—2) PELE PUBP—2) PeliBA a) PL PRP 


= (¢8p—*) ome 3 P( 1x) (Au+hy’) ae * PUBL —*) (62) 


+% 


=(isp—x pe aa G1 Dog yee 
ip —x) Pant br!) aye (i p'—x) 
an 


(iti) | 4 Tp (p)3.0\ p-9h) TR(QhOQ—p £”) TR(P) 


EG Byler) Ra EA poy Oh EE 
(9 p—*) per PLhth) PUBP—*) A,X 
1 : Sys 
x (—+)A PB, B,(éBp’ —x)P e ie PRP —*) 


Set . —1/x% 7 = 
= (j0p 22) Pn ODS PEE ene 1/x rete S 
(78p ) poee (p Dae Ek ) PC x)On Ory yy? Ppp —/) 


—1/x 2 ey) , iu aah 
at GP APE e) ee 


= (i8p—») P 
= 


In these reductions, relations (11) and (12) are used. For brevity, 0-functions of vertices 
are omitted in (61) and (62). In (62) and (63), the factors (f,+/,')0(f—f' £2) 
and —d,,0(p—p’+h+4") are just equal to the 3-vertex- and 4-vertex-factors (see (56) 
and (57)), respectively. That is to say, the propagation function has the symmetrical 


form, for example, 7/’p(/) consists of three parts (¢/3/—x)P (L-part), ae be (M-part) 
Pre 
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and PU Bp—x) (R-part) ; and then, the 3-vertex of the wave formalism is given by plac- 
ing the vertex (7, between two 77’s and combining f,, with the A-part of the former 
7 and the L-part of the latter, and in the same way the 4-vertex is given by placing 
the adjacent vertices 7, and , (put 72 between them) between two 7” ys and combin- 
ing them with the A-part of the former 7 and the L-part of the latter. The JZpart 
gives just the scalar meson propagation function (55) of the wave formalism except the 
factor —1/x. We can continue this procedure successively for the series of internal meson 
lines, because of the symmetrical form of the meson propagation function. When the 
connected meson lines form a closed loop, it remains S//? lastly and - 


SpP=1 (64) 
from (16). When the connected meson lines form an open polygon, the end meson lines 
are the external ones and the factors P(7/p—x) or (7%/—x)P of (49) or (50) play the 


R- or L-part of 7; in the above procedure, and after we have managed the all vertices 
of the polygon as above, it remains 


P(PYP.----- Pg) = Vx U*(p) vx U(g) 
= xu* (P) Fata u(@), (65) 


where relation (7) is used. 

Then, for an open polygon, only difference between the S matrices in the /-formalism 
and that in the wave-formalism is the 7-factors and the sign involved in (53) and (59). 
If we cancel the factor —* (appearing in the course of calculating (62) and (63)) with 
the factor —1/x of Jfpart of the progagation function placed after the vertex /,, then 
only the leftmost one (coefficient —1/x of ¢*(x)) remain. This factor 1/x just cancels 
with x of (64), thus there remains only a factor —1 for each open polygon. For a 
closed loop, these factors cancel cyclically, and as no external meson lines exist, those com- 
plexities as above do not arise. For the process in question, there are just #,,,/2 open 


polygons, so they give the factor 


Ti 
Gy, (66) 
Also there appears a factor 7 to each vertex 3, in (62) and (63). As there ate 7 
vertices, the factor 
o (68) 
appears. (53) combined with (66) and (67) gives 


This is exactly same as (59). The weight factor (58) is easily obtained by considering 
that (63) is independent of the exchange of y and » (weight 2 to each 4-vertex), but 
for the cases of Fig. 1 and 2 the Kronecker’s 0 of the photon propagation function 
reduces the weight to 1. Thus the equivalence of -S matrices for scalar electrodynamics in 


f-formalism and wave formalism is complete. 
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From the above consideration, the order of divergence of S matrices is clearly equal 
for both formalism, and also the number and kind of primitive divergent graphs are equal. 
This point is recently indicated by Salam") comparing the highest power of momentum / 


in the numerator with one in the denominator, employing the formula similar to ours. 


§4. The interaction of vector meson with the electromagnetic field 


In this section, we extend the method of the previous section for the interaction of 


vector meson with the electromagnetic field. This can be done by slight alterations of the 


previous consideration. 


The vector meson wave function ¢” and ¢” are written as follows ; 


y= — (fa—2) RY, (68) 
x 
gr = GR(fa+x), (69) 
x 


derived in the same way as the scalar case (put X (or R) in place of P (or P)). The 


commutation relation and propagation function are slightly complicated ; i.e., 


[on(x), B(x’) | =2[ Ga —#) R(B3—) + {(89)?—2} Ro d(e—2"), (70) 


Ts) =+ [ (9-2) R(GB—% — * 8, RB,(—¥) + {(8)°- 0} 8] dee), 


(71) 
The differences between scalar and vector case are the appearance of the last term and the 


factor 1/2 of the second term. The recipes to write down the .S, are the same as scalar 
case with some change, that is : 


Recipe Vs 


Insert 
~~ Gp) ROC), (72) 
and : 
1s : 
Sera Pp) RCGBP—%) (73) 


in place of (49) and (50). 


Insert 


Trp) =TP (2) + TP(p) + TRC) 


zt oe | (iBp—x) RGBP—2) + 


“ects Sia tial 27, rere 
na) 
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1 9 9° 
5 Pe RB, Co +2) +0,Reotel | (P42) (74) 
in place of (51). 


The last term of (74) is derived from the Fourier transform of {(80)°—L]}} R, 
employing (36) ; 
— {(p)’—2"} R= —0,,{ (86)? —2"} Ruy 
Sit Owy (P?Ruv—Pyel> Ri Loup) 


=b, pulses 


Others are unchanged. 


‘The recipe S,, are altered as follows ;"” 


Recipe V., 
Insert 
uy, (p) or ap) (75) 
in place of (54), 
Js (py Soot Le feb (76) 
pre 
in place of (55). 
Insert 
(Oro Dut Dac) —OupLot+ OuePp’ }O(p—p +) (77) 
and 
— {3u,%p0— Fup Prot O(P—f' th £K') (78) 


in place of (56) and (57). 


Hereafter we verify the equivalence. In this case, the typical adjacent meson lines 


are as follows : 


(i) Tr(DA, Tr(P’) =, (79) 
(ii) Te (PA, Tr (P) =9, (80) 


because of (29). Others are 
(iii) Tr (P) By. Tr (7) 


. e =" 1 TEE | fs ° ’ 
- eso age = D3, Ra, GPP) uP —*) Ppa Kyo * 
2 x" 


—1/x ae, 
x Fred = 
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= (i) RE UP 8, Bpa( i) Ras BP: Ba Bu: PP) Roa 


5: —1/* R(ipp!—x) 
pre 


SAE Teg ue 11.8, (Py— — py!) —9y rfp + Fup Px’ tO po 


(<hp' —x). (81) 


(iv) TR DATE) 


= (iP) Rn Ryy (ifp—*x) By ex: =) Roo P Po’ 1s 
pr+e 

es Fy ss eA Loan ees 9 (a leg 

ra (i8p—x)R - ae ec lines tape (ee) Bs Po Luar 


a (app 4s KF mae 119,( Pp Pao OurPort OupPr } ( 3 Ay! Po!) x 
i 
————————_ Ao- 
x 2 R (82) 


(v) | dg TPB. p—9 48) TPQ PDQ—# £2) TEP) 


. —1 ’ [NON . , 
= (Bp) RITE Bp Eb tH Oye Roa BP —2) * 


Dek ; ere 
x B,.(——) = ay By Oex Rex 8,3, (iBp’ —x) Ovo Ree oe 


= WAP 8 Pad ~9(P—pl £REKM) 0459259 90 (-*)>x 


x Byala 8, Re 8,8, Ieee (—1/9" R (Bp —») 


po+% 


= GRADE a VPP EEERDE— psd Fon BaD} » 


ss O40 joi RaliB 4): (83) 


(iv) | do TE (PVR na P—9 £4) THD) P,AQ—2 LATED) 


meee 


Be es ~O(p- pi thth) 0,4 Ryo (thP—*%) 8, x 


“(- on By Be: Re beBa(— ) Rat bd Fae 
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oe 1 
= Gp) REEL ODP BB) Daa Bec(—2) x 


. 1 ee 
x Kaa PuPr Ree BB, Ryo (- 1) pp Po oie 


PPR ANR Ae fl £hLB)IY — (By, 8p,—S up Da) } X 


x (—0," Ao!) Ria - | (84) 

px 
In these calculations, (25), (28), (29) and (37) are used. For brevity, 0-functions of 
vertices are omitted in (79), (80), (81) and (82). In (82) the last reformation is 
due to the identity (0,,/,/ —0,,Py')p,’=0. In view of Stueckelberg’s formulation of 
meson, this term comes from the B field part of Xiy(=9.%—O,%,), Le, O,(0,8)— - 
0,(9,2), which is identically equal to zero. (81) and (82) are combined to 


2 {9x9 (Pu— Dy’) dur P> ai Oup Pr ‘Ooo ae = Ryo" 
at 1{0 xp Pu Dee = een es ahh! Po’ Pore 
Pate 
E109 (Pp —Pp') Sua Po+ Ouphr’} dn t1/# Pe Po! Ryo" (95) 
ae Lo +k 


Omitted outer parts are not same for both terms, but are similarly combined with the 
corresponding terms and give the same factors. Similarly (83) and (84) are combined to 


Spot Lit “Dp” pop “ey (86) 
pr+e 


— (Buy 99x—9yp 9) 0( P—f' +h +h')} 


Thus the factor {0,,(f,—P,') —9ypr fp + Ouphr’ }O( p—p’ +h) and — (0y,0,. —9y, ya) 

x O(p—p'th+h) in (85) and (86) are just the 3-vertex and 4-vertex factors (77) 
2. / / : 2 

and (78), respectively. Also, the factor eae : 2 p Po ig just equal to the vector 

: Lr te 

meson propagation function (76) of wave formalism. For an open polygon, the end 

meson line is the external one, which we can treat as in the scalar case. Thus, there remain 

finally the outermost meson functions which give (considering that XX,.=Ryo deduced 


from (35)) 


P( P)R- Roof (9) =e U,* (Pf) -+%o(9) (87) 
using relations (39). When the connected meson line is the closed loop, then remains 
SpRoe= fo (88) 


This Kronecker’s 0 guarantees that the connected meson lines are closed. The difference 
of the -factors and the sign involved in (53) and (59), and also the weight factor (58) 
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are explained as in the scalar case, too. Thus, the S matrix of vector electrodynamics in 


8-formslism. is also equivalent with that in wave formalism, completely. 
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Reduction formulas and numerical tables of heteronuclear molecular integrals and auxiliary integrals 
are given for several values of parameters. 


Introduction 


The electronic states of the ethylene molecule was discussed by one of the present 


» To obtain energy values it was necessary to have numerical tables for heteto- 


authors.’ 
nuclear molecular integrals. | Homonuclear integrals were evaluated by many authors”~» 
for various values of parameters. However, Coulomb. and hybrid heteronuclear integrals 
had not yet been evaluated, but only methods of estimating their approximate values were 
given by Sklar,” Mayer and McCallum,” and Mulligan.” Therefore we had to derive 
the reduction formulas and to compute the numerical values for these heteronuclear and 
related mononuclear molecular integrals involving 2s, 240 and 2p7 orbitals. After carrying 


”™™ in which the systematic methods of evalua- 


out the evaluation we received three papers 
ting heteronuclear molecular integrals were discussed. Our method was different and out 
teduction formulas were not the same as their result. Although our result is neither 
complete nor systematic we think some of these formulas and numerical tables may be 


useful for other calculation. For this reason they will be given in what follows. 


§ 1. Definition and method 


In the present paper atomic 2s and 2/ orbitals are defined as was done by Araki 
and Watari.” The customary ~, and /, are denoted by € and v in order to avoid double 
super- or subscripts for the sake of printing convenience : 

s=1Vr exp(—%r/2),.. a=, 2 exp(—xr/2), 1a) 
3 (1-1 
€=N.x exp(—xr/2), 7=M,y exp(—xr/2) 


where the molecular axis is chosen as the %-axis, and 
N= ax i (96M iis, NV, =3'?-N GEe)) 


are normalization constants. Two atoms are distinguished by suffices a and b. If a o 
orbital, for example, belongs to the a-atom we denote the orbital by o,. Further if the 
effective charge of a €-orbital, for example, is x, we denote the orbital by ¢". Two orbitals 
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xz and @ of Araki and Watari’ are given by 
2 kot) 3 pad 2/3 F—Inys (1-3) 
All quantities are measured in atomic units throughout the present paper. 


The mononuclear, and heteronuclear Coulomb and hybrid integrals are defined as follows 


Mononuclear integral 


Med, 18) =| [easter 1) 73! Ya(2)Ca(2) do; Ae » (1-4) 
Coulomb integral 
C(e¢, x2) =\eeen (1) rin! Yo (2) C0 (2 ar; Ce» (1-3) 
Hybrid integral 
He, 10) = (ead oo rat w(2)Eo(2) 4% drm (1-6) 


where 9, ?, y or € stands for one of s, a, €, and 7. The first two ate in accord with 
the notaion of Barnett and Coulson”, and they can be represented by FSD, sande ot 
Araki and Watari’ as follows : 


Med, x©) =Fexve Cog 42) =Dexvs H(9¢,40) =Loexe- (1-7) 


The relation between the integrsls involving € and 7 and those involving 7 and @- were 
given by Araki and Watari”. 

If the potential due to a neutral carbon atom consisting of a 2s-electron, three 2/- 
electrons (a, € and 7) and a nucleus of atomic number 4 (perfectly screening by two 
Iselectrons) is denoted by U, the penetration integrals are defined as follows : 


Mononuclear-penetration integral 

PY) =|T2) |faQ) Pdr» (1-8) 
Coulomb-penetration integral 

OW) =|U2A) Po) P dew (1-9) 
Hybrid-penetration integral. 

R(p$) =|U20) Ga) fo) 40» (1-10) 


where the superscript o means that the effective charge is x, and the subscripts a and b 
distinguish. two atoms as’ before. 

The mononuclear integrals can immediately be calculated in polar coordinates. The 
Coulomb and hybrid integrals can be calculated in the following way. We first calculate, 


in polar coordinates, the potential due to the charge distribution of the second electron 
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and then integrate, in elliptic coordinates, with respect to the first electron. . For calcula- 
ting the potential (/ in the definition of the penetration integrals we adopt a 2s-orbital 
with a node which is different from (1:1). The explicit form of V is thus given by” 


UNS (Ar) [16 + 12%y° +4 (xr)? + (xr) 8] exp (— xr). (1-11) 


In order to evaluate the above mentioned integrals we use the following auxiliary 
integrals : 


Ay(p) = |"2" exp(—pr) at, (1-12) 
Bulg) =| 2" exp(—92) ax, (1-13) 


Finn (D9) = \ dx| “KAI A —y)" Ay)" exp(— pe —97), Gia? 


Jub tog) =| de (dy (221) 19") (29°) (249) exp(— hr —9p)> (15) 


K,(p.g) = "de|\ dy (22=1) (197) 9") (14 a9) "(a ty) eup (p29). 
(1-16) 


Jn and K, can be represented in terms of 4,(~), 2Ba(g), and Fun (~,9) where the 
numerical values of 4,(/) and &,(9) were computed by Kotani, Amemiya, and Simose.” 
The function /,,,, of Kotani et al is given in terms: of A,, 4, and /,,, as follows : 


Fimo (29) eet ae 1)*B,(g) A, 3p) +F,,,( pia). (1 -17) 


§ 2. Examination of approximate method 


We shall examine the approximate method of Sklar”, Mayer and McCallum,” and 
Mulligan” by comparing the approximate values with the exact values obtained in the 
present paper. They assumed a geometrical mean of two homonuclear integrals correspon- 
ing to two different effective charges as an approximate value of a heteronuclear Coulomb 


integral. As for the hybrid integrals Mulligan” assumed 


£0 S050 = 515,95) Ti £0 S0f ’ 
TIES Ss) ="S (G20) 7 (6G, 695°) (2-1) 


where S(v,) is an overlap integral of two orbitals y and ¢. The values obtained by 
these approximate methods are compared with our exact values for few examples as follows : 


* We wish to express our sincere thanks to Assistant Professor K. Yano, of Nara Women’s University 


for the valuable suggestion he has given in evaluating this integral. 
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po=8, p=6 po—8, p=4 po=8, p=2 
xo 1C(2E, E989) exact 0.10240 0.08873 0.0566 
approx. 0.10290 0.09245 0.0705 
error +0.5% 44.1% 4+-24.6% 
xo HEE, EE) exact 0.05458 0.05567 
approx. 0.05389 0.05725 
error —1.3% +2.8% 


We see that the error is small when the difference between effective charges is not large 


but it becomes larger with the difference between effective charges. 


Reduction formulas 


Abbreviation: A=/%, 0=#R, Po=%oX, R==internuclear. distance, ands’, o°, $° and 7- 


mean that the effective charge in these orbitals is %). 
(A) Mononuclear integrals 
IEE O96") = (4/20) [54448 — (8 /(1+4)7){454+45(1 +4) 
4.31(144)2+1701 $427 4+8(144)'+ 41 44)"}], 
Mi yn, ©€°) = (%/20)[54— 24 — (#/(1+4)*) {15 415(1 +4) 
+7(144)2—(144)*— 4 44) —2(1 +4), 
MEn, &9°) =LMES, 8) — Mag, FF) V2. | 
(B) Coulomb and hybrid integrals 


Ges ss" | 3 r os de 
HAC, es) ns (x9 /24) Z 00)” se ee 
iss. «85 u/s)? 


(Gis tuare G (55, ss) (0/4)° 
roe |= ‘ HSS" se 4 (%)/24) ey (0) We 
Ae, 's') (p/4)? 
7 °) 


CEn, (p/4)" 

H(Ey!, € ; Ke (%)/32) (X— iu (0)? */ ay 

TTR S (e/4)° 

Css, oe.) Cee ras) GAGs ae C((En, Sr° 

AES, £2") . w/a} th H(ée, “0/9 (E88, o's ore a) 
FAR CSIR S A WALES, S'S) AC, see zl H(Ey, € 7°) 
C(q, as) ore) , C(éy, E%,°) 

H cont, 8°) >| acs ne) 2) EN a, 

Hany 3°") FEE REIN AE Ge So 


es 
( 
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X= (1152/(9')7-2(0'49") —[ (0/2) 272.9) + 3Ji (Pig) + 24 /o( pra) 
+ (144/09) Fs ( 2.9) + (376/02) J 2 py9) + (1152/p,2) J-a(pyg)], 
Y= (1152/9") K_;(p',9') —[ (00/2) °Bo( 9) + 3K; (Pg) + 24K, (2,9) 
+ (144/09) K_( 2,9) + (576/00?) K-2(,9) + (1152/7, 17-0 pg) J, 
Z= (48/1) 2's9") —[( 00/2)? Jo 2.9) +3 A 7,9) 
+18 /) (0,9) + (48/) J-1 (2,9) |: 
2p, g, ~' and gq’ are given by the following table 


a i L g 
QO(§), ci PY, x°C°) 0/2 —p/2 Coot ei2 (09—e)/2 
REE),  A(pd, x°C°) (p+ 0)/4 (po—p)/4 (390+ 0/4 (309—p) |4 
REE), Aged, x°C°) 0/2 0 (p+ ")/2 Wo/2 


(C) Peneiration integrals 


P(E) =%)(4/(1+4)) [A +4) +345(1 44)" 4 (15/2) (144)? ], 


O(é) 
RMS) tI (0/4) TF 2(Pr9) + (0/2) Si (2, 9) + 3/0( 2.9) 
RE) | 
%( 0/4)” 
zi (8/9) /-(/,9) | %y(Pfo)/4?. 
%(e/4)° 


(D) Auxiliary integrals /,(/, 7) 


An=A,{ P)s BuZBlQ) > Pom lan( p:9) > 

TSAP,Q =A (Bo— Be) —24(2;— B,) — Ay By— Be) +24, (B;—F;) 

SE ee 8) A, Bn 
As BOA ABB) FASB) 

PAAR =F AB Bs, 
J (pig) = Ay(By— 22) — Al By Bs) + Ay (Ls Bi), 
Lhq) = AA BBY + ALB By A, (2) -B) —A(B,— 2); 7 
TA p,9) = Al By— Bs) +24,(By—B,) = Ay (By 3B, + 2B,) —2 (Fy — 2 gt Fg) 
ST -s( 29) = Ay (Bo — Bo) + 3 Ag Bo— By) + (— Fo 6 9 5 Py) — 2 Fo Fes), 
J-1(0/2,— 0/2) = (512/¢*) — (3072/¢") 

+2{A;(0/2) —A,(p/2)} { Ao(0/2) — Ao (0/2) } 5 

J -(p[25—/2) = (128//*) + (16/3) {Ar (we) — Aap) } 
T-s( 2:0) = (4/3) A+ (Po 6 2 + SP) - 
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(E) Auxiliary integrals K,,(/,7) 
K.( ps9) Aa Bo By) —2Ay(Bs—B,) + Aa Bo 282+ By) + 2A Bo— Fs) 
— A,(B,—2B, + By) —24,(Bs—Bs) + Al FFs); 
K,( pq) = 4, Bo— 8.) — Au(— 2B, + 3Bs— B;) + As(Bo— 4Bo+3B,) 
+ A,(—3B8,+4B,—B;) —A(Bo— 3B,+2B,)—A,(4;—4;); 
K,( pig) = A Br— By) — Ay — 2B, + 4 Ba 283) + 4 1,(B,— 6B, +7B,—2B,) 
+ A,(—46,4+ 108,—88,+2B,) —A,(B,—782+ 12B,—88,+2B,) 
—2(F,,—4F43+ 6/45 —4F 4+ Fo9)s 
K.,(p.9) =43(Br— By) — A2(— 241 + 5B,—3B;) 
— A, (—B,+8B,—12B8,+58,) + A,(—5B8,+18B,—208,+78,) 
+ (—Fyy + 12F p—30F y+ 28% ¢5— OF.) —2 (Fy — 3Fo5 + 3005 — Fz)» 
KA( 0.9) =Al(8:— 8) HA (—2B,+ 6B,—4B,)— A,(—Bo+ 102,—182,4+94,) 
42(3Fy— M4 Fig 19F p—8F iq) + (— Fag + 1g 19g + 9 Fan) ) 
2 Fy tthe —F 5) 
K_.(prq) = ACBy— By) + Ap (22-7834 5835) 
4+ (Fig— 12Py94 25F yy 147) 42(3/y,—11Fa4+ 8/5) 
+ (—Fry + 10F 99—9 Fy) +2 Fag Fas), 
K_,(/25—p/2) = (128/*) — (3072/p") + (16/15) { A,( 9) 5A) +4450) + 
=]_,(p/2,—p/2) — (3072/p") — (64/15) { Ay(p) — Ay (e)}5 
K_,(p,0) = (4/15) Ay + (4/105) Ay + (P90 — 12F 9+ 30F 44+ 28F ~—9F 45) 
K_.(b,0) = (4/15) A.— (4/105) A,—2 (—3F,4+14F,,;—19F,;4+ 8/4;)> 
K_4( p,0) = (4/15) A, + (—F +12F.—25/ 444 14/%45)- 
(F) Auxiliary integrals /,,,( 7,7) 
B,,=B,(@), d0=p— 9>0, go> 0, 
F-o(psq) =[log (p/9) — {— Ei —29)} (78/8) + [— Bi — 20) (e°/9), 
F,n( prq) = [log (A/9) — {— Ei(—29)} ]*/9) + (= 1)" — 2a 2p) (8) 
— (77/8) 8-4-1) *B,(g) + (#/9) Fins 
Pan Pig) = (=3) "(Bn Brs)—P Fin Fries) 
2Fan( pg) = (—1) 7? (Bu 2Ba sit Buse) —P Fon— Fane)» 
3 Fyn (Pig) = (—1) "7? (Ba— 3 Bui + 3 Ba i2— Bass) —P Fan—Fane2)s 
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FP, o( p,0) = (e/p)[ C+ log (2p) ]+ (<?/p)[— Ex (2p) ], 

Fin (p.0) = (e°?/p) C+ log( 2p) +(—1)"(e?/p)[ - Ei(—2/)] 
(0) + (2/p F,,_ (po), 
C=0.57721 56649 01532 86060 65120 90082 40243 10421 


— (2a 2 IZ) 


n uy 
Doce 0% 


(—1)*8, 


‘mn in the present paper is equal to (—1)"/", in the previous paper’. 


621 


The reduction 


formula, Eq. (15) in the latter, of /, was imisprmbterd 27) fOr sya, Teads Sagan 
Table 1. Mononuclear integrals 
x/xo xo MEE, eo) ne Morn 606°) | x07 ME, on /) xo! P(E) 
1 0.19570 3125 0. 17460 9375 0.01054 6875 0.29286 875 
0.9 0.18506 82906 0.16022 58801 0.01242 12053 0.22915 48856 
0.8 0.17256 66667 0.15440 22134 000908 22267 0.17155 26904 
e OG, 0.15795 05236 0.14192 64185 0.00801 20525 0.12116 85649 
| 
0.6 | 0.14100 51584 0.12758 33845 0.00671 08870 0.07901 27778 
0.5 0.12160 49383 0.11117 96982 0.00521 26200 0.04595 33608 
0.4 0.09979 98890 0.09258 71509 0.00360 63691 0.02246 29437 
0.3 0.07592 83164 0.07181 04501 0.00205 89331 0.00823 58616 
Table 2. Coulomb integrals 
oe ey ee, 4040) | 0.073 349 301| 0.113 617 881) 0.132 415 195 
| 0.055 568 482) 0.087 651 475) 0.103 175 483) 0.110 869 965 
10 0.044 607 851) 0.070 834 819} 0.083 652 448 | 0.089 964 768} 0.093 298 127 
xo G(EE, 0°0°) 6 0.072 936 | 0116 944 4 0.142 235 8 
0.055 364 0.089 381 0.108 706 9 0.119 972 662 
10 0.044 482 0.071 789 1 0.086 863 6 0.095 332 382) 0.100 278 752 
: xo I C(EE, ee £080) | 6 0.075 329 O@15*355. 7. 0.130 780 6 
8 0.056 559 0.088 734 0.102 393 5 0.107 950 969 
10 0.045 172 0.071 530 8 0.083 272 8 0.088 294 622)| 0.090 591 146 
xo C (nn, €°6°) 6 | 0.071 783 0108 553 5 | 0.124 229 1 
8 0054 782 0.084 838 8 0.098 426 0 0.104 686 264 
10 0.044 169 0.069 184 7 0.080 821 0 0.086 267 301) 0.089 024 482 
| 
xo CCE, £4) 0.001 773 0.003 401 1. | 0.003 275 8 
0.000 889 0.001 947 8 0.001 983 7 0.001 632 353, 
10 0.000 502 0.001 173 1 0.001 225 9 0.001 013 660) 0,000 783 332 
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Table 3. Hybrid integrals 


Nee a _—————- 
hs 2 4 6 8 10 
pues ae 1 Ree et ee ere ae eee 
Se Ee I oe et a ee 
xo) HEE, 595°) 6 | 0.050 446 63 | 0.079 620 24 | 0.073 491 03 
0.029 974 33 | 0.052 600 52 | 0.051 283 95 | 0.041 511 261) 
10 | 0.019 367 18 | 0.035 660 08 | 0.035 680 49 | 0.029 059 927) 0.021 794 099 
wy HEE, 6°) | 0.048 294 6 0.078 795 1 | 0.073 643 3 | 
8 0.051 576 2 | 0.049 950 5 0.042 047 9 | 
10 0.035 833 5 | 0.035 2999 | 0.028 755 7 | 0.022 240 8 
Bestar an! BS ae Sate NE BES z Ne a ERs Fe nas eR te 
xo 1A E69, 69€°) 0.054 299 1 «| 0.083 916 0 | 0.076 8893 | 
| 0055 6715 | 0.054 581 5 | 0.042 997 0 
10 0.037 053 8 | 0.037 492 7 | 0.030 534 8 | 0.022 387 3 
xo! (nn, °°) 6 0.048 746 1 | 0.076 149 6 | 0.069 940 5 
8 | 0.050 553 8 | 0.049 3199 | 0.039 489 0 
10 0.034 092 9 | 0.034 2489 | 0.027 889 3 0.020 754 2 
oa ) a = } ty x = = 
up H(En, €9°) | 6 | 0.002 7765 | 0.003 883 2 | 0003 4744 | 
8 0.002 558 8 | 0.002 630 8 0.001 754 0 > 
10 | | 0.001 480 4 | 0,001 6219 0.001 322 7 ~—:0.000 816 5 
xo (EE; 55) 6 | 0.069 849 17 | 0.088 834 03 | 0.073 491 03 | 
0.053 110 72 | 0.069 951 48 | 0.059 686 36 | 0.041 511 261 
10 | 0.042 708 24 | 0.057 180 20 | 0.049 619 93 | 0.034 958 290 0.021 794 099 
xo 1 H(EE, 00°) 6 0.068 388 0.088 210 0.073 643 3 
0.069 064 0.059 607 8 | 0.042 047 9 
10025 |% 0.056 613 0.049 488 4 | 0.035 258 7 | 0.022 240 85 
xo Z(EE, E98) 6 0.072 66 0.092 995 0.076 889 3 | 
0.072 929 0.062 214 2 | 0.042 997 0 
10 0.059 097 0.051 437 6 |-0.036 103 5 | 0.022 387 30 
xo Ann, £69) 6 | 0.068 50 0.085 297 _ |, 0,069 940 5 
0.067 862 0.057 237 1 | 0.039 489 0 
10 0.055 830 0.047 933 8 | 0.033 512 7 | 0.020 754 16 
xo Aen, &°9°) 6 | 0,002 08 0.003 849 0.003 474 4 
0.002 534 | 0.002 488 6 | 0.001 754 0 
10 0.001 633 0.001 7519 | 0.001 295 4 | 0.000 816 51 
= Slee SRR a SA ee ae ee ete rere Set CA Raa is abit atin Kew euts at 
Table 4. Penetration integrals 
ste 2 a 6 : 
00's Sess | : 8 10 
x0 1O(E) 6 0.005 571 °714| 0.024 903 334] 0.038 662 717 


8 0.001 627 498| 0.007 597 687} 0.011 409 320) 0.012 369 323 
10 0.000 593 044} 0.002 779 805} 0.003 952 862} 0.003 933 205) 0.003 515 328 
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| Z 


4 


oe 6 8 
= | a hve rae be i ; ° < 2 
xo 1 (€°€) 0.030 109 710) 0.058 780 195) 0.059 965 560 
0.015 579 044| 0.031 348 258] 0.032 159 178) 0.025 691 954) 
10 0.008 241 463) 0.018 520 151] 0.019 183 531] 0.015 109 076| 0.010 451 788 
xo 1R (EE) 6 | 0.007 670 204 0.039 735 279| 0.059 965 560 ie ae 
8 0.002 476 168! 0.015 174 767) 0.025 276 216] 0.025 691 954) 
10 0.000 975 968} 0.006 680 904) 0.011 986 213) 0.013 000 625) 0.010 451 788 


Table 5: EA Y) 


(0.0;30185 means 0.00000 30185) 
uel SE i ae bale RS SS ES as See Me ae ies ere eee mene rt 


(10, 5) 


Oy) 


(2,9) (10, 0) | (9.5, 5.5) (9, 1) 

Jz | 0.0; 30185 67825 | 0.0; 51655 989 —|,-0.05 12728 748 0.0; 96347 9620 | 0.0, 21367 552 

‘7; | 0.0; 21428 78018 | 0.0; 64136 658 0.0, 16128 741 0.0; 74362 4048 | 0.0, 24244 262 

| 

Jo 0.0; 17094 58689 | 0.0; 95210 994 0.0, 24415 506 0.0; 66076 4080 0.0, 34349 422 

J-1 | 0.0; 16101 84176 | 0.0; 17637 1053 0.0, 46043 086 0.0; 71138 3337 | 0.0, 60565 954 

J-2 0.0; 19510 65963 | 0.0, 43559 8951 0.03 11548 7478 | 0.0; 10062 377. | 0.03 14193 3442 

J=3 0.05 35619 83004 | 0.03 16166 69419 0.03 43379 1866 | 0.0; 21557 644 0.03 49784 5235 

j | 

(4,9) (9, 6) (8.5, 6.5) (8, 0) (8, 2) (8, 4) 

Jo | 0.0, 32718 018 ~—|| (0.03 87747 22 0.0; 44806 25294 | 0.0, 38100 70788 | 0.0, 58017 1221 

J; | 0.0, 41927 850 |: 0.03 10864 543 0.0, 29972 69035 | 0.0, 31833 42889 | 0.0, 59827 8090 

Jo | 004 64172 765 | 0.03 17280 747 0.0; 22517 05531 | 0.0, 31122 38662 | 0.0; 73331 0631 

J-1 | 0.03 12225 6447 | 0.03 33004 730 0.0, 19874 41349 | 0.0, 37347 23389 | 0.03 11150 06571 

J-2 | 0.03 30937 4227 | 0.03 83722 994 0.0, 22278 8742 | 0.0, 59187 339 0.0; 22476 8621 

Js | 0.0; 11703 23632 . | 0.02 31737 5437 | 0.0, 36682 988 0.0, 14073 9031 | 0.0; 67699 974 

(2,7) (8, 5) (8, 7) C7:55-4.5) CA) (7, 3) 

Js | 0.0 85980 116 0.0; 24570 431 - | 0.03 14672 0577 | 0.03 16403 2575 | 0.03 19371 99258 

Ji | 0.04 96485 282 0.03 20540 384 ‘| 0.03 15313 6078 | 0.0; 11164 19910 | 0.03 17072 79089 

Jo | 0.03 12903 7932 | 0.03 47677 946 0.03 19018 63936 | 0.0, 95330 7037 | 0.0; 17767 05117 

J- 1 | 0.03 21439 4271 0.0; 90584 900 0.03 29302 64556 | 0.0, 93771 45426 | 0.0; 22800 49400 

J» | 0.03 47236 632 0.0; 59795 2791 0.0; 11959 9855 | 0.0; 38600 616 
0.0, 18195 3646 | 0.03 22524 2326 | 0.0; 97282 658 


Js | 0.02 15535 8990 


(10) (7, 4) (7, 5) (6.5, 5.5) 
To | 0.03 26069 5842 | 0.05 39386 1145 | 0.0 11249 1880 
Ty | 0.03 25192 1517 | 0.05 41093 6143 | 0.0 11574 5132 
Jo | 0.05 28909 4742. | 0.05 51104 9503 | 0.0, 14234 1731 
“J=1 | 0.03 41080 1444 | 0.03 78930 3818 | 0.0, 21793 1145 
J» | 0.05 77185 8990 | 0.02 16153 3450 

7-3 | 0.0. 21595 4406 | 0.0; 49289 4798 


(6, 0) 


(6, 2) 


0.0; 88779 4504 
0.0; 53689 2961 
0.0, 36518 2420 
0.0, 29071 7148 
0.0, 29024 1767 
0.0, 41455 3034 


1 


0.03 79441 3399 
0.0, 58847 8547 
0.0; 50938 5200 
0.0; 53796 3983 
0.03, 74212 6733 
0.0, 15115 2927 
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OD 


(A, 9) 6, 3) (6, 4) | (6, 5) 6.5, 3.5) G, 1) 

Jo | 0.03 95169 256 0.0, 13156 6956 | 0.0; 20252 638 0.0, 25903 184 | 0.0) 42431 503 
Ji | 0.03 77642 456 0.0) 11615 2828 | 0.0; 19200 371 0.0, 20959 778 | 0.0, 25980 143 
Jo | 0.0, 74785 947 0.0) 12234 3817 | 0.0) 21741 878 0.0, 20114 433 0.0. 18320 831 

J-1 | 0.0; 88690 416 0.0, 15956 6156 0.0, 30629 291 0.0, 23850 830 | 0.0, 15494 649 
J» | 0.0. 13833 8952 | 0.0. 27496 4753 | 0.0, 37285 265 0.05 16800 115 
Js | 00, 31981 9003 | 0.0) 70453 2026 | | 0.02 86484 966 0.02 26409 911 
a ee eae — — ——— 
(pf; 9) (5, 3) (5, 4) (4, 2) | (4, 3) 

To 0.02 54704 163 0.0, 77452 479 0.0 31470 684 | 0.0 40038 923 
Ji | 0.02 40108 250 0.0, 60995 435 0.0 18419 447 0.0 25187 838 
Jo 0.02 34789 236 0.0. 57271 363 0.0 12672 143 | 0.0 18843 460 
J; | 0.0, 37181 974 0.0, 66767 959 0.0 10658 267 0.0 17448 799 
J-2 0.02 52240 196 0.0 10307 056 0.0 11678 838 | 0.0 21317 802 
J-s | 0.0 10859 023 0.0 23699 008 0.0 18750 581 | 0.0 38638 432 
: aaldl Pas Meee 2 gare Matai S MEN Mabe Satine Siete ons Midian lee eR er te 

Table 6. An(, 4) 
(P 9) (10, 0) (105) 5) (9.5, 5.5) (9, 1) (9, 5) 
— =~ a = ot a ie = eet — ae i — | *- 

Ky | 0.0; 21666 4722 | 0.0; 17237 429 0.0; 37046 14 0.0; 59058 73 0.0; 61431 83 
K, | 0.05 14590 9321 | 0.0, 19525 638 0.0; 43789 30 0.0; 42338 46 0.0; 67831 09 
Ky | 0.0; 10777 5340 | 0.0, 26370 903 0.0; 63817 81 | 0.0; 33970 52» 0.0; 89217 81 
R_, | 0.0, 90426 86 0.0; 46826 1 0.0; 10898 83 0.0; 32114 23 | 0.0, 14625 961 
K_4 | 0.0, 91834 61 0.0; 95394 3 0.0; 23820 02 0.0; 37553 71 0.0, 32044 160 

As | 0.0, 12909 0 0.0, 35899 7 0.0; 10082 908 | 0.0; 61324 80 | 0.03 10616 8849 
(A, 9) (9, 6) (8, 0) (8, 2) (8,4) (8, 5) 

Ky, | 0.0; 83544 372 0.0, 29548 2726 | 0.0, 18496 038 0.0, 18824 189 0.0, 23089 58 
K, | 0.0, 10196 9622 | 0.0, 18714 1627 | 0.0, 14154 032 0.0, 17965 04 0.0; 24529 74 
Ky | 0.0, 14886 599 0.0, 13001 3996 | 0.0, 12403 127. | 0.0, 20269 0 0.0, 29875 62 
K_, | 0.0, 27140 401 0.0, 10238 4439 | 0.0, 13023 736 0.0, 28311 1 0.0, 48937 67 
A~» | 0.0, 66070 12 0.0; 97043 205 0.04, 17683 °294 0.0, 52582 9 0.03 10278 270 
K-3 | 0.03 24218 505 0.0, 12574 567 0.0, 35664 901 0.03 14735 9 0.03 32481 233 

EE nn nn nn ee 
(AD) (75, 45) (7, 1) (7, 3) (7, 4) | (7, 5) 

a 23 7 Ty Se; ar a SR an a See fe = = = > ————--—— —— 
Ky | 0.0, 40575 58 0.0, 87348 6805 0.04 68504 83 0.0, 74456 0 0.0, 93997 76 
K, | 0.0, 39985 15 0.0, 57793 5716 0.0, 55834 42 0.0, 67785 3 0.0; 94819 39 
Ky | 0.0; 46818 64 0.0, 43364 8683 0.0, 53179 12 0.0, 73062 3 0.0; 12153 03 

_, | 0.0, 68087 54 00, 35890 6145 | 0.0, 61973 56 0.0; 97475 0 0.0; 12669 54 
K_» | 0.0, 13161 580 0.0; 45504 998 0.0, 95050 05 0.03 17277 3 0.0; 47888 76 
K—3 | 0.0, 38339 791 0.0, 50462 904 0.03 21841 756 . | 0.03 45847 1 0.0, 72444 12 


OD £8 Sa toes ie 
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(A, 9) (6, 0) (6, 2) (6, 3) (6, 4) (5.5, 3:5) 
Ky | 0.03 51143 997 0.03 30792 418 0.03 29214 423 | 0.0, 32598 1 0.0; 65985 923 
K, 0.0, 29343 802 0.03 21222 232 0.03 22419 313 | 0.03 27832 6 | 0.0; 51383 006 
K 0.03 18528 436 0.03 16817 025 0.03 20165 394 | 0.0, 28192 0.0; 47312 43 
Kz; | 0.03 13268 805 0.03 16013 927 0.03 22224 252 | 0.03 35398 0.0; 47768 4 
K~» | 0.03 11396 293 0.0; 19690 808 0.0; 32198 787 | 0.03; 5874 0.0; 80680 8 
K_3 | 0.03 13221 32 0.0; 35667 61 0.0, 69558 059 | 0.0. 14611 0.02 18051 66 
(p, 9) Gxt) (5, 3) | (4, 2) (4, 3) | 

K 0.0. 17963 383 | 0.0, 14297 232 0.02 86800 921 0.0. 89081 810 : 

Ky 0.02 10367 906 0.02 10086 466 0.02 49067 975 0.05 55256 490 

* 0.0; 67634 61 0.03 83794 0.0, 32333 838 0.0, 4092 

K_, | 0.03 51734 83 | 0.0; 85514 | 0.02 25846 20 0.0. 5604 

K_. | 0.03 49511 36 | 0.0. 11476 9 0.0, 26869 05 0.0) 5961 

K-3 | 0.03 67364 92 | 0.0. 14892 7 0.0, 41569 00 0.0 13043 


Table 7. /,(/, 7) and X;,(/, 7) for special values of parameters 


(A; 9)) (G5-—)) (4, —4) (Gie==3) (Q5a2)) Gi )) 
J=1 | 0.02 48139 99430 | 0.0 14185 54527 | 0.0 55631 33135 | 0.35714 43699 7.1575. 51722 
J-3 | 0.0; 12691 91185 | 0.0. 37686 57907 | 0.0 14339 17508 | 0.07692 14479 0.75195 32022 
K~_3 | 0.0; 98066 29288 | 0.0. 25615 80932 | 0.0, 79623 20407 | 0.03174 92251 0.21006 89611 
CZ, 9) (5, 0) (4, 0) (3,. 0) | (2, 0) (1, 0) 
J=1 | 0.02 12361 88676 0.0, 59144 25057 0.0 34420 68924 | 0.29322 64470 6.86708 2902 
J-3 | 0.02 14734 6098 | 0.0. 55597 7062 0.0 23094 1369 0.11492 0553 | 0.91254 219 
K—3 | 0.03 44912 3459 | 0.0, 16050 788 0.0, 62364 39 0.028509 5 0.20278 

CA; 9) (4.5, 0.5) (4, 1) | (3.5, 1.5) (3, 2) 

J-1 | 0.02 29037 00303 | 0.0, 73465 85959 | 0.0 20156 85675 | 0.060689 35621 

J-3 | 0.02 37209 11041 | 0.0, 97202 46443 | 0.0 26244 03348 

== |'0.0y 95552-3271 0.0. 23503 '83411 | 0.0. 65066 3017 

Ce) (3:5; 0:5) (3, 1) (235; 15) 

J, | 0.0 15026 85281 | 0.0 42210 67459 | 0.13397 64673 

J—3 | 0.0 14405 1675 0.0 39024 3123 

K—3 | 0.02 34129 078 | 0.0. 88806 372 

(Ap| 25,05) (2,°1) 

J-1 | 0.1 01220 4230 0.3 52670 8883 

J-5 | 0.0 63072 34946 | 0.1 85450 4492 

Ks | 0.0 14905 69920 | 0.0 36898 404 


=a | 0.0. 14903 69920 | 0.0 
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Table 8. 


Emon (p, gq) 


AG 10 8 6 
HW 1s ate ts te: rT 2 = 
0 0.0, 164378 00406 5 0.0, 14294 114952 0.0, 129698 57789 
1 0.0; 85683 10771 2 0.0, 71994 38285 0.0, 62300 85763 
2) ” 90714 76608 4 ” 77074 08825 67840 45788 
3 » 66193 11729 5 » 55074 30326 47062 97086 
4 » 69788 77161 7 » 58657 42518 50907 12841 
5 » 55713 10136 6 » 46059 27952 39040 32966 
6 » 58579 41360 4 » 48891 60180 42047 12967 
7. ” 48852 89658 5 ” 40197 73222 33869 12543 
8 » 51262 46155 8 » 42564 06624 36362 05209 
9 » 43894 64918 3 35983 74880 30176 65532 
Se P SEU Maa NCL o ye ELE RN, ei oe ene 
eG : Z 5 
0 0,0, 40041 isvisea 7 0.01 26787 11843 0.0 41725- 59212" °5 
1 18630 59721 3 0.00 56623 33696 17621 11099 
2 20542 23842 0 63520 59247 20281 62053 
3 13963 61769 0 - 42040 93687 12930 40783 
4 15276 96435 5 46723 79603 14710 96400 
5 11524 88139 4 34489 59869 10528 78485 
6 1254580 5702 7a ed 38101 61833 11889 71415 
7 9961 45999 4 29680 0867 9011 55232 
8 10803 79316 0 32644 7945 10121 3251 
9 8849 84618 2 26277 6872 7944 9302 
Se —— 
2 1 
a 
0 0.1 46829 01624 0. 60026 57432 
1 | 0.0 56982 3942 19892 19648 
“2 68476 1272 26235 ‘05905 
3 41170 3157 14045 4932 
4 48722 603 18107 363 
5: 33195 576 11161 95 
6 38901 64 14181 73 
Ih Bonin 2a 9386 4 
8 32826 11791 
9 24735 806 
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(£59) (10, 5) (9.5, 5.5) (9 1) 

Zo | 0.03 93407 51105 91181 0.0, 25025 71711 39515 0.0; 90384 74521 83893 348 
BR; 85138 15693 956 22956 91838 39 64826 1199 107 
Ps 78949 31071 96 21367 25938 10 58981 4548 86 
Fy3 73937 93753 5 20066 02237 70 50738 21774 O1 
Fi 69761 22440 7 18971 14507 18 47653 95944 54 
Fs 66187 45739 0 18028 75824 25 42948 66696 54 
ce 63082 81164 1 17205 53795 88 40972 63936 77 
js . 60345 33732 3 16476 86724 21 37771: 58627 86 
are 57908 65880 6 15825 74602 79 36375 29245 48 
Fs 55718 56677 15238 69889 32 33994 80651 43 
Fy | 0.03 97985 31217 70 0.0. 25811 31923 64 0.0, 98232 95009 2 
Fy 87439 32407 23176 13299 12 FIAT. 719077 
ae 79535 00470 21171 -62404 00 61989 13509 6 
Fog 73205 78915 19548 99447 59 53535 87998 6 
Fog 67980 93037 18197 62082 49 48057 81075 5 
Fry, 63562 95912 17047 63995 07 43361 59766 1 
rier 59767 19007 16053 53286 25 39883 34152 2 
Pag 56464 3950 15183 02262 07 36792 37675 5 
Fy | 0.091 28752 8794 0.0, 33555 10419 5 0.031 26965 53065 8 
Pas 1 14261 0184 30058 26956 9 0.0, 96388 44313 9 
Fag 1 03292 8575 27292 34159 4 81098 25868 5 
Fre 94523 6742 25055. 51208 2 70131 49374 4 
eS, 87315 9074 23196 32855 5 62287 39610 2 
Pas 81253 619 21619 14796 3 56045 89971 6 
Fey, | 0.001 65203 467 0.0, 43295 29087 9 0.0, 138155 10999 4 
Fig 1 36508 10 35996 64192 101068 73248 5 


Be | a el a a PL 
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LA 0.0. 26914 14008 99636 0.0, 67289 70514 94663 | 0.0 18152 78885 038125 


| 

Fy 24485 05205 440 62060 18677 92 | 16818 78336 13583 
Fs 22672 50796 54 57954 08356 25 15752 35677 1029 
Fig 21207 44164 35 54558 54483 81 14862 11867 3185 
Fg 19988 50761 67 51677 67137 42 14101 24159 500 
Fr5 18946 84869 41 49184 05976 58 | 13439 15220 523 
Fg 18043 10380 43 46995 04044 28 12855 35270 242 
Py 17246 96270 87 45050 38936 12 12334 92525 .255 
Fs 16538 95310 60 43306 89322 06 11866 91241 32 
Fog 15902 80551 78 41730 95584 58 11442 83603 56 


Fy | 0.0, 27761 94348 6 0.0. 68106 64403 66 0.0 18034 75820 69254 
en 24715 33175 1 61562 69389 17 16385 96098 9581 
Fa 22439 66072 1 56455 33266 42 15078 65932 5852 
Fos 20622 04944 0 52279 19575 O01 13999 85562 018 
ig 19124 30652 9 48774 39365 40 13088 16073 686 
ice 17859 75861 9 45774 90380 06 12303 78574 960 
v4 16773 85601 4 43169 87296 17 11619 62690 94 
Fon 15828 06537 0 40880 15479 31 11016 16289 22 
Fy | 0.0. 36124 95658 7 0.0. 88171 45366 44 0.0 23164 60061 5672 
Pe 31984 97425 5 79234 51522 30 20924 42676 0605 
Fg 28862 43105 6 72232 07633 34 19144 48545 6736 
Fag 26369 85471 9 66514 50294 61 17678 34651 083 
oo Ela 24318 80934 8 61727 66162. 42 16442 69681 868 
Fee 22592 35276 9 57644 19716 77 15383 14496 343 
Fy | 00, 45945 48744 3 0.01 13711 00232 9 0.0 29915 75865 266 


Ls 37798 16086 8 0.00 95210 29697 1 25210 66831 327 
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(A9) (8, 2) (8, 4) (8, 5) 
Fy) | 0.03 57159 84084 78862 0.0, 31737 76537 0.0, 78000 09745 61899 
Vide 46319 25680 7 28226 95974 70809 36873 09 
Eis 41426 02453 4 25817 55517 65461 55985 80 
Fis 37227 69354 1 23917 12265 61148 07724 05 
Igy 34461 28483 9 22383 00696 57566 03490 48 
FAs 31915 63083 7 21089 28081 54509 60860 18 
Fx 30057 31248 4 19987 07844 51861 59665 61 
Fay 28277 82334 5 19024 06403 49531 68263 
hse 26914 43134 8 18178 67158 47462 06060 
Fig 25573 41245 4 17423 19972 45604 36384 
Fg | 0.03 61170 88098 5 0.0, 32773 07868 0.0, 78926 04947 08 
Higa 48935 10622 5 28475 55176 70078 12466 58 
Frog 42342 78116 3 25476 37828 63495 94673 42 
Frog 37404 22518 3 23151 00196 58253 15175 65 
Foy 33775 06613 9 21283 48020 53943 15140 53 
Fos 30819 14822 2 19733 64708 50311 37221 9 
Fog 28443 03947 0 18423 19992 47198 12919 2 
Foy 26419 87294 6 17265 03800 44490 77493 
Fry | 0.03 79042 11263 0.0, 42357 70278 0.01 01580 99247 63 
Fray 63740 63137 36655 30702 0.00 89714 40983 72 
Fp 54709 85268 32591 65800 80799 34229 73 
Fag 48113 47805 29442 90300 73702 66098 
Kis, 43136 11989 26912 02372 67876 62983 
Vike 39156 74727 24818 48174 62982 20961 
Fy | 0.03 90890 83669 0.0. 52311 42697 0.01 27985 21977 3 
Fig 68727 39290 41978 . 52155 0.01 04963 12824 


630 T. Murai and G. Araki 

(1,9) (7.5, 4.5) (7,0) (7, 3) 
Fo | 0.0, 84774 25301 0.0, 78744 50214 2 | 0.0, 38788 11308 
Fry 76155 00961 55398 64807 | 33244 74856 
vik 69980 03042 50307 13809 29959 48892 
Fis 65063 60242 42888 72855 27383 53808 
Tit 61036. = 33844 40244 46226 25419 78705 
Hee 57624 79161 36043 60355 23761 07808 
PAG 54693 33933 34371 91845 22400 14108 
Fay 52126 05195 31531 04096 21204 40601 
Fis 49858 77061 30362 52389 20185 36517 
Fike 47830 26307 28257 21403 19267 3644 
Fon | 0.09 85736 01755 0.0; 82359 9321 0.0, 40003 62464 
Fry 75254 50587 59666 9926 33506 72224 
Fog 67697 77655 50694 9423 29425 54959 
Fog 61766 95235 43443 7720 26353 08832 
Lay 56950 84398 38834 1633 23973 37825 
Fro, 52927 35458 34880 5553 22032 03611 
Fog 49503 99632 31977 3118 20424 45187 
Foy 46544 51021 29385 4589 19056 17404 
Fy | 0.01 09922 96964 0.0. 103501 4905 0.0, 51146 33201 
Fx | 0.0, 96029 43740 0.0, 77403 7789 42831 61042 
Fas 85865 75277 64733 9337 37374 28581 
itty 77892 19373 55679 5501 33286 92145 
ian 71419 94094 49206 2516 30098 57799 
pias 66029 91549 44022 9463 27512 7947 
Fy, | 0.01 - 3650 65662 0.0, 109597 9404 0.0, 60613 20216 
Figg 1 1060 18411 0.03; 78705 2844 47147 32053 
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(A:9) (7, 4) (7, 5) (6, 2) 
Fig | 005 92869 57371 57 00 22768 20705 371 0.0, 50196 26183 
Ay 82343 34015 20618 98543 40140 40682 
Ee 75155 51292 19026 71865 35714 97818 
pis 69499 86528 17745 51025 31902 35467 
ieee 64946 26117 16683 85454 29432 72934 
Fe: 61112 81539 15779 55272 27147 25889 
4s 57853 08187 14997 34991 25503 87703 
Fy, 55008 78975 14310 05434 23919 02890 
Tes 525155 71521 13699 89077 22722 28089 
Pre 50290 21422 13151 69115 21535 31927 
Foy | 0.0. 93830 4371 0.0 22530 52888 0.0; 51318 2463 
Foy 81223 0656 19944 57345 40472 5684 
hs 72475 7738 18029 74866 34764 1074 
Ta 65716 5675 16509 32865 30508 5206 
Fi 60304 7140 15262 75309 27416 4300 
Fig 55824 1647 14214 68476 24907 0325 
Fig 52043 9590 13314 91086 22905 4857 
Fis 48795 5617 12525 75169 21205 9695 
Fix) | 0.0 11973 68047 0.0 28637 19292 0.0. 64390 9978 
Ife, 10326 12197 25220 99177 51287 0974 
Fg | 0.02 9158 45171 22665 92990 43705 3157 
Pas 8256 80331 20638 40482 38209 8553 
We 7534 20141 18967 28166 34100 1452 
F535, 6937 88244 17537 88339 30832 5486 
Fy, | 00 14619 4024 0.0 35703 80576 0.0, 71797 2415 
eel (0.011685 5913 29068 37526 53676 9185 
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(29) (6, 3) (6, 4) (6, 5) 
Fy | 0.0 11500 46047 4 | 0.0 27436 07418 | 0.0 67072 11464 413988 
Fy, | 002 9809 40114 5 | 24239 36526 haat 60569 09843 27 
Fie 8815 66302 8 | 22069 42749 55773 04461 6 
is 8037 98842 2 20366 8457 | 51924 73834 
Fg 7447 77147 5 19000 2065 | 48743 90844 
Ps 6949 83812 8 17851 9853 46039 9523 
ie 6542 65850 9 16877 770 | 43705. 440 
Fy 6185 16985 9 16029 01 41657 40 
Fre 5881 36480 8 15286 4 | 39843 2 
Ris 5607 79351 4 14624 38218 
Foy | 0.0 11564 40995 2 0.0 27012 14376 | 0.0 64642 84674 0 
Hy | 005 9632 \.29044 4 | 23282 1301 | 57025 21877 1 
Hise 8429 47673 8 | 20711 7684 | 51415 07564 
Bs 7527 41740 8 18733 3085 | 46976 4782 
Pog 6831 73618 4 17154 781 43348 421 
Fag 6265 74738 2 15851 45 40305 77 
£6 5798 44900 0 14754 6 37708 4 
Foon 5401 54468 13814 35456 
Fe) | 0.0 14562 18106 2 0.0 33963 5096 0.0 80981 00979 
Fy 12134 17732 2 29175 7059 71094 4144 
Fog 10553 35095 2 25803 821 63737 579 
Fag 9374 35649 5 23210 37% 57920 09 

en Ha 8458 22393 6 21138 29 53170 0 
sg 7717 37598 19434 49193 
Fy, | 0.0 17010 60436 7 0.0 40933 96 0.0 99770 14 
F's; 13164 34035 32578 81226 
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(2,97) (5.5, 3.5) (5,1) (5,3) 
Fy | 0.0 30582 12644 25746 0.0. 72023 00583 92093 0.0 34557 35734 64 
Ay 26546 86084 76 49301 72645 2311 29305 34984 
Fy 23980 61548 53 44687 89140 2958 26250 93614 
Fig 21982 57184 13 37613 43764 8036 23865 83829 
Fra | 20417 40515 3 35273 87818 7399 22065 47190 
A; 19106 28444 31313 32791 8846 20548 59534 
Fe 18010 93422 29863 03990 7079 19313 23280 
Fy 17057 22909 27202 81435. 3412 18229 44513 
Fs | 16232 53011 26207 13574 9605 17311 57008 
Fig | 15496 68182 24246 94395 5459 16485 32049 
Fy | 0.0 29988 43334 47 0.0. 71268 33847 2171 0.0 33691 4361 
Fy | 25384 70849 11 50352 37956 5393 27876 9164 
Fes 22365 32950 42436 28446 8161 24296 2608 
Fes, | 20078 17340 9 36005 60699 8930 21622 8222 
fing 18284 77101 32015 37894 0608 19571 5016 
"05 16817 82008 7 28561 37484 7094 17907 8195 
Fxg 15595 71174 26086 64315 6750 16539 0008 
Foy 14554 31596 23867 07199 8967 15379 1272 
Fran 0.0 37428 98526 75 0.0, 86288 73211 0072 0.0 41661 0699 
Fry 31632 67070 35 63283 15565 0205 34513 7926 
F’s9 27708 83437 9 52453 98852 6536 29904 4115 
Fog, 24743 08599 44677 28246 3964 26483 3601 
Fisg 22409 07979 39269 91764 8601 23836 8820 
Piss 20507 64306 35004 29618 8865 21703 -7118 
Fy, | 0.0 44139 76962 9 0.0. 87427 77146 4118 0.0 47859 5043 
hee 34577 05492 62131 43567 6035 36826 5867 
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0.0; 


0.01 
0.0. 


87904 
56672 
47781 
39362 
35005 


30755 
28121 
25498 


10740 
68023 
88986 
74485 
34495 


33084 
71649 
41077 


NO NH 


Wn 


o RON GO Go uM 


0.0 


0.0 


0.0 


0.0 


22447 
15075 
13655 
11391 
10683 


9424 
8992 
8150 
7857 
7238 


21359 
14835 
12441 
10483 

9291 


8253 
7520 
6859 


58558 
89738 
36784 
78993 
51139 


73550 
67358 
67811 


5230 
2583 
9646 
925 
233 


307 
97 
34 


7452 
959 
634 
061 


0.0 


0.0 


00 


44631 
34485 
29327 
25503 
22771 


20563 
18822 
17348 


37590 
27996 
22783 
86511 
72016 


65465 
3338 
305 


a oO Hn. Oo 


_— oe 
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(2,9) (4, 3) (3.5, 0.5) (ss, i153) 

Fin | 0.1 05802 23887 98594 0.0 29425 06376 | 0.0 56878 34528 16928 
Fi; | 0.0 89077 18647 0 16707 12363 41598 43818 34264 
yas 79477 82428 6 16142 29434 36830 44713 7939 
Ye. 72000 47811 12379 80701 31799 34336 409 
Fy4 66394 92276 12215 60407 29297 98757 50 
tare 61678 6881 10131 51766 26445 65085 52 
Re 57857 474 10095 50405 24850 91851 7 
Fy 54507 38 8682 95670 22933 16886 0 
oe 51681 3 8669 71853 21809 83797 8 
‘Bas 49127 7509 30751 20401 51372 9 
Fo | 0.0 99181 12915 8 0.0 26772 86258 0.0 53125 02915 1221 
Poy 81401 10889 16838 16099 38914 35390 323 
Bas 70598 83493 14141 63570 32701 80774 

Bes 62575 7710 11526 99264 27968 05769 

oe 56457 871 10209 82786 24805 92808 

Bg 51513 77 8866 22754 22197 76875 3 
ike 47458 3 7961 65488 20229 82494 

Fis 44987 6772 11402 18534 62948 

Fy | 0.1 19928 77647 0.0 30518 51532 0.0 62511 29175 16 
Fx, | 00 98668 5160 20639 . 86580 46982 28263 3 
Fn 85114 759 16759 86479 39067 90944 8 
Fig 75111 29 13856 75272 33440 31998 1 
Fn 67404 1 11848 88170 29422 88225 4 
fis 63127 9779 34889 26272 03755 

Fey | 0.1 35067 62 0,0 27802 99402 0.0 63550 37680 

Fy, | 0.1 05780 18107 21290 45616 59610 
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(4,9) (3, 1) (2.5, 0.5) (2,1) 

Fy + 0.0 72361 85511 0.0 98304 08468 705984 0. 24727 84498 60708 
Fy | 47372 29107 | 53423 09162 00 | 15591 78369 5977 
Fro 42908 68512 52153 03957 14 | 14144 76142 4211 
Fas 35360 20791 39030 15936 57 11446 39937 5871 
Fig 33188 43762 38890 55208 25 | 10768 96044 823 
Fis 29027 93573 31665 07574 2 9297 94352 69 
Fig 27728 41064 31863 56442 9 | 8906 58380 52 
Fy 24960 99503 27019 92334 4 7934 42883 2 

Fie 24097 37986 27344 56719 7 7683 17106 

Fg 22071 73743 23760 70362 4 6974 5399 

Foy | 0.0 65291 41215 0.0 83770 66068 2 0. 20600 48381 0094 
eae 44352 11708 50958 56790 0 13511 05496 6456 
Fy 36976 00200 42643 21047 8 11228 22913 555 
Fig 30883 86056 34311 09988 6 9262 06211 96 
Frog 27266 75576 30356 32316 3 8139 68701 50 
For, 24089 74568 26269 61439 2 7137 76970 0 
yee 21889 31508 23909 43368 7 | 6464 35674 

Tie 19888 28666 21426 54391 1 5842 5640 

Fix | 0.0 74546 52912 0.0 91635 27324 9 0. 22411 98260 570 
Fy 53060 17075 60560 82885 1 15640 83450 02 
TES 43444 84144 48903 00992 9 12679 86033 20 
Ti 36572 58458 40271 94375 3 10587 41463 9 
Fig, 31902 54122 34844 53199 7 9189 28942 

lige 28234 29907 30490 87297 5 8092 7849 

Fy | 0.0 71026 59138 0.0 80180 45104 5 0. 20403 20662 6 
fag 49483 35392 54000 40399 4 14054 4647 

— 


ie ta. = 
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Table 9. Natural logarithm 


n log ¢72 
2 0.69314 71805 59945 30941 72321 21458 17657 
3 1.09861 22886 68109 69139 52452 36922 52570 
~ 1.38629 43611 19890 61883 44642 42916 35314 
) | 1.60943 79124 34100 37460 07593 33226 18764 
6 1.79175 94692 28055 00081 24773. 58380 70227 
7 1.94591 01490 55313 30510 53527 43443 17973 
8 2.07944 15416 79835 9282 16963 64374 52370 
9 2.19722 45773 36219 38279 04904 73845 05141 
10 | 2.30258 50929 94045 68401 79914 54684 36421 
11 2.39789 52727 98370 54406 19435 77965 12930 
12 2.48490 66497 88000 31022 97094 79838 87884 
13 2.56494 93574 61536 73605 34874 41565 31860 
14 2.63905 73296 15258 61452 25848 64901 35630 
15 | 2.70805 02011 02210 06599 60045 70148 71334 
16 | 2.77258 87222 39781 23766 89284 85832 70627 
17 2.83321 33440 56216 08024 95346 17873 12654 
18 | 2.89037 17578 96164 69220 77225 95303 22798 
19 2.94443 89791 66440 46000 90274 31887 85353 
20 | 2.99573 22735 53990 99343 52235 76142 54078 
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Molecular Structure and Absorption Spectra of Carotenoids* 
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An assemblage of z-electrons in the chain of carotenoid molecules is discussed, according to 
Tomonaga's method, on the basis of an assumption that the electrons are kept in a pipe whose length 
is equal to the chain length of conjugated double bonds. The spin degrees of freedom of electrons 
are taken into account though Tomonaga disregarded them. The one-dimensional potential of two- 
electron forces is assumed to be given by an average of the Coulomb repulsive potential over a section 
of the pipe. The calculated values of absorption maxima are in good agreement with experiment for 
carotenoids. The adequacy of the method is discussed. 


Introduction 


The relation between absorption spectra and molecular structures of a certain kind of 
organic dyes have long been known.”” Kuhn”” first tried to account for the relation 
in terms of quantum mechanics by assuming a model in which 7z-electrons are kept in 
a one-dimensional domain restricted by high potential barriers at both ends. His idea 
provided us with an interesting way for theory on the absorption spectra, but unfortunately 
his theoretical result was not in good agreement with experiment for carotenoids. He 
neglected interactions between electrons. This point was a defect of his theory because 
the interaction energy is expected to be more important compared with the kinetic energy 
in case of long molecules. 

Carotenoid molecules have long chains of conjugated double bonds. When we plot 
observed wave lengths of their absorption maxima as a function of the number of the 
conjugated double bonds we obtain a monotone increasing and downwards concave cutve. 
If we assume the z-electrons to be free we can not account for the concavity but we have 
a straight line. The reason for the concavity may be attributed to two causes: The 
effect of the periodic field due to the molecular core; and the interaction between 7- 
electrons. The first was considered by Kuhn to a certain extent. In the present paper 


the second effect will be fully discussed, according to Tomonaga’s method, on the basis of 


an assumption that an assemblage of a-electrons in the chain of carotenoid molecules can 


be considered as being kept in a pipe whose length is equal to the chain length of 


conjugated double bonds. 


The theoretical values of absorption maxima will be found to be in good agreement 
with experiment for carotenoids as will be shown in Table 1 and Fig 2. We shall further 


BoA preliminary account of the present paper was given in J. Chem. Phys. 20 (1952) 1661. 
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find that the energy due to the Coulomb repulsion between z-electrons is vety aac in 
accordance with our first expectation. The agreement of the present theory with expen 
does not mean that the concavity of the above mentioned curve for absorption maxima is 
solely due to the Coulomb interaction. If the other effect has the similar tendency the 


present result effectively involves it because the value of a parameter is adjusted to fit 


theory and experiment. 


§1. Eigenvalue Problem of One-dimensional N-electron System 


We shall consider a one-dimentional longitudinal motion of electrons enclosed in a 
pipe according to Tomonaga’s method. We shall discuss the eigenvalue problem of energy 
of the system taking into account the spin of the electron whereas Tomonaga disregarded 
it. The one-electron wave function has therefore two components in the present theory. 
This is an only point which discriminates the present theory from Tomonaga’s. The 
whole reasoning is thus quite similar to the latter. The same reasoning will not be 
repeated here in detail but merely a short account of different points will be given intro- 
ducing new operators which are more familiar in the quantization in field theory. 

If we neglect the interaction between electrons the eigenvalues of one-electron energy 


are given by 
e(n=(F) ; NAD Sol pest Ayres (1-1) 


and the corresponding one-electron eigenfunctions are 


oF exp( 2 ns) | | (1-2) 


where 72 is the electron mass, and Z is the length of the pipe. The ground state of 
the total system is such that in which one-electron levels are compactly occupied by electrons 
in energy order from the lowest according to the Pauli principle. We assume that all 
levels up to €(7,)) are just completely occupied in this ground state where 7, is a positive 
integer. We shall refer to ¢(7,) (the highest occupied level) or 7, as the Fermi maximum. 

Let (7) and (7) be two components of the quantized wave function describing 


the state of the total system. These are expanded in a series of eigenfunctions given by 
(1-2) as follows : . 


as 1 tz 
b,(2)= 31 bin Fe exp Fae) (A=1, 2) (1-3) 


n=—-o 


in —L/2<¥%<L/2. The coefficient operators satisfy the Fermion anti-commutation 
relation : 


{Pan Lint } =O 357 Onne 5 
‘ e 1°4 
lib Pniagh = oho Sean 


where the asterisk indicates a Hermitian conjugate and the brace denotes an anti-commutator. 


Molecular Structure and Absorption Spectra of Carctenoids 641 


We introduce new operators by 


9 


1 SI 
OV er * x 
¥ ay ES PF n—v/2 uN n+v/2 9 


n>0 t=1 
(1-5) 


2 
= Ss) h* 
= SS eS Px n+y/2 Y, n—y/2 


where » is a positive integer. These correspond to Tomonaga’s density operators except 
a factor. By virtue of the anti-commutation relation for ¢,, they satisfy the Boson 
commutation relation (the bracket denotes a commutator) : 


Pa, as =o. laa, pata = 0 (1-6) 
under the following restriction : | 


In the region |7| < 37,/4, there is no hole ; | 


(1-7) 


In the region || > 57,/4, there is no electron ; 
|p] < 2/2. 


Thus we can replace a Fermion system, described by ¢,,, by a Boson system described by 


ay. 


From (1-1) and (1-5) we have the relation da,/dt=— (i/h) (h/L)?(1,/m) |vlay 
under the above mentioned restriction. By virtue of da,/dt=(¢/h)[a,| and the com- 
mutation relation for a, this means that, when the interaction between electrons is neglected, 


the energy of the total system is given by 
=>) 11a a4t+D (1-8) 
where , denotes a term independent of a,, and 7, is defined by 
r,=(4) 2 (1-9) 
IBA? 
Since a*a, represents the number of Bosons, §, stands for the energy of the ground 
state in which all of the one-electron levels up to the Fermi maximum are completely 


occupied. 
The interaction energy due to two-electron forces is represented in terms of a density 


operator, (7), and one-dimensional potential, /(~—1’), of the two-electron force as follows : 


Hou=*\\ pa )pa J (a2! )deds'— Af o(esoydr. 10) 


The density operator is represented in terms of ae! 
p(x) =>) $k (2) da(2) 


253" Wl, xpi ve) at ex (ve) be ee 
= fa, exp( : vr )+ay exp( e a) + 7 (1-11) 
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where JV is the total number of electrons in the system. It follows from these two 


equations that 
Leino aes 
Him=S) \»| J (2a%a,+ afat +aya-,t1) + Bia e: 5 NJ (0) (1-12) 
ye) 
where /, is the Fourier coefficient of the potential function /(*) 
il +1/2 
/yv=/ = ae Joel ‘ude. (1-13) 


Adding § and Hin, we have the total Hamiltonian of the system as follows : 


HaS(1,4U, aka, + (1/2) Mata $+ aya +1) + W (1-14) 
where 


Wie 3, BS 


(1-15) 
W=(N2/2)fy—(N/2)/(0) + &o- 


We see that this total Hamiltonian has the same form as Tomonaga’s result. Only a 
difference is the factor 2 in the definition of U,. In Tomonaga’s result this factor was 
lacking. The reason for its appearing is that we are assuming two degrees for the spin 
freedom. The diagonalization of /7 can immediately be carried out by an unitary trans- 


formation as follows : 


where 


= 2 ae fue, (1-17) 
h Ny 
The transformed form of the Hamiltonian is 
A=), O* 6, T,V1+0,+84, (1-18) 
where 
ee UES hy a: 
Peo ass 14+d0,—-1)+W. (1-19) 


The operator b* 6, represents the number of Bosons whose energy is equal to (EG eset ies 


and its eigenvalues are given by V,=0, 1, 2, 3,..... The energy eigenvalue of the total 
system is therefore equal to 


Ha SEN ol ex Pee (1-20) 


oS ete 
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§2. Fourier Coefficient of Interaction Potential and Applicability Condition 


As is well known, the Coulomb repulsive potential is expanded in the Fourier series ; 


in a parallelepiped with the edge length Z,, Z, and Z, as follows : 


e 47" : 1 
fiers tes EES ics | 
al Lo Lisl x oe K-30 kK? aU x) 2 1) 


where 7=|x| and the approximate value of k® is given by 
ky=(20/L;)n;, (~=1, 2,35 2j=0, +1, +2,...; k*s0). (2-2) 


We assume that /(7) in the preceding section is given by an average of the Coulomb 
potential of two-electron forces over the transverse section of the pipe in which electrons 
are enclosed. If the section is rectangular and its area is A we have 1,l,=A and 1,=L. 
The Fourier coefficient of /(7) is then given by 


eae ok 
tA vw 


Jy 


W415 2,22.) (2-3) 


and substituting this for /, in (1-17) we have 


8 
v* 
where a is the Bohr radius (aw=4°/(me")). 

Now we shall derive a necessary condition which must be satisfied under the restriction 
given by the first two of (1-7). As was discussed by Tomonaga, this can be expressed 
in the form that the expectation value of —{, should be less than the possible maximum _ 
kinetic excitation energy for the state in question. The former is obtained from (1-8) 
and (1-16). as follows : 

(6-6) =(4) 22 {33 wl +2)M4+ Dy 441 (2:5) 
v j= 


2m 


(AY aitncts) oe 


IE 4m 
where | 
oy S140, cli ue ——2 . (2-7) 
V1+0, 
The necessary condition is then 
ee Sees iinl (Cho) IG + ba ey} <b. (2-8) 
Ny( My +4) ¥ v1 


From (2-7) we have d= (4c,4+e7) (14+24,), therefore (02/4) >, and consequently 


© EAs SRO eo 
Seven SE a ee z . (2-9) 


y=1 y=1 4 
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The value of S}»~* is 1.2020*. Therefore the necessary condition is satisfied when 
iced , (2-10) 
where 


yee OE aly (cpt) Ve 0 20051045 (2-11) 
Ny(M+4) v 


Fig. 1 Chemical Structure of Carotenoids I. 


(1) Dibenzyl-butadiene || 
\ 


| : H and C are not written. CC and CO 
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§ 3. Absorption Spectra of Carotenoids 


We shall apply the result of the preceding sections to the absorption spectra of 
carotenoids. Carotenoid molecules consist of a long chain of carbon atoms, methyl branches, 
and ring or non-ring shaped ends, as is shown in Fig. 1. The chain of carbon atoms is 
connected by a series of conjugated double bonds. The single bond and one of the double 
bonds in the chain are linked by so-called o-electrons in the sp” states. The remainder of 
the double bonds is linked by z-electrons. We assume that the assemblage of 7-electrons 
in the chain of conjugated double bonds of a carotenoid molecule forms the system of 
electrons discussed in the preceding sections and the remainder of the molecule plays a 
role of the pipe. If we put VV,=1 and V,=0 for vAx1 in (1-20) we have the first 
excitation energy of the molecule. Since we have assumed that one-electron levels up to 
the Fermi maximum, 7, can be just completely occupied by /V electrons without interactions 
we have V=2(27,+1). Double bonds contain two 7-electrons. Therefore V is equal 
to 27 if / is the number of conjugated double bonds. The first excitation energy is then 
given by ; 

diz =) GH1y vrs, 


(3-1) 


where all quantities are measured in atomic units. 
We assume that the effective length of the chain of the carotenoid corresponding to 
the pipe is simply given by 
L=j(ht+h)=(W/2) +e) (3-2) 


where /, and /, are the lengths of the single and double bonds respectively. These lengths 
have not yet measured for carotenoids. Therefore we assume a fixed value, /,+/,=2.8A 
=5.2915 atomic units, whichis adopted from experimental values for smaller molecules.” 
Then we have only a value of 1, the sectional area of the pipe, as a parameter which 
can adjust in order that Eq. (3-1) agrees with experiment. We fix the value of A by 
comparing (3-1) with the observed value of absorption maximum of decapreno-/-carotene, 
and we obtain A=724.288 atomic units (4'”= 26.9126 atomic units). The wave length 
at the maxima of absorption spectra of carotenoids is assumed to be given by A=/c/(44). 


Then we have the following equation for the wave length of absorption maxima : 


ys ROR ae es PE 
0.0131957- E 
0.015472(1— 1 )y/1 marae : (3-3) 
i 1 


A= 


ai 
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where 2 is measured in m/t. 

The calculated values are compared with experiment?” *” in Table 1 and Fig. 2 
where two dibenzylpolyenes are included for the sake of comparison convenience. The 
absorption spectra of carotenoids have usually three maxima of which the central ones are 
‘strongest. In the fourth column of Table 1 the observed wave lengths of the strongest 
maxima are shown. The fluctuation of observed wave lengths of absorption maxima for 
the definite number of conjugated double bonds may be due to end structures of molecules 
or partial admixtures of cis-structures. The positions of absorption maxima depend on 
solvent too. The influence of solvents is known from the observations in which the same 
carotenoid is dissolved in various solvents. The experimental data in Table 1 are so chosen 
that the influence of solvents are as similar as possible. The influence may be corrected 
to a standard solvent, but we give here only original data without the correction because 
we can not discuss the minute fluctuation in the present theory. We see that the 


theoretical values are in good agreement with experiment. 


500 


400 


—> wave length in my 


Ww 
io) 
lo) 


200 


5 10 15 20 
-—» number of conjugated double bonds 


Fig. 2. Relation between Absorption Maxima and Numiber of Conjugated Double Bonds of Carotenoids. 
Full curve: theoretical relation : 
Circles : observed wave lengths of absorption maxima 


As is seen from Eq. (1:17), Eq. (1-20) and Eq. (2:4), 0 is an indicator of the 
strength of interaction between electrons. When there is no interaction 0 vanishes. It 
was pointed out by Tomonaga that if we expand the right-hand side of Eq. (1-20) in 
power series in 0, the terms up to quadratic in 0 are the same as the usual Thomas-Fermi 
approximation including the exchange effect plus the second order perturbation term of 
Euler when the spin is neglected. In short 0 is a ratio of. the Coulomb interaction 


ub abe 3 


Table 1. 
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Absorption Maxima of Carotenoids I 


J: 


number of conjugated double bonds 
4V: number of z-electrons 


Acalc.» Aovs.: wave lengths of calculated and observed absorption maxima measured in mp 
solv: solvent; H: hexane; A: ethylalcohol; B: Benzin; P: petroleum ether; C: cyclohexane 
a 


J NV Reale. Aovs. solv. str. carotenoids 
2 4 246 235 pee ee! =CL.) Dibenzyl-butadiene 
3 6 268 275 fauees (2) Hepaxanthin(*) (#1) 
270 teal gat (3b) Dibenzyl-hexatriene(!) 
4 | 8 305 306 A (4) Iso-desmethyl-axerophtene(” 
308 A (5) Iso.axerophtene(®) 
5 10 340 346 A (6) Axerophtene'®5) (38) 
346 A (7) Desmethyl-axerophtene®® 
| 347 A (8) Iso-anhydro-vitamine A 3) (5°) 
348 A (9) 15 Ethyl-axerophtene) 
6 12 371 365 H (10) Dihydro-crocetin) 8) (15) 
370 coma (11) Anhydro-vitamin A) ©) 
TS Als ea 399 403 Tee (12) Auroxanthin@) 
8 16 422 421 H (13) Dihydro-f-carotene”) 
422 H (14) Chrysanthemaxanthin“") (2) 
(Flavoxanthin“?) 9% (21)) 
422 P (15) Flavochrom 2") 
9 18 441 438 H (16) 5, 6-Dihydro-g-carotene!) (5) 
439 ee (17) €)-carotene 4?) (43) Ba 
442 | A: (18) Cryptoxanthin-di-epoxyde'??) 2) 
| 442 ince (19) Iso-antheraxanthin (2) (26) (#4) 
442 A (20) Violaxanthin() 0) 21) 
443 | P. (21) B-carotene-di-epoxyde 2”) 
447 P (22) Rubichrom) 
57 450 A (23) Antheraxanthin @) (7) ts 
* i ; 461 Pp (24) Rubixanthin-mono-epoxyde”) 
ne eae panei 
71 466 H (25) Astaxanthin 
11 22 4 ste A (2) Rhodopin 8) 2 
472 B (26) Lycoxanthin ®”) 
473 B (27) Lycophyll?) 
473 H (28) Lycopene!) (17) (47) (64) 
J , 478 Cc (29) Eschscholtzxanthin®) 
a 2 ari 482 H (30) Rhodoxanthin “ 48) 
| = Sa 
; lash ; 5 (18) 
; 93 H (31) Rhodoviolascin‘ 
3 26 ai a 5 Pp (32) Decapreno-e-carotene®) 
14 28 501 500 : Pp (33) Anhydro-eschscholtzxanthin 4°? 
iF (25) (47) 
4 H (34) Dehydro-lycopene 
eee ee ee. ce G (35) Decapreno--carotene) 
19 38 528 537 ; G (36) Dodecapreno-f-carotene (47) 
ESI) LAD Te ee 
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energy to the kinetic energy. The numerical values of 3 are shown in Table 2. We 
see that 0 is large for long molecules, that is, the case of long molecules is of so-called 
strong coupling. To the cases of these long molecules the perturbation theory can not be 
applied. In this respect these cases of strong coupling are especially interesting from the 


theoretical point of view. 


§ 4 Discussion on Various Approximations 


The present scheme for electronic levels of carotenoid molecules has been derived 
assuming a quite simplified model. Therefore the present theory contains various assump 
tions. The adequacy of these will be examined in what follows. 

The theoretical absorption maxima shown in Table 1 are calculated by Eq. (3-1) 
or (3-3). Strictly speaking, Eq. (3-1) can not be applied to the case of even 7 because 
the number, 7, of conjugated double bonds should satisfy an equation 7=2”,+1 for 
Rp =O 0M) 25 O22 (the Fermi maxima). Nevertheless we have assumed the equation to hold 
for even 7 too. This may be justified if the same law holds for-even 7 as well as odd. 
An adequacy of the last assumption is quite possible when the equation is derived in 
an exact way. 

We have assumed that Z-electrons are enclosed in a Table 2. Strength of Couplings 
straight pipe whereas carotenoid molecules are of zigzag shape. dat (App ent yet 


6<<1: weak coupling 


The shape may shorten the effective length of the pipe, as a>1 


: strong coupling 
is seen from the observed shift of absorption maxima due to 4< 1: applicable case 


“8 The length adopted for /,;+/, 


the cis-trans isomerism. 


in the preceding section is in fact the shortest of observed — : : 
values. The shape influence may be included in the effective raghet bree te S8 pe: 
sectional area, A, of the pipe to a certain extent. Apna tee 
The square root of 4 means an effective lateral extension ‘ | a, ee: 
of the pipe. It amounts to about five times the value of 6 ee | an 
Z,+l,. This can be considered as being reasonable because 7 0.7543 0.214 
it indicates a long range property of the Coulomb interaction. 8 0.9651 0.183 
As has been mentioned in (1-7), our final equation Dah 2024 0-162 
(1:20) can be applied to the case in which /V, do not » Rees eis 
vanish only for |»| < 77,/2. In the present case of carotenoids < site ete 
this is equivalent to the condition that 7 is larger than 5. e oe Scr 
We see from Table 1 that our theoretical values are in sae ae 
agreement with experiment even for 7 <5. The values of e ee cas 
4 defined by (2-11) are shown in Table 2. We find that 16 Pe oan 
the applicability condition, (2-10), is satisfied for all cases 17 4.0517 ais 
except for 7=2. 18 4.5268 0.168 
In Table 1 we have shown observed absorption maxima ay 5.0280 0.179 
which nearly agree with theoretical values. There are many oe pees 0.191 
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carotenoids whose absorption maxima do not agree with theory. They are shown in Table 3. 
The disagreement may be partly due to end structures of their molecules or their cis-ad- 
mixture, but not wholly. The teal reason may only be disclosed by an exact theory in 
an orthodox way. We may obtain a better agreement of theory with experiment by intro: 
ducing a certain modification according to circumstances. For example, we may adopt 
different values of Z corresponding to different kinds of end structures. However, this is 
meaningless because the present theory does not contain such a complex nature. Its dis 
tinction is in its simplicity. 

There is another case in which the chain of conjugated double bonds had an end or 
both of CO double bonds. The examples are azafrin, crocetin, bixin, fucoxanthin, capsorubin, 
citraurin, capsanthin, myxoxanthin, torularhodin, their derivatives and derivatives of other 
carotenoids in allied structures. If we replace the CO double bonds by an effective CC 
bond we can account for their absorption maxima as has generally been well known. 


However the correction is without a scope of the present theory as is discussed above. 


Table 3. Absorption Maxima o! Carotenoids II 


y ay Acale Aops | solv. | str. Carotenoids 
ee E ——F Ss ——— a Ss 2 ! =~ —* = Ze — aw — eee = oc ——ee ——— —— 
Aree | 8 305 295 a (37) 1,8-Dimethyl-octatetraene 
8 16 422 400 A (38) Dihydro-bixin 
402 H (39) Dihydro-methyl-bixin‘)) |) 
nay AS 441 427 A (40) Mutatoxanthin (2!) 
423 Peay an (41) Citroxanthin 2° (22) (2%) 
430 A (42) Cryptoflavin 2?) (82) 
10 20 457 446 H (43) a-Carotene ) (17) (51) (55) 
445 H (44) 5, 6-Dihydro-B-carotene' #7) (51) (52) 
446 H (45) Lutein (Xanthophyll) () 18) (65) 
447 eels (46) B-Carotene-mono-2poxyde*) _ 
449 A (47) Cryptoxanthin-mono-epoxyde'??) (62) 
= 3 Z eae EZ oat 
22 471 449 H (48) Dihydro-rhodoxanthin 
3 451 H (49) Cryptoxanthin)) 8) (29) 
452 ete (50) B-Carotene?) (49) (61) (55) 
454 A (5a) . Zeaxanthin (|) (14) (28) 
460 H (52) Gazaniaxanthin ‘?) 
462 H (53) 7-Carotene (47) (54) (56) 
462 H (54) Rubixanthin“) 04) 
, 2 ; 24 = 483 473 seal (55) Dehydro-f-carotene()®) (17) (47) 
508 471 C (56) 1,18-Diphenyl-3, 7, 12, 16- 
= 6 tetramethyl octadeca-nonaene\*®) 


(38) 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 


(47) 
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Fig. 3. Chemical Structures of. Carotenoids II 
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Here we study the temporal evolution of boson assemblies. The equations of the density matrix 
and of the phase space distribution function are given in the scheme of second quantization. We 
introduce the velocity operator whose algebraic properties are examined and we intend to reformulate the 
conventional quantum mechanics in terms of the amplitude operator A(x) and the velocity operator 
v(x). The hamiltonian of the system is expressed in terms of these two operators aside from surface 
effects. 


Introduction 


To describe assemblies of many equivalent particles, fermions or bosons, as a whole, 
especially to take the dynamical correlation among particles satisfactorily into consideration 
and to examine non-equilibrium properties of the system, some reformulations of the 
conventional interpretation of quantum mechanics have been hoped and proposed by some 
authors from several points of view. Bloch” proposed an idea to describe excited states of 
many electron atoms by sound wave fields. Tomonaga,” applying this theory to many 
fermion problems, obtained a most complete solution of one dimensional eigenvalue problem, 
to result in Thomas-Fermi energy as the first term of the power series expansion of the 
eigenvalue with respect to the coupling constant, the correlation energy appearing as higher 
order terms. This result has been compared with the higher order perturbation calculus 
taking many excited fermions and many holes at the neighbourhood of the Fermi surface 
into consideration. Recently Bohm and Pines” have proposed a method of collective 
description of many fermions as a whole to obtain the theory of plasma oscillations which 
was also independently found by Kronig.” On the other hand, the theory of the density 
matrix of Husimi» was developed by Born and Green” and more recently by Irving and 
Zwanzig” to non-equilibrium states introducing the phase space distribution function which 
was studied by Moyal*’ independently. Our present objective is the non-equilibrium theory 
of the quantized density matrix for boson assemblies to compute the transformation in 
terms of quantized operators and to treat the collective behaviour of the assembly as a 
whole applying the velocity operator. From our point of view, the method of the second 
quantization has the advantage of the theory of the configuration space in two respects ; 
one is the simplification and the unification of methods used in the conventional theory 
and the other consists in that the quantized operators appear as field variables. 

First we introduce the quantized density matrix of boson assemblies and derive from 
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it further quantized quantities, such as the phase space distribution function /( 7, 9), hs 
density operator (4), the current operator J(«) and so on. Commutation seh 
among these quantities show that the density and the current are the fundamental quantities 
in the sense that the commutators among them do not give rise to any new quantities, 
while the commutators of the energy density A(+) with the current and the energy density 
itself produce new ones such as the stress tensor T(x) and the energy flow 4(x) (§ 1). 
The equation of the quantized density matrix obtained from a prescribed hamiltonian solely 
determines the temporal evolution of the system in question. We find the transformation 
function, the so-called S-matrix, as its solution to provide us a complete knowledge of 
changes with time of the system, and the equation of the phase space distribution function 
is obtained by a fourier transformation of the density matrix. The solutions of these 
equations are illustrated by an example of forced harmonic oscillators (§ 2). 

Next we introduce the velocity operator and study its algebraic properties. Further 
consider a function P(x), the velocity ‘potential multiplied by the particle mass 72, cor- 
responding to the phase parameter of the configuration wave function. This function 
(x) is almost canonically conjugate to the density. The adverb “almost” is used here 
because this function is not definable unless a projection operator involved in the commutator 
is set to be zero and the canonical variable does not exist in the strict sense of words 
(§ 3). 

The hamiltonian is now expressed in terms of the velocity and the square root density 
operator which is introduced quite formally. Such a reformulation involving the velocity 
operator leads us to easy study of both the classical limit theory and the theory of sound 
waves given in the next paper. 


§ 1. Quantized density matrices 


As our object is the boson assembly the quantized density matrix is given by the 


quantized wave functions subjected to the well-known commutation relations : 


[e). e (#) J=8(x—2'), [p@), P@)DI=[e*@), oF @)]=0, (1-1) 
and the quantized dénsity matrix is 
ple, x)=" (x) 9(2). (1-2) 
The “ mean value” of a one-particle quantity 4 (1, +’), which is really a quantized operator, 


is given by 


| (Ay={4 (a, 2/\ oe 2 dy de (1-3) 


If A(x, x’) is obtained by a unitary transformation from a c-number quantity u(a, 7) ; 
thus, 


PEA ots sie) =||expi[or+ tQ\u(o, t)dodr, (1-4) 


P= ‘ 2. Neal), Oem ety, oe (1-5) 
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then the “‘ mean value” is expressed by quantities a(/, g) and f(p, @) defined by 
a(p, 2) =|lexpilap+ zglato, t)dodz , (1-6) 
ey . 
SQ, = (—) NV) M(x, x')o(a', x)exp[ —iap—icg]dx dx! do dz 
eon NG See 
= (—) \ m(o, t)exp[—zap —itg|do dz 


=(-1)er(o— % )expi—iople(o+ ™ Jae, (1-7) 


“20 * 


where 
M,,(4, x’) =expilaP+ -Q|=exp| ! “P| exp [icQlexp| $0 P| 5 he Le) 
m(a, T) =| (2-2 exp [era] o(r4+ Jaw / (1-9) 
We have 
(Ay=[ (ale a grapdy. (1-10) 


This is the familiar mean value expression of the classical statistical mechanics regarding 
a(p, 7) as a dynamical quantity and /(, 7) plays the role of the phase space distribution 
function. To get the explicit forms of A, we assume a(f, 7) as follows: 


ay(p, 9) =9(*—4@), density (1-11) 
ay(P, 9g) = 2-6(«—9), current (1-12) 
m 


2 af , / y / ¥, 
ax( ps 9) =f 31-9) Ei + |e. 7) {e(q') -8(g—7')} 8(4—g) ag’, energy. 


(1-13) 
Then the “‘ mean values” of these operators are expressed by 
(Ap) =p(x)=9" (4)¢(4) > (1-14) : 
h Bot tia 
(Aya sa) = 2 {or (2) 22) — 28) gal , (1-15) 
; 2m Ox Ox 


_ Ee 
(Ay) =E(4) = 


872 


42 [Ee x0 @) (0) -0@—#/)ide', (1-16) 


ag* (x) . ay(r) AR OAR) 20 eae 
Drei se teen ne BE Git (Gy) doe ee ee Hw 
Ox Ox oo) 0x Ox? e@) 


where p(1) is the density operator and / (1) is the current operator and E(x) is the 


energy density operator. The commutation relations between them are given by 


[e(z), e(4) J=0, (1-17) 
(ele), Je) = 2 ne) 2, aw!—2), (1-18) 
mM OX | 
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Lie) Aka = ie) 8a #) #4@) 2 -dens)}, G19) 
ak ene: 
(E(x), pe) =I) - 3 (x—x') , (1-20) 
z bs 


[E@).J@ y= 2 T(x) ee O(4—2') + {2Hi(x)0(x—2") 


— p(x) 4d(a—x')| <p") ae a(x'—x) | G(x, 2") {p a") 
x 


4m 


8 (x= 2") fax" — (2) \ G(x, 2!)p Coes -8(2'—x")de" |, (1-21) 
iB 


[A,(x), By(2)}= WO) - i(x—2') +22 {Masa 


° 


bene (2) 402-2") aAaey \7(2) 2 a(2-2')}, (1-22) 
4m 4m Ox 
Hen 
f(a) = {2 2) PE) _ gx (x) dp (x) — de (2) 9), 
8m Ox Ox 
and the kinetic stress tensor is 
rer w# [ o¢* day ay* oy \°_ a°g* x oy | 
LT £2) =— | ~ — + ( —"— = — : Lg (1223 
#) 4m OTe ( OX OX oxox OxOX \ ) 


Pot) 7 (a). ete. 


and the kinetic energy flow is 


3 * «OY 
he | 2 O98, MOTEeP eZ 0 ee ) 1age sapes 
8770°t Ox Oke eke Ono tar Ox Ox 
* * 
4 28" 494.428" g—g*d ag | : (1-24) 
Ox Ox sea ae 


These commutators are available to find the equations of motion. (see note added in proof). 


§ 2. Equations of motion 


The temporal development of any quantities A(1) is expressed by 


OA(x) shal 
Of h 


fter(2'), AtGldas (2-1) 


where /7(x) is the hamiltonian density of the form 


A Quantum Theory of Boson Assemblies, T 659 


Peay Meee 
2m O# = OX 


1 = 
+2 (G(x, 20) (oe) -8@—#) Jae’ (2-2) 


and Ge, a’) is the interaction energy. //(x) is different from the energy density Z (1) 
by a divergence term and the hamiltonian is 


H=\ H(2)de=| Ex) de. | tT (28) 


The equations of motion as well as the conservation law of density, the conservation 
law of momentum and the conservation law of energy are given in our foregoing paper” 
for fermion assemblies and the corresponding equations for the present case are quite 
identical with them so that we need not repeat them here. In this section we ask for 
the equation of the quantized density matrix, and the equation of the phase space distribu- 
tion function. After some elementary manipulations one gets the equation of the density 
matrix in the form 

ap (X, AUR a ° 

ae gee 


—6(x+ 2-2 \ho(x4 te, 2"; X-% 2'"\ae", (24) 


where 
(peat 
2 


WX r)=e8(x— 2 )o(x4 2), pleats 2h 2 =e 9"(e 92 9@), 
| 2-6) 


ie a (2-5) 


and : 
MX, n= 2X7) (2-7) 
mi or 
is the generalized current operator which is not diagonal with respect to the coordinates. 


The equation for the phase space distribution function of Wigner is obtained by the fourier 
transformation of (2-4) to the effect: 


BOP ry ey aly (uOMe el ey aang ep aede 
FY (22) Ze eats ato 
= {lista ale €), f(m €) bande , (2:8) 
and 
\A, B}=AB+BA, (2-9) 


Sp 9% ja + |(lae+ ea 


In the Fock representations in subspaces ‘of 0, 1, 2,:----: particles the equations (2-4) and. 
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(2-8) are identical with the simultaneous equations of Born-Green and Green. To cut 
off this infinite chain of the equations one must find the solution of the reduced density 
matrix with two explicit coordinates with sufficient accuracy. After the reduction the 
equations become those of one body problem, and this fact will give promise of another 
approach to the many body problem, other than conventional methods. — 

For the problem of stationary states we have to find the approximate solution of p(x), 


for, from (2-4) the right side of (2-4) becomes 


Sloe eo flere gp) 0 


2h 
“Ha nae )a(e"—a+ 2) 
=i [olx— 5 -¥)-o+ 52") io) 09) 
wi foler gx 2 nae Sarg Yas 


(2-11) 
If G is a function of distance |7| only, the last bracket vanishes, hence the equation is 
similar to the one subject to an external potential ; 


\G CX, x!) p(x") dex". (2-12) 


Aside from the fact that p(+/’) and p(X, 7) are not commutative with each other, if 
p() is a known parameter, this potential is fixed. 
Another equation is derived by the further fourier transformation of equation (2-8) 


with respect to the center of gravity g. It reads 


wp =( 1) | ia dese] — 4 p'e |r. (2-13) 


Or(p, fp’) , . i : * 
ae + (opyacp + (E@{o(—n), [r+ 2 at2') 


which will be available to the theory in the momentum space. To get greater familiarity 
with these equations we consider an example of harmonic oscillators subject to the external 
potential +/’(Z). 
Example: Forced oscillators. 

Let the external force be /*(¢). Then the equation of the density matrix for the 


one dimensional forced oscillator with frequency 2 becomes 


Op (4%, 1) Divot meen ys iss» 
Ot a m1 Ox or pn) hme are, r) + F Oro, 7) ==0; 


Applying the transformation 
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f= 2=71-X(), (D+ BxXO+£O <0, 
a Wl 


pa, rexp| = -mX(t) |e r), 


the equation for p’(7’, 7) takes the form 
Op’ (4, r) h eee: 
at! mi ox’ or 


This is the well-known equation of the harmonic oscillator. Since we have interest in the 
transformation function, we assume its form as 


U's, ) = Ee 
27 


po (44, 7). +- _ mP?x!ro! (x', r)=0. 


exp : La(t) a'r +d(t)a'+c()r+d(d]. 
Then one finds the simultaneous Ro 


ali) pastes ea 
ba) + Agee c(t) oe a(2)c(Z) =0, 
Wt Wt 


dye 22 
Zz WH. 


a b(¢)c(t) =0, 


whose solutions become 


a(t) =m2 cot 24, 
hie 


al! 7 
ea ool age O(¢ Dg e ores ; 


a(t) = —— “log sin Q¢+ m2x"r" cot Qt 


where 2’ and 7’” are integration constants. Hence the transformation function of the 


density matrix (/(x, 7; +’, r’’) becomes 


lar; r= sas exp — ml ar cot Q¢= > TFT 5 
27h sin 2+ h 


+ a+" cot Qt+ pACe r|. 


The transformation function of the phase space distribution function is obtained by the 
fourier transformation of U with respect to 7 and r'’ as follows : 


Rkepics 80 1a) = {lac Dy hea Male le p' —1p| ar dr’ 


=3(f4 Lame sin Q/— x — X(V) cos 1) 


m2 


| x O(p’ es mX (t) cos i= m2 x«— X(t) sin 24) 


* The author is indebted much to Professor Husimi for showing him the manuscript before the publication, 
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which satisfies the equation of the phase space distribution function. 


VOPR AIR PS n8 see Reese One a eis ors 
+ a Ip, 4) - mse a ry Ti pee) (7) ap Sp, #) 


é Bo | x—X(T)) 


Se | 
Vl 


Fig. 1. The phase point (jlmQ, x) at the initial time, =O, is shifted to the 
point (7/7/72, x7) at the final time, 7=7. The transformation is divided into 
two processes; from 4 to B the center of the wave packet moves along the 
classical path and from 4 to C the motion is subject to the transformation of 
the free harmonic oscillator with frequency 2. 


§ 3. Velocity operator 


We introduce the velocity operator of the quantized wave field by the phase functions 
defined by'” 


g* (x) =Ra)P*(), (3-1) 
g(4) =F (4) Ra), (3-2) 
g* (x)o(4) =R(t)?=p(4), R(x): real, (3-3) 


and the velocity operator is expressed by 


Oey a 


2m 


OV (x OP * (x 
{p*(2) 2) Ee ape val, (3-4) 
and the current operator takes the form 

T(x) =R(x) oa) RU). (3-5) 
Here we examine some algebraic properties of the velocity operator from the commutation 


relations 
[p(z’), * (4) J=0(a—27) F*@), (3-6) 
[e(2"), P (2) j= —O(4—2') FG). (3-7) 
One gets the commutation relation between the velocity and the density : 


[o(2’), v(2)]=—~2_{1-2(2)} 78-2), : (3-8) 


WL a 
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in which ¢e(4)=[¥ (x), ¥* (x)] is a projection operator having value unity if the eigen- 
value of o(+) is zero, and value zero if the eigenvalue of (1) is not zero. Further we 


get the commutation relation between the velocity components in the form 
h 1 foe: ; 
[2,(x), “(2\J=——*_| {roto(2) apf) x of) 4 fo) x2} |, a 
mi 2 Ox ge PZ Ox | gk 
ve A=1, 2, a. (379) 
Here we confine ourselves to a subspace corresponding to the eigenvalue e(v%)=0. Ac- 
cording to the convention, field quantities of continuous parameters running over the lattice 
points (/, #2, 2) in the coordinate space. Let the real and the imaginary parts of the 
wave function ~(7) be g(x)/¥2 and f(x) / 2. tespectively and the corresponding 


quantities of discrete parameter by g(d, 7, 7) and p(Z, m, 2) satisfying the commutation 


relations : 


[pC m,n), gl’, mm, nt) Ja 1 a Onda at G (3-10) 
Z 


[pC m, x), p(l', m', n')\=[a(% m,n), gl, m', n')|=0. (3-11) 
The particle number operator V(/, 1, 2) at (/, m, 2) is expressed by 


NE, m, 22) ee 7 m,n)? + cid, my eons ; (3-12) 
2 2 2 
We consider a subspace of the operator MV(/, ™, 7) spanned by the eigenfunctions 
Z,(4, m, 2) of. the eigenvalues u(/, 7, v) which are not smaller than J7 1. To our 
regret such a subspace is not invariant in the sense that an operator 1, a product of the 
phase function %* and ¥, may shift the eigenfunction out of such a subspace to the 
wider one. For instance, matrix elements of operators involving e(.), in the representation 


where /V(/, 7, 2) is diagonal, become 


PEC Ht, 70) Vay Onin Oyo (32435) 
[P*Z, m, ne(l, m,n) PL m, Hy. Vy P= nd Oya, 88 (3-14) 
Lee, mM, 2) PCL, ia n)e(l, m, ae Me, m,n) EC, ie, 22) \iiv 0 yw coO eae 
ios @—factors.  ; [—factors 
(3-15) 


Hence if the eigenvalues ss and » are larger than a finite value J wae ae sufficiently 
larger than u and f, that may occur, these operators involving the projection operator ¢ 
may be regarded as zero. Under such circumstances, the wave. ee y*, @ and the 
density p(+) are defined by dividing the quantities 7, g, and WV by the small volume 


element J as follows: 


e(*) =e a (o(Z, m,n) +ip(d, m,2)), (3-16) 


; if " d y siby/ 
Shife \ Se ee l, m,n —iptl, mM, n) | ’ (3 ) 
Y cx) ma /2 La ) 
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o(#) = lim — VU, Mm, 1); (3-18) 
A>0 a J . 


and 
x= (01, Om, On), 4=0°. 

Strictly speaking, one can discriminate the quantum states not by the eigenvalues of the 
density but by the eigenvalues of the limit function of the particle number at (/, m, 2) ; 
NC, m,n). The above-mentioned subspace designated by the arbitrarily chosen lower limit 
of these eigenvalues makes the basis of a classical-limit theory in the following paper. So 
long as we operate within such a space the phase functions and their derivatives become 
commutative with one another, and hence the velocity operator may be regarded as irrota- 


tional due to the commutation relation (3-9) and may be expressed in the form 
v(x) =) grad P(x). (3-19) 
m 


Further as seen from the commutation relation (3-8), the phase parameter P(1) is 
canonically conjugate to the density ”’ Cass 


[p(a’), O(a) ]=thd(a—2’). (3-20) 


§ 4. Hamiltonian in terms of the new variables 


The total energy of the system is given by the energy expression given in $1. We 
write this energy density in terms of the square root density R(+7) and the velocity v(7) 


and the projection operator e(17) as follows : 


B(xy=™_R(a)o(2yR) + a {| grad R(x) |?— R(x) 4R(x) }{ 1—e(x)} 


2 
7 


+ R(x) v(x) -grad R(x) —grad R(x)-v (4) R(a) } 


Z 


+2 p(s) [Gx 2") 821) bas" 


4 ap TED) (+) , (4 : ils 
an 
OEE oie Py O*e(4) | de(x) F h p< (de) 
Beat) = ha Re) | OE | Poe Rs RO ae oe) 
Be ete nip 
v(x) ae} RO), (4-2) 


where the derivative of the projection operator, which is a discontinuous function, is quite 


formal. The integration of /..(1) over the whole space amounts to 
Ree: i Rx) Pr. Be (hae(a) F 
Eada) daa~— |e “ alee ce { e(x 
J 4m *) ea ae 8m | Ox peng ne eee) 


The first term of the right side cancels the same term in the expression (4-1). The 


ica 
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secon i i 
d term is appreciable merely at the boundary of the zero density region, therefore it 


represents a sort of surface effects, aside from which the hamiltonian becomes 
Mm 
H=\|” R(x) v(4 YR) + ae an *) + {r (v)v(4) OR 
Ox 


_ OR(x) 
Ox 


-v(4)R(2) | | ax + a i Ga, x) e(4){ e(2’) —0(x4—2’) de de’. 
(4-4) 


In terms of the fourier coefficients of the quantities this expression turns out into 


UL 


H=ASa 3 st Noe BS aah Ps aa 
BSI ERE kW Yo) OWRD) 
h 
+2 WA) RB) o(— AWRY) 
is 
+" S#ER(L)R (eee 
FSERWR(—B 4 BEWPMA-H 
1 Py 1 
+—-G(0)p(0)'——- Gap (0), Bee 
where . 
ERS C-D= ts || 6G —2yep[-h a2) Jaded’ (4-6) 
Gy= | Cla) (aa) (4-7) 
V: volume of box 
and 


i(k) = Jp \RO r)exp[ —zkxrjd1, v(%) =| o(e)exp[—ike]ar. (4-8) 


Vv Vv 
The author would like to thank Professor Tomonaga and Professor Husimi for their 
valuable discussions. He also thanks the financial aid of the Yukawa Fund. 


Appendix I 


The transport equations are obtained by developing the equations of density matrix 
in the power series with respect to the relative coordinate 7. The zero order terms read 


0) div (2) =9 (Avie 


Ko=4t[2-n|_. (A:1-2) 


which is the equation of the density conservation law. The second terms become 


m UG D+ div T(x) + (2) grad | G(x, 2/){ a’){p(a4')—d0(~—2) fadx’=0, (A-1-3) 
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T(x) =m(- ae | eu p(X, 7) ibe , (Ante) 


mu Or or 


which represents the momentum conservation law. The third-order terms read 
aeutt) +divh(x) +/(4) = G(x, v){p(@’)—9 (4-2) dx! 
t 


BOT = CO =o, (A-1-5) 


eer 


E (= (+.)[ So oe. . (A-1-6) 


mi 


which is the transport equation of the kinetic energy density. The equation of the total 
energy density is expressed by 


DF divi) +J(@)- grad | Gas 2) p(s! + 1 divJ(2) | Gla, x) o(e de" 


+ play] GC, 2 div Ja" )ax +o + seofP2] 


ll 
o 


eae E oe) \-s 1 div /(2)G (0) =9 (A-1-8) 


These equations are identical with those ones given in Paper I and will be given in terms 


of density operators and velocity operators in the next paper. 


Appendix IL Generating function of phase space eigen-functions 


Moyal introduced the so-called phase space eigenfunction defined by 


Fauld d= sh (gate a+ ¥ie)expl—icpldr, — (A-2-1) 
where Yj(9), Yj (yg) constitute a complete-orthogonal set. We introduce the generating 
function of /;, defined by 


Gis g)=Syoln) AC) 8" fam Br)» (A-2-2) 


in which «(7), (2) are normalization factors. As an example we consider the one 
dimensional harmonic oscillator with frequency 2. Setting 


—7) ZA a!? oy, 
OG = (4 sie pat je exp| — Lees v2ugu du, (A-2-3) 


-o 


aes me F a(m) = — iy B(2) — + 


! 


the generating function takes the form 
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1 ae a — 
G,, (A, 0) = = exp| —ag*— Be —tst+vV2u (s+Ag+i/ ? G4]. 
Th h UL Sante 


uk? 
(A-2-4) 
Taking the complex conjugate and exchanging s and / one finds that this expression 
temains invariant. This fact is an evidence of the hermite character of J jx For instance, 


Ki, AP, 9) = el gti p Jeo| -a* ie. | =A 9). (A-2-5) 


Th nso “aie 
Letting 
= . [mor Z| 4 VUuX+i | 2- Ps =,! 90 x-i,f 2 yey 
AQ um a hk ; 3 ae . 
(A-2-6) 
one obtains 
1 pee. se 
Gy IX Ps eee aes | - SO x | 
2 CP, 9) a exp 49g Uf? O VaR 


= ep| —e— DNs CAB ho Cia ee (A- 2:7) 


Th uh m,n 


where ¢(7, 2, Q) is called Chalier’s polynomial. Hence the phase space eigenfunction 


Tin,n(p;, 9) is expressed by Chalier’s polynomial as follows : 
n,Q) [V2u 9 +iva/2-p/h[V2u 9-1 Va/2-p/a} 


fan ds Qh= 


Th (mi nt)” 
sexp | —di?— f|. (A-2-8) 
uh 


Note added in proof: 
(1) All the commutation relations (1.18—1.22) are readily obtained from the commutation relation between 
the two density matrices : 


ah f R ieee: ; Ne 
[o(s7), a’, 77) =o(«+ oF r) a( #2" + a )-o( k) a(s S— 1+ oo 


where R=r+?r". (see § 7 and Appendix I). 


(2) We shall study in the next paper the behavior of the individual particle embedded in the assembly. 
The interaction of the individual particle with the remainder of the assembly turns out to be that of 
the individual particle with a sound field, which gives rise to the self-energy of the individual particle 


and the Mller interaction between particles. 
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Of odd-odd nuclei, their nuclear spins and 
magnetic moments are measured only for stable nuclei, 
Li®, Be!®, N14, V5 and for long-lived beta active 
nuclei, Na?2, K4°. Their magnetic moments are well 
explained by Feenberg’s j-7 coupling model, while in 
the case of Li® the value calculated by this model shows 
deviation from the experimental value by about 257. 
To explain the deviation we have assumed tensor 
interaction between 2/ proton and 2/ neutron, which 
will result in the admixture of D-state to the S-ground 
state. This model is also introduced by Hitchcock! 
to investigate the excited levels of Li®. 

We take for the wave function ¥ the linear 
combination of 3S and *D waves: 


T= Adb,+ Bhp, A+h=1 
with 


Ga ENT 5 fas My, Wy 5 Cys 15) 


XV Ks g(r, ¥a) 0) 


and for the interaction between nucleons the potential 


V(r)=/(r) (14+ Si) 


where 7 is the relative distance of proton and neutron 
in 2/ orbit and S,. the well known tensor operator. 
The matrix elements which determine: the D-state 
probability, are obtained by performing the integra- 
tion on the angular parts of gs and ¢p, and sum- 
mation with respect to spin and isotopic spin. For 
the radial parts of wave functions and the nuclear 
potential, we have assumed the Gauss type function : 


Jr) =Joexp(—4"), 


and 


le (7, ®) |"=exp (—u0 (4R?47°) )- NV? 


with 


1 
Af ae} (M+), T=rj—T,, 


#”;, % being neutron and proton coordinates with 

respect to the centre of nucleus. /V is normalization © 
factor. _/o, a and o are determined so as to fit the 

nuclear dimensions of Li®. However, the final results 

do not depend on /9 and @ in our choice and thus, 

to obtain the amount of the D-state admixture, we 

have only to know the value of 4 and oa. The ratio 

6 of the potential strength in central and non-central © 
parts is taken from the neutron-proton forces as 0.7. 

The calculated values for D-state probability, P(D), 

and the magnetic moment as the function of o are 

given in the Table. 


Table. D-state probability and magnetic moment 


NI 


P(D)(%) 6 8 7.3 


0.7 0.6 | 05 0.4 
7.5 | 


fecal 0.830 0.818 | 0.815 | 0.819 


The above figures agree well with the experimental 
value, 0.821 and do not depend much on the varia- 
tion of o. The agreement may be attributed to the — 
simple structure of Li® and the weak coupling between 
alpha-core and 2/ nucleons. 

In the above discussion, we have employed the 
Gaussian function for both nuclear potential and the 
radial parts of wave functions, and this might not 
To check the 
validity we have estimated the order of magnitude 
of the first excited level, assuming /»=27 Mev for 
the potential strength, which is obtained from the 


give quantitatively correct values, 


deuteron binding energy. The estimated separation — 
between ground state and the first excited state is 
about 2.6 Mev for ¢=0.6. This is compatible with 
the observed excited level. 


1) A. J. M. Hitchcock, Proc. Phys. Soc. 65 (1952), 
661. 
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The Equation of Motion of a Spinning 


Particle in a Meson Field 


R. C. Majumdar and S. P. Pandya 
University of Dethi, Delhi 
and 
S. Gupta 


University of Aligarh, Aligarh 


December 7, 1952 


The divergence difficulties associated with the self- 
force in a field theory, recently led Wheeler and 
Feynman!) to revive the theory of “Action at a dis- 
tance”, previously studied by Fokker and others. By 
incorporating in it the conception of “ complete ab- 
sorption” they succeeded in obtaining the equation 
of motion of a point particle in an electromagnetic 
field, which described the reaction of the radiation 
correctly. Kanazawa?) and Havas’) have extended 
Wheeler and Feynman’s theory to derive the equation 
of motion of a nucleon having a mesic charge. We 
shall in the present note further develop the theory 
to obtain the equations of motion of a spinning 
particle, with spin moment g moving in a neutral 
meson field. 

We start with the variation principle which, for 
vector meson field, makes the action given by 


| Tadeit > Gop eee 
: Ost OZ a 


\\ Fee Se Shad: OO) 


at extremum. 

Here the metric tensor 9, is taken as goo= —9u1 
= —Go9= —933=1, and the velocity of light c=1 
T4, 2¢y, and Sz, denote respectively the proper time, 
the coordinates and spin of the particle “7” and 7; 
is the angular momentum tensor. 

G(s) is the Green’s function satisfying the equa- 
tion, 


ee ie #)G(s) 


= 470 (5)) 0(s,) 0 (59) (53) (2) 


the Editor 


where 
= (4,—2,) (a —2") 5 A= Mh, 
M=test mass of meson. (3) 
We define 
bu (2) =i [Sule (ddee A) 
and 


Gry (4) = Obiv (x) /Ox* — Ob ip (4) /OX”. 
(5) 


Now giving a small rotation 02,,, to particle 


“a” and remembering 


: 1 = S y 
tL Aare Fg oo alee 5 PVapy> 


(6) 
we obtain the equations of motion after applying the. 


condition of “ complete absorption”, and 5, ,v7¥=0, 


Bare 
Tage Lapa) 


1 [Sait (Grr 


Ie CS re eR 12 a 


Soy | Se Dae + Ja > 


Gia lat Bagh oe 


The minus sign after the square bracket denotes 
that the terms inside the bracket with yu and »y inter- 
changed are to be subtracted and the dots indicate 
differentiation with respect to the proper time. 

We have used the abbreviation 


Di = Guy — Gat 8 (8) 
The equations obeyed by the potentials and the 


field strengths are easily obtained from (2), (4) and 
(5) 36 
fe) #) fe) / 
YE i) — 4 ae 
( sant Palate ie 


Odbry (x) /dx,=0 
and (9) 


2G) 4.7845, (2) =40 Sq, (2) 


OXn 
(10) 
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where dipole density tensor Daur is defined as 


Dany (7) =4,| a Silt, )O( x, —2,(7, ary. 


(11) 


It can be further verified that the potentials (4), and 
consequently the fields (5), are given by half the 
sum of the retarded and the advanced potentials, and 
fields of the particle 4 


gate evaluation of the fields Geta.) 
=F Gre 2a) — Gary, (2a) } on the world line of 


“a ” 


the Bs eee can be carried out by Riesz method 


We obtain thus 


of analytical continuation). 


D2 (22) = On} Stay (Taq) spe = Sans 
wes eee =3 
eS apy | — appe ed Vey st > appl ys UgyV2 


Sapte o, av ==> sae Pas 


Dae swe or aaa I= : j 
+ 2 Sith | ie aie Sais ia Saneee vs | 


oh Gaus TS CPUs; ( 12 ) 


Co 7° {[E4 Sap As ads) aoa 


= [SpA 


ee As 
= Ia | | [seston] : ue 


— | Tsant Se LD 4 deal. (13) 


The equations of motion obtained from (7), (12) 
and (13) differ from the equations of the field theory 
by the additional terms in (13) containing the 
integrals over -T. 

Similarly the equations of a spinning particle in 
a scalar meson field can be obtained from the varia- 
tion of the action given by 


chee we 
po3f Tas Boas Dene 


x \) G(2;—2,) Sf Sata, (14) 


(15) 


: z 
with Of Cnc OMn Diao 


where €, yp, is antisymmetric in all the indices and 


€o;03=1. Defining again, 


be) =I |G (5) Seu en) a (16) 
One © 


and Gy (+) =00,(4) /dx (i735 


and further putting S,v"=0, the corresponding 


equations of motion in a scalar meson field are 
obtained as, 


EpGoes rad ad, . 
La Euvpot esa = Jal Ge" Say — Git 0 Say Vay |— 


49a > > [Gi Say Giz Deny Cte te (18) 


where 
Gas. (2) =IJa {+ Salta Uq) 4535 = Sant 


1c: 
Te Sa— 


YD . 
SUP Pay + = Sth Va 
3 (= 3 ap a f be 


oh Bc A eee : a 
a 3. oy AO Vau a SuseeCad Ble Sap telante 


+S), Vay +— + Saath at ee) 


4 R/2 (Sos 5, 


+ Yah / 2 {{° Sau L(A) ot, 


5 
(san 
Tt Ss 


Ja ts Sat 8) fe 
2 


Bie ite teh 09) 


It is further observed that the fields defined by (16) 


and (17), satisfy the usual equations for the scalar 


meson field. Following Bhabha®) the scattering of 
meson field by the particles can be easily calculated, 
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It is found that as a result of the additional terms 
in (13) and (19), the moment of inertia due to 
the field reactions does not appear in the scattering 
cross-sections. This is easily understood, because, in 
the theory of action at a distance, such field reaction 
terms are automatically excluded. 

One of us (S.P.P.) is grateful to the Atomic 
Energy Commission, Government of India, for the 
award of a Research Fellowship which enabled him 
to carry out the work. 


1) J. A. Wheeler and R. P. Feynman, Rev. Mod. 
Phys. 17 (1945), 157; 21 (1949), 425. 

2) H. Kanazawa, Prog. Theor. Phys. 5 (1950), 
1050. 

3) P. Havas, Phys. Rev. 87 (1952), 309. 

4) R. C. Majumdar and S. Gupta, Phys. Rev. 75 
(1949), 1788. 

5) H. J. Bhabha, Proc. Roy. Soc. A. 178 (1941), 
314. 


On the Meson Wave Equation 
in de Sitter Space 


K. Goto 


Osaka University 


December 10, 1952 


Recently S. A. Raje) has given an interesting 
discussion about the linear wave equation for mesons 
in de Sitter space, which approaches to Kemmer’s 
equation for mesons in Minkowski space when the 
space becomes flat. In this note it is shown that 
this equation is essentially the same as the one pro- 
posed by us formerly”) although without referring to 
physical quantities. 

Wave equations for electrons and photons in de 
Sitter space were discussed by Dirac’) for the first 
time. Wave equations for particles with arbitrary 
spin values, which approach to the wave equations of 
Bhabha") in Minkowski space when the space becomes 
flat, were introduced by us”) using the five dimensional 
spinor analysis. In particular for mesons these equa- 
tions approach then to Kemmer’s equations, for the 
latter is a special case of Bhabha’s equation for 
arbitrary spin values. 


We proposed as general. wave equation for 


arbitrary spin values 
{u**m,,—2Rx} f=0, (1) 
and put 
it =P, (2) 


where 74s are the representarion matrices of infinite- 
simal transformations, concerning to at.x«¥ plane 
rotation, of the so-called de Sitter group. The con- 
dition for /?% to be such ones is that the next 


commutation relation holds. 
[ie [e}= —ig* fee pole 
gh [22-2 ghe 7 Ae (3) 


The wave function ¢ is the irreducible spinor, in 
five dimensions®), which transforms according to the 
representation generated by / a% Tf we denote with 
SM(@) the transformation matrix of ¢ concerning to 
the «4... plane rotation by angle @, the next relations 


hold : 


aS**(G) 

[+ =(——_~— 4 
( od 0=0, ( ) 
S** (8) er 2 nad (5) 


When spinor transformation S**(9) is known, we 
can obtain 74% by using (4). When a set of 
matrices /4¥’s is known, we can obtain spinor trans- 
formation by using (5). For example fields of 
electrons, vector mesons and scalar mesons are those 
of the first rank spinors, the second rank symmetric 
spinors and the second rank antisymmetric spinors 


respectively, namely concerning to the irreducible 
é i Mea pe 
representations AS a: D(1,0) and D(1,1) of 


the five dimensional rotational group. The spinor 
transformations in these cases are known by virtue of 
the five dimensional spinor calculus®), so we can 
calculate /*“ and fix a** for these cases. 


For spinor fields of electrons we have 
aw Lyra 
Pt le, uy, (6) 
2 


uk==7"(L=1, 2, 3, 1) e=pPrr, (7) 
uu" d"urt S29, Oy P= Vos to) (8) 


where 7#’s are Dirac’s matrices. Then the equation 
(1) becomes the electron field introduced by Dirac"). 
Indeed the transformation of the first rank spinor in — 
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2 dimensions are generated by (6) with a satisfying 
(8), A, w running to 7. 


For second rank spinor fields of mesons we have 


(vector meson case) 


1 
[i —-xX 
2 
ee ey =V92 0 \ 
cab Baie aes 
G2 2£.D 
Or 62290 
ME? QS aD 
Dig te ad : 
Oo —11~0 
——1 0) O51 
10 0-1} 
OVI 1 2-0 
e- 552 5 (9-a) 
(scalar meson case) 
On ia G 
0 O-=—2 
Pere teteor Oni? < |5 3 (9-b) 
OF Al LO 
0 


If we take these forms of /** as a**, we have wave 
equations of Bhabha’s type, and wave functions are 


symmetric spinor 


p= (Pus P12» Poo 3 Paar Pass Pas 3 PP sors) 


(10.-a) 
and antisymmetric spinor 
P= (Py Pray Por Pos 3 Prot Pox) 
(Pi2—Pu=0) (10-b) 


respectively. 
In order to have wave equations of Kemmer’s 


type we perform the following transformation 


6,= are ($4: — Poot Pos— Pas)» 


bo=1 (Piet Psa)» 


om = 5 (tn + Pso+ P33 + hs) > 


1 
$, ra a (fi a Poo— ex che Pas) ’ 


b= = (Pr + Poo— Pss— Pas) » 


wae 
2 
b= —1(Pis— Poa), 
bs=2 (Pig + P05) 5 
B= — (Pi, + Poa)» 


$io= —2 (Prs— Pon) s (11-a) 
b= one (Piz —Yos) 
FS, 13 24) > 
2 (Pr4 ata hos) > 
1 
= Wiss (Gist gho4) > 


o= d 


ce: 2 (Pis— Gon) ? 


Ob; = yo + Pas (11 -b) 


respectively. Then taking imaginary «4 and writing 


the transformed /+” as 84¥ and Kemmer’s 9 matrices 
of 10 and 5 dimensions") as B10), Bis), we have 


[Ceara ray Gall Aes 5) 


AO re LO > 
OL Ons : 
0 00% 
Orel Om 
é ‘i-100: 
= 0 00: , 
LO Oi 
‘100: 
HO (10) 4 
‘0 
(OE (0) al 
0 00 
SOL eee shes c sede dame eesesceemccbsseerhes 
0) 10s 
a 0) 00 ; 
aes —100 soph 'eeis 
ety Pens ca 
0 00: 
—-100;. 
a ea at Ys 
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0 0,0: 0 0 00: 0000: 
ear a O20. 0%: 0000: 
ae SAUD se Nara Op | p32] 0 —-10.0)° | eYa | O00 Lae 
iO. 0-0 0 -0F 00: 0010; 
OLR O Bek tkGmes te stig Lier aed or Ven a Wn eee nee ear mene ‘0 
23, » 0 
Br : 0-10 , 
ea see We 0. OOS: (12-b) 
COMO Me Lie : . Ay Aw 
esate (Oy: respectively. Taking these B*” as a of (1), we 
ft oad ; o/ have the equation of Kemmer’s type. 
In order to have equations of Yukawa’s® type, 
Rath Or Me we have only to put 
Low Otty \ 
Og OM Scie 0 Me Ais “ia “15 0 —¢5 $5 ¢1 —%b7 
DOme Ne eae | 0 Fo Foy Fos 0 —$s 2 —is 
00-1 : 0 Fay Le, |= O ¢3 —b9 | > 
pot Gl 0 : , 0 As Oo —tdi8 
i 0 0 
R / 
0 . (13-a) 
160600 and 
(Uy, Ury Us, Us, Us) == (bys $9/s 63/3 4, —*05’) 
‘ 00-1: (13-b) 
OOS OL: 
AEE hen ae respectively, and we obtain the equation reported 
OF o.4 formerly. 
wee O00 
a | Saal OG) 5 : 2 s 
ees Pica eter gts O my" Fyy— my #yr,=Rx*AP yy, (14-a) 
: 1 
te Ae ees tie ® my, = RU,,. (14-b) 
Onl sO7.0 
In the previous paper we reported only this last form 
of Yukawa’s type omitting these calculations and 
above all the second form of Kemmer’s type. 
be Now the meson wave equation proposed by S. 
; A. Raje is 
oe = ae 
0 {S*mj,—2Rx\ f=, (15) 
al 
oe yore 6 ee Sey Bap — Brae, (16) 
: (unwritten rectangulars are filled with zero) B* BYR? + B*B¥BY = gt B+ 9). (17) 
ani 


We can easily show that this is included in our 
B= B* (5) Crash 23554) > equation (1), because S**” of (16) with f”’s satisfy- 
ing (17) can be shown to satisfy the commutation 


 O-@ ? 00.0, 1% relation (3). Thus S4” is a special representation 

gee oC . 3 git . ; ; i of /#, and we can say that the irreducible representa- 
sn 0 Of 1000: 3 tions give the matrices B\* of (12-a) or (12-b) as 
Fee ao at ie, 0. the form of SA*#—=848%— "BA, if the note gives a 
concrete form to the physical quantities introduced 

“iio ont. by Raje such as the current vector and Le energy 

Br arono 0001: momentum tensor, for they are written with .SA¥ 

Beet = 1 10-010 , pus] 0.0-:0 0: 4, composed from $s and S*#’s are realized by the 
0 000 ‘ Ol re matrices B**’s of (12-a), (12-b), even if Q” itself 


is not so, 
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We have recently introduced the wave equation 
for arbitrary spins which approaches to Dirac-Fierz’s 
equation in Minkowski space when the space becomes 
flat, using the further developed calculus of five 
dimensional spinor. Some solutions of wave equations, 
in particular static solutions such as Coulomb and 
Yukawa potentials in small regions, are also obtained. 
This will appear in this journal shortly. 


1) Raje, Prog. Theor. Phys. 8 (1952), 384. 
2) Goto, Prog. Theor. Phys. 6 (1951), 1013. 

In this paper equations (12) and (15) were 
miswritten and they must be corrected by replacing 
with (13-a) and (13-b) in the present report 
respectively. 

3) Dirac, Ann. Math. 36 (1935), 657. 

4) Bhabha, Rev. Mod. Phys. 17 (1945), 200. 
5) Goto, Prog. Theor. Phys. 5 (1950), 43. 

6)* Kemmer, Proc. Roy. Soc. A. 173 (1939), 92. 


On the Interactions of 
the Second Kind 


S. Kamefuchi and H. Umezawa 
Institute of Theoretical Physics, Nagoya Oniversity 


December 13, 1952 


As is well-known, for interactions of the first 
kind the renormalization procedure with the use of 
usual perturbation method succeeds to give the con- 
sistent non-singular theory’), but for those of the 
second kind it can not give the closed form. On the 
other hand the recent experimental facts seem to 
suggest the existence of interactions of the latter kind 
and so it becomes the important problem how to 
treat the divergences arising from them. 

If we have the theory in which the unitarity of 
the .S-matrix is guaranteed, the strong singularities 
appearing in the lower order perturbation calculations 
may altogether be compensated by the strong damping 
effect coming from the higher order terms. Such 
a consideration was just the starting-point of Heitler 
and Wilson?) in their theory of radiation damping. 
Since the field reaction due to the interaction of the 
second kind gives the large damping effect we can 
expect that the non-singular theory may be obtained 


by appropriately taking into account the large field 
reaction due to the interaction of this kind. In this 
note we show that such an expectation is actually 
the case when we use the suitable interactions of 
the second kind as the field corrections. The secondary 
introduction of them may be regarded as a formal 
extension of the usual method of renormalization 
theory (counter terms) or rather a generalization of 
the idea of the mixed-field theory (auxiliary fields). 

In general, we can take into account some parts 
of the field reaction by using the corrected propaga- 
tion function) 4%p/ of g-field, which is given by 


AF (4) =45(2)/(1—45 (2) 38 (4)), (A) 


where $\.%(£) is the finite remainder of the 7%-th 
order proper self-energy part S\*(2) of a-field ( : 
attached momentum) due to an interaction fig 
Since 5)% usually contains divergent terms, we must 
cancel them by using the appropriate counter terms, 
the number of which is, of course, finite for a given 
value of mon). When the coupling constant of 
“1, , is of the dimension of (length), 4% p/(4), for 
large /, behaves like 


perm? for Nt, S05 


do (Rk) ~ (2) 


% 9m /t ¥ 
ey oe fot 0: 
As has been expected, the damping factor pm 
appears only when we adopr the interaction of second 
kind for the correction of Aj. 
Next, we shall consider a system of fields coupled 
by a set of interactions H=2 fH, some of which 


are supposed to belong to the second kind, and cor- 
rect the propagation function of the a-field to the 
m*th order with respect to the interaction My. 
Then, we can prove the following fact: When the 
S.matrix elements are calculated exclusively in terms 
of the corrected propagation functions 4% 7°’ any ultra- 
violet divergences do not appear in these calculations 
provided that the following conditions are satisfied 
for all the interactions ; 


1 nny —e&> me {m— >} Ae"} +2, (3) 
2 9 2 ‘ 


yields ; Re 
where eS ger 641 and d* is the minimum 
degree of the derivation operator operating on U/% in 
H. Thus, (3) is a sufficient condition for the closure 
of the theory. It is easily shown that the condition 
(3) is actually satisfied when we suitably choose the 
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interaction 7, and m*,. For m*=1, the special 
consideration becomes necessary from the requirement 
of gauge invariance of the theory.. In this case (3) 
is to be replaced by a somewhat weaker condition 
and then the theory contains a finite number of 
primitive divergences. 

The limited number of divergences can be removed 
by the method familiar in the usual renormalization 
theory and we are led to the closed non-singular 
theory. 

According to the type of interactions /77, used 
for the correction we shall classify our method into 
the following three cases : 

(A) A7,’s are ordinary interactions having the 

field quantities more than 3. (#%=2), 

(B,;) 47,’s are two-vertex interactions such as 

fR(0) G2 (m%=1). 

(Bo) Hy,'8 are two-verttex. interactions such as 

fF(O)U8U8 (aAB) (m%=2). 

In the case (A), >)* contains, in general, the diverg- 
ing patt >1%c0, which is to be subtracted when >3*~ 
is substituted into (1). When //7,’s are three-vertex 
interactions, such subtractions are easily performed 
by the 2-vertex counter terms. In cases (B,) and 
(Bz) S)* does not diverge. Hence, the subtraction 
is unnecessary and, if the conditions (3) are satisfied, 
we can obtain the completely convergent theories. 

Using our method, we can obtain, for instance, 
the completely convergent quantum electrodynamics 
and non-singular ps(pv) meson theory. Furthermore, 
the very success of Fermi theory of B-disintegration 
can be easily understood from our view-point. 

Finally, we shall notice some of the characteristic 
features of our method. Since the propagation 
function (1) has usually new poles, we are led to 
the results similar to the resonance effects®). In the 
case (B,), if we regard /7'(0)V#U% as a part of the 
free Lagrangian of the corresponding field (i.e. non- 
local action®)), we can obtain from the outset the 
It should be 
noticed, however, that the quantum field theory in 
which /77(0)U#U® is treated as the interaction term 
is based on the different quantization method from 


same propagation function as (1). 


that of the theory of non-local action and so the real 
‘production of negative energy particles does not 
occur at all’). There occur similar circumstances in 
the case (Bo), too, for we can diagonalize the free 
Lagrangian, including the term flO) U2U®, with 
respect to a set of suffices ~ and 8. ‘The use of the 
corrected propagation function 4%’ corresponds to 
the theory using the corrected field quantity (/%/, for 


which there holds CP( U4 (x), U#/(x/)) 9= 
AX po! (x—x’). But, we have not yet found the 
consistent formulation of our method, which has no 
recourse to the Feynman diagrams. The detailed 
account will appear in this journal. 

The authors wish to express their cordial thanks 
to Prof. S. Sakata and Mr. Y. Takahashi for their 


valuable discussions and constructive criticisms. 


1) We call a theory “closed” or “ completely 
convergent” according as all divergences thereof 
can be removed by the finite number of counter 
interactions or any divergence does not appear 
at all. Further, we call these two cases “ non- 
singular’ theories. 

2) W. Heitler, Proc. Camb. Phil. Soc. 57 (1941), 
291; A.-H. Wilson, ibid. 37 (1941), 301. 

3) In order to take into account the field reactions 
there may be vatious possible ways, but we adapt, 
in this note, the method of the corrected pro- 
pagation functions, for it is the most simple one. 
See further N. Hu, Phys. Rev. 80 (1950), 1109. 

4) In this note the same notations shall be used 

_as in our previous paper: S. Sakata, H. Ume- 
zawa and S. Kamefuchi, Prog. Theor. Phys. 7 
(1952), 377. 

5) As to the definition of 4%)’, which is given a3 
the solution of the integral equation 4% 77’ 
= A% 7+ A*pD\,.%A% zr’, there appear some am- 
biguities in connection with the zero-point of 
(1—4¢p>).%). We shall discuss this point in 
detail in the forthcoming paper. 

6) A. Pais and G. E. Uhlenbeck, Phys. Rev. 79 


(1950), 145. 
7) Y. Takahashi and H Umezawa, unpublished 
results. 


On the z-P Scattering 


K. Ono 


College of General Education, University of -Tokyo 


December 16, 1952 


Recent experiments on 7 nucleon scattering show 
that o(x*t) is considerably bigger than the o(z_). 
It is difficult to understand this situation from weak 
coupling theory.. Brueckner has calculated the ratio 
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on the basis of strong coupling theory with the 
assumption that the scattering is only due to a state 
with an isotopic spin /=3/2, and obtained the result 


CTE VOCE SA; 


which is rather in good agreement with the experiment. 
But it seems more reasonable to understand the 
situation as a result of the interference between / 
=3/2 state and /=1/2 state. 
{=3/2 states (A) and /=1/2 states (B) are 


given in the next table. 


[=3/2 
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From this table 


Veh ey mae 


Pr-= ‘i lp, a 2 pp. 
3 3 


Using those wave functions, scattering .S-matrices are 
calculated. 


siz") Sein 
= ik 2 
Ss) a === S; Sey ed) 
(7) 5 set / 
where 
Ss2= (A|S|A), 
Sie CBI SIS): 


It is reasonable to suppose that 53/2 and Sy/2 are of 
equal order and with opposite sign. Then 


S(a*) : S(a-) =3 21, 


a(n*) :o(m-)=92 1. 


. Errata 


The figure in page 


576 (Vol. 8, No. 5) should be inserted in the article “7D Scattering and 


Strong Coupling Theory” (P. 573) by H. Miyazawa and S. Matsuyama. 
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